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- pla) f( (1)) =0, n=0, 1. and A(r(n)Av{n) Fpr2) f{v(n+2)) =0, 1
0, 1, ..., in which case, the conditions that we used, must be replaced by
the related, appropriate conditions, while the methods are the same.
Also, the presented results of Scction 2--4 and 6 hold if the condi-
tion (1.2) on function f is replaced with the condition that [ is sublincar
(f(}f1t is nondecreasing for u = 0 and nonincreasing for # =) or superlinear
(f(ur)u is nonincreasing for # -0 and nondecreasing for n>0).
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ON THE CONVERGENCE OF THE METHOD OF FINITE
DIFFERENCES APPLIED TO A BOUNDARY VALUE PROBLEM
FOR FUNCTIONAL-DIFFERENTIAL NEUTRAL TYPE EQUATIONS
BY

. D, BAINOV and N. G. KAZAKOVA

The convergence of the method of finite differences when applied
to the problem of periodic solutions of ordinary differcntial cquations wi-
{hout deviation of the argument is considered, c.g.in [1]. The convergence
of this method in the case of differential equations with a transformed
argument is considered by Saarniit LLR. in [2—4) and others. The con-
vergence of this method in the case of an initial value problem for functional-
differential neutral type cquations is considered, e.g. in 5—7.

The preseat paper deals with the convergence of the method of finite
differences applied to a boundary value problem for functional-diffcrential
neutral type equations.

|, Formulation of the boundary value problem. Let us consider the
boundary value problem for a functional-differential neutral type equation
with lincar boundary conditions

(1) (B =f(t, %, X0, ), 1[0, T,
T
(2)  Mt=s(t), t=[—tn 0], () Bx(D)+ [ [ RO =)

where the operator f: [0, 71 C([—f, 0} R™)XC([—%, 0], R™)xR"—>R"

is continuous, C¥([a, b], R™) (k> 0) is the space of the continuous functions

v:la, b]-~R™ with continuous derivatives up to the k-th order cndowed
k

with the uniform notm ||aflee.y= T max [+(¢)], R” is the m-th dimensi-
i=0tgla,

onal space with a norm ||, x&R™ is a parameter, ¢ =C'{[—#, 0], R™), x,
and ¥, arc clements of the space~C([—f,, 0], R™} such that x(s)=x({+s)
and ¥(s)=x(¢-s) for every Se[—4, 0] where {,>>01s a fixed number,
+(f) is (mxm)-matrix with a bounded variation on [0, 7], is (mxm)-
matrix, L =R”, 5(0)=f(0, @, $, 1} for cvery »<R™

The pair (v, A)eC({—f, T], R")XR” satisfying the cquations
(1)—(3) will be considered as a solution of the problem (H—(3).

Let

(Joyit)=

0, t&[—to, 0] o(f), £ € [—tg 0]

(Jyt)y= :9(0)+gt}'(s)ds’ t=[0, T]

t
{ v(s)ds, t=[0, i
b

for ye ([0, T'], R™).
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By mcans of the substitution
H, te[—f 0
1'(!'): ?() [ 0‘ ]
(), t=[0, T)

we reduce the boundary value problem (1)—(3} to the problem

9O =1 3)o 3o 2 110, T1, BT+ [0 =1=200),

which may be written in the form of an operator equation
{4) Un=1w.
The following notation is used
E={yeC([—tw» T], R)3(t)=5()), t = [—tw 0T},
F={yeC([~te T}, R)|y(t)=0, # & [t 0}.
The operator U : EXR™—F xR™ is defined by the formula

U=, M), u= [31’] =eEx R", w= (e—g:p(O)) =F xR",
@)t =R[}) O =3(0—f( (T3} 30 W), 100, T
u=gm () =80T+ § a1,

The spaces ExR™ and FxR"™ are endowed with the norm |ju||=
—=max [2ile, |2} '

3. Finite-difference method. Let h=7}n where » is an arbitrary large
number : let R, beanet space consisting of points of the tvpe jk, j=0, 1,
+2, ..., let 3 : Ry—R" be the net function ; let Y,=m,)% be a piccewise
linear function with values v,(¢) at the points { €R, (lincar in the segments
4, i+14], t=R,) ; let 7,y be the restriction of the function v on R, and,
finally, let 9, be the simplest difference quotient {3yx,) ()= [xu(t 1) —
—43{0)], £ E R,

We consider the following difference problem associated with the
problem

(5) (i) =Fl () (@) 2a)s £ 10, TINRy,

(6) (,\’,J(i):(p(t), tE [’_to, O]QRM

(N px(T)+ Z (B ) (£) [Y{Eeen) — ¥ (£ 1=,
LE[RTINR,

where x, is an clement of the space ({0, T], R™) of the net functions
%, : [0, TINR,—R™ and 2, is an element of the space R™ corresponding
to the value % in the boundary value problem (5)—(7).

By means of the substitution

= [ 2ol [—to, —HINRy,
! { (Baxa)(t), 1[0, T—A]NR,

ARG BT e .

e ——

FarE
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the problem (5)—(7) can be reduced to the system

w(f) =:f(t, (f/n\yn)u (3"1&)0 M), 1€00, T—hNR,,
B{aya)(1)+ % n W) [ (tea) =y (£} ]=1—B2(0),

LEIOTINR,

which can be written in the form of the operator equation
(8) uhlthr—w
where
0, te[—t,+4,0)NR
]nghl(t)___{ [ o+ ]m h

L hy(s), teih, TINR,
SEI0NR,

iy | 28)s £ [—t+h, OJNR,
]J\.)bl(t) {CP(O)+ b },,yh(s)’ L'E[k, leﬁiRh

SE(0)NR,
= [{:] = Co([0, T1, R™) X R™.
The operator U,=(M,, M,) acts from E, xR™ into F XR™ where
Ev={3=Cs{[—tos T3 R™)a(t)=08r7(t), ¢ =[—to —EINRa}s
Fy={yy=Cp([—lo T5 R™)|34(t)=0, £ =[—4ts, —AINRs}
and it is defined by the formula

(Tuiaa) (8) = yalt) — f(Ls (ﬁ}'h)u (S'A'n)u M), 1[0, T—1INR,
Mpen=B(ava)(1)+ T w{t)[v(u)—v{t)]

t,€[0,TINR,

3. Main result. Theorem 1. Let the boundary value problem (1)—(3)
have a solution X' eR™, x'eCy[—1, T], R*)N({x=C*[—1, 0], R"), x<
eC[0, T], R™\} and let the operator f(¢, %, 3, N} be continuons with conti-
nuous derivatives with rvespect to x, v, h in the domain

(9) - tefo, T, |x(f)—s"(O)I<S, |F()—2"(f)]<?, h—2"|<8 (8>0 const.)
Besides, let |3 f(t, a1, %, M) |8y |< k<1 and let the boundary value problem
() =[af (¢, xi, &7, M) eéx]x - [8f (L, A%, X, W |dy]x+
(10) +[3f(¢, x, A, W)|éxIn, t=][0, T

T
x(8)=0, t=[—1,, 0], Bx(T)+ (j; [dv{t)]¥(t)=0
have the zevo solution only. Then there exist hy>0 and 8,>0 such that
1. For h<hy the difference problem (5)—(7) will have umique solution
”~~

mER™, 1y =Cy((—toy T—1), R™) in the domain max {||A";,H-:,‘x’||c, [2a—N}<
<,

2. %;—(;a»x* in C([—t, T1, R™), Mm—A" in R™.
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. I . . .
If we consider  d[dt ¥} as a multivalued function, that is, a two-valued
onc at thc nodes and a single-valued onc at the other points, then

d/fiii’:-“—(-)—]».t' uniformly with respect to £

h—

3. max  [dymeni{f)— w70} max [&pmp () — A (D))< chy =2 <ch
LE(OTINK, FENTIAR,

\We present a corollary of this theorem for the case, when the operator
f(t, x, v, 4) is linear that is, when the equation (1) has the form

(1°) HO)y=A{)x+B)x,+C{ON+9(f), t=[0, T]
Here A(f), B(t): C{[—to, 0L RM—=R" ; C(f) : R"—>R"; o=C(0, T,
R™). To this end we use the sufficient and necessary condition for solvability

of the boundary value problem (1)9, (2}, (3} given in [8]. It enables us to
reduce the conditions, under which the finite-difference method is conver-
gent for the linear boundary value problem :

Corollary 1. Let the lincar operaiors A(t), B{t) and C(8) are bounded, and
IB(l< k=1, t=(0, T]. Moreover, let the boundary value problem (1)° (2), (3)
have unique solution ) =R™, X' eC/({—t, T'Tl R"N{CH[—L, 0], R™)U
UCH[0, T1, R™). Then there exist 1y>0 and 8,=0 such that :

1. For h<h, the discrete boundary value problem associated with (1)7,
(2), (3) has unmique soluticn x, SCy([—te T'], RT), 1 &R™ 1n the domain

-~

max {|lx,— =2 (le, [l — 2|} < 8.
Z8 x,‘,m—:a)»x*' in C{[—t.,, T}, R"), )‘;*(T:EI”'* in R™.
If we consider dfd! ¥} as a multivatued function — two-valued at the

nodes and single-valued at the others, then d/dt 3‘%—-0-)»5;' uniformly with
respect to £

3. max |(&ma) () (A< max [8pn X)) — (=X ")) | <
te:O,T)r\,Rh 46107')0“,,

<ch, |rm—2"Igch,

4. Proof. In order to prove Theorem 1 it is sufficient to apply the
following theorem proved in [9]:

Let F and E,(neN=={1,2,..}) b real Banach spaces and let =
=(pu)nex be a system of operators p, : E—E,(nexN) such that

| patllea—=ll2]l » Yy = E as u—r-fo00.
Definition 1. A sequence (N)nex with x, €k, DP-converges [91 (or

converges discrelely) to x€E if ”.\'"_P".\'H]._’,,( - TO' We simply write
H=r 1 |

> X

Definition 2. A sequence (3,),ex with x, €E, is P-compact [9] (or dis-
cretely compact) whenever each of ils subsequences (Yn)yex-cy contains d
P-convergent subsequciice {¥,)aercy ey

Definition 3. A sequence of operators ot E,—~IL, (n=N}) converges
regularly [9] to aw operator ot i E—E if:
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(1) xp—=r=cd,x,—cly;

(1) |'x,[ »,< const., (uX)nen I8 discretely compacl = (Xp}aen is dis-
cretely compact. ‘

For a detailed account of thesc concepts, see [9].

We consider the equations ed v=y and &f,v, =y, where of 1 QCE—=E.
oty Q,CE,—~IE, arc operators defined on open  sets Q, C L, QCE
respectively .

, ol N
EDQ ——ok
1E ) P,

4 !
En DQn"""r_‘L"_’En
Theorem 2. Let the following conditions be saiisfied
L. The equation cdx=y has a solution x =QCIE. the operalor of:
Q15 1s Frichet dif ferentiable at the point x° and the relation [l {(¥")jx=
=0=v=10 holds.
2. 1", A, Ax*(n =N) where x5 are some elements of the space i
3. The operators A, : Qu—E(Q,CE, ; E, I, arc Banach spacesy are Iré-
chet dif ferentiable for |l x,— %< 3(8 >0, & does not depend on n).
4. For cvery e>0 there cxisls a nunther 8 (which does not depend on n)
siuch that 0828 and ||v,— X3|| 5, <8 =|clp(x,)— {43} &, SB(mEN}
5. The sequence of operators cly(15) € L(E,, E,) converges regularly to
the operator ot'(x")e L(E, E).
6. The operalors ot (%) are Fredholm onces.
Then there exists ny and 8o: 0<8,< 8 such that for nzn, the equation
A p¥y= Vo Vu—>v, n €N) has unique solution x in the domain ||x, -39l 8.
The sequence {x;},ev converges discretely to x™ {cf. [9]).
The following estimale holds :

C)llet y 38— vall £, < 15— x0lle, € Collot s — 3l g, (18 2900, 1 EN)

where C, and C, are constants, 0<C,€<C,<c0.
Let us define

Q={veLE, »sR"[|ly—Vc <8, —1]<3},
A ~~
Q={3SEn M SR"ya—a¥llc <8 |Ma—2"] <3}
Next, consider the operators
u (0= X Rm, u,, . Qh“—:’F,‘ X R™,

Without loss of generality, we may consider ¢(t)=0, ¢&[—, 0].
Then E=F being a closed subspace of a Banach space, is also a Banach
space.

If o(t)#£0, ¢ <[—l, 0] we make the shift y(t)=z(t)+9°(f), where

e | 90, S [t 0]
7 {é(o),tEEO,T]
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and consider the space
£ {reC{{—to, TLR?)a() =x(—7'(), ¥=E}

Obviously, E=F and hence it is a Banach space. The original boun-
dary value problem (1)—(3) takes the form

0 =glhs (2o 20 W £ =0, T1, BUST)+ § () ]at)=h—Bo(0),
where
L=1—B9(0) T—(0) Tox(t), g(b %, ¥s N=F(t: x4(J*9 )0 y+ob N)—3'({t),
o | 2E)—9(0), t=[—s, 0]
ve0={T0 S 1
After substituting z(f) =#(t), v(0)=%(0) we reduce (1)—(3) to the boun-

dary value problem .
v(t)=g(t, v V0 1), £€00, T,

(1 o(t)=9(0), ¢ &[4, 0% BT+ { Lex(H]6 =P

for which the derivative of the initial value function 9(t)=9(0), ¢ < [—s 0]
is identically zero on the interval [—{, 0]. One can immediately verify
that the obtained boundary value problem has the pair (v, A"), v' €E,

A" eR™,
s(ty=[ 9O £=[—He O
#(8)—p(0), t<[0, T

as a solution, for g(#, &, u, &) and f(#, %, ¥, A} the identity {dg(4, v, UL, ) d| =
=af(t, %, %, W) |8y|< k<1 holds, and then the corresponding to (11) linea-
rized homogeneous boundary value problem coincides with (10) and the-
refore has zero solution only.

This is to show that it is sufficient to carry out the proof of Theorem I
in the case @(f) =0, ¢ € [—4,, 0] since the rest of the cases, by a suitable shift,

can be reduced to it. o
The proof of Theorem 1 is based on Theorem 2. We shall verify its

conditions, )
Let us verify Condition t. In virtue of Theorem | the boundary value

problem (1)—(3) has a solution (x", %'). It is clear that ¥y"=3%", A" is a solu-
tion of the operator equation
| ({) =uw.

The Fréchet differentiability of thc operator f(f, », y, ) with respect
to %, ¥, A in the domain (9) implies the differentiability of the operator U

at the point 1’ = ({] Furthermore, if we denote W(#") by B=(B:, Bs)
the following equality will hold

[3. ()] 9=s01—ar9—CO3e—dep. =10, 7]

"
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B, )= BU(D)+ | (0130
where
a(t)=8f (1, (J3")o 3o W)[07, b(8)=3f (8, (J3")es ¥ N} [,

for f(t, " 7\)‘ d(t)_af(t’ (].3 )h Nk )-"t';\

The implication Pu=0=sn1==0 holds, i.c. the lincarized homogeneous
problem (10) has unique solution in virtue of the conditions of Theorem 1.

Let us verify Condition 2. The convergence p;z\t'—wz' in ExR™ is
obvious since -r:,\y'—>y' in C([—1%, ’J, R™}. In order to show that Upat’—
S lUu” ( i (}") . EXR">E,xR™; p, (i) = [’,’;’)J it is sufficient to show that
the second components of the operators U, and U satisfy ‘It,,p,,u*—(;gr‘Ru’_‘

in the sense of discrete convergence. We shall prove the more general
relation Myu,~>Rue for wy—u, up €0,

_ Since f is a continuous operator by condition, then for the purpose
it is sufficient to show that

(12) n=>y= > Jy

) ' T A
ie. lya— Ylie=>0=[{Ja3n—J ¥lc—0-

_In virtue of the boundedness of the operator [ the latter correlation
will hold if we establish the estimate

~~ A~ A
{13) |7 aya— T3l 30| 3allc-

, . Ly A
First we shall estimate || Java— Jullc at the nodes ¢ €R,. We have

(Fon—Ji)=h  E_n(s)—(fo)h_ 3 u(s)

LN W A
ds+(¢] ds.
efoitor o § yals)ds+(¢fw) [ ya(s)ds
Since

¢

[3ne)ds 2 mO}+M-+0CA+ =R+ 500

then ’
EMeMEs— B (s)o= 3 HONO) 0]
and hence
(14) max  |(Jaya) () — (I3 < 1 3nlle- b
te[0.TINR,

In the case t€R,, ie. jh<j<(j4+ 1k (j {1, 2, ..., n}) in virtue of the
definition of the function ¥, we have

Ah_”'.k g wW(j k), »=(0,
and then ) =n(m+ (1= 0+ DA, 1=(0, 1)



60 D. D. BAINOV and N. G, KAZAKOVA g

ol — (O =M adm) (1) + (1= W3 (G DA —1(T 1) () —
(Lo DAL TG — (3 O+ (1= IS+ DA —
(T O =M T G — (I G (=D T a4 ) —
G R I  — (T30} + (=TI G+ D — (T3 B},

whence, in virtue of (14) and the cquality
th

N a ~ jf—
(m (R — (T () = Sy,,(s)ds— jh=t

w

jn(s)ds

cL’ﬁe

¢

there follows (13). ,

Thus the relation (12) is also valid, since pyu”~—u" and so is the pro-

P2
perty Condition 3 is satisfied since the differentiability of the operator f
in the domain (9) implies the differentiability of the operators U, Q>
—F,%xR™ in the domain [|%—)"llc<8, [2a—N{<3.

Furthermorc

| (162 0= [ (2] 0= o, 2 B2
E Q| [ B RUR A VA SCA AP RIS ER AT
—_af(4 (fSh)ts (ma¥a)es M)/ 1(0n)— [Of (1, (]S‘h)u (Radn)es D) [ENINE,

B (1) =8(/2m)(T) B SO b =]

Now, let us verify the condition 4. From the continuity of the func-
tions af(¢, v, v, N)fex, af(t, x, v, A)fdy and af(¢t, x, ¥, 2)/éx it follows that for
every €0 there exists a number 3" which does not depend on /i, such that
0<=38'<3 and

i)ﬁ’h—)"”cﬁ ¥, [M—H < 8" = By(1tp) — Bal( Pt )li< ¢

v . [
w3, o-b)
In order to verify Condition 5 we should know that the sequence of

operators Uy{puu’) € L(C, X R™, € X R™) converges regularly [9] to the
operator

where

At (') =L(E xR", FxR").

Let us denote the coefficients of the differential operator T g’} by
dy, b, and d, where

() =3f{t (Mafamay" Ve (Tama) b W) 02, ba{t)=3](2, (Mo nwnd s

9 CONVFRGENCE OF THE METHOD OF FINITE DIFFERENCES ol

(amad oo 2H9V, dall) = (s (RaJamnd)es (Famad ) 3700

Since [ay— | e—0, [, —0c—0, ||[dy—d|l;—0 then in order to prove
that the operators W ppt’) converge regularly [9] to the operator N'(«"} it
is sufficient to show that the sequence of the operators

(Sntad (L= 3alt) Tnﬂ(f)(fr:;'n)r_ka(")(;n)r ()2,
Lup=3(LAm)(T)+  E  wldly(fe) - v(l)]

t,EI0.TINKR,

converges regularly to the operator

R () = v —alt)(JO v}~ b() v —d (1),
() 1(t) = 8/ (T) +  [5(0 1301

when 3',,—>y, Ay h.
In order to prove the latter relation we must show {cf. Definition 3)
that

booaty—> = (maEattn, Tutr) = (W (0 Yo, TR (a0 )

Va v
w ) =)
A

2. iyl < const., {Fpuy, Taiat is discretely compact=(ir,) is discretely
compact. . —~ -

The first relation is obvious since =pa—a, 7,b->b, md—=d, 7, [ou,— fou
if 2ty—=it.

Let us verify the second relation. Since the scquence (§u0,, Tatty) is
discretely compact, we have u{i§,u,, Thny)=0,
where u is the discrete measure of noncompactness in (cf. [91) defined by the

formula
all LY TR
'u{(}m)J = {{x)h
u” is the discrete measure of noncompactness in C,([—t,, 7], R™).

From the rclation w{(Frin, Ehity)}=0 and from the definition of the
measure of noncompactness u it follows that

' f{var < {na () (Jhva) e b)) () e+ mad () 20} < A" [{ )}

R
since if ||,/ < const then (7,) is compact as a bounded sequence in R™ and by
virtue of Arzeld’s theorem the sequence (i vy) Is compact as well. By assump-

where

tion we have b(f)[|< k<1 and therefore w(1,)=0 i.c. (3y) is discretely com-
Va) . . ‘
pact. Hence i, ()") is discretely compact too, since w(m}=pn (¥ =0
“h
Thus Condition 5 of Theorem 2 is verified.
From the finite dimensionality of the space C,{[0, 7], R”) and R™

it follows that the operators Up(wn’) =L(C, =« R™, €, xR™) are Fredholm
Oonts,
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According to Theorem 2 there exist hy,>0 and &, O‘<8,,<3 such that
for h<h, the equation Uyu,=0 (and consequently the difference problem

. . * ‘Il * -
(5)—(7) as well) will have a unique solution = ();) , M ERM, 4y EC",(\[‘—tu’
77, R™) in the domain I—1 1€ 80 =2 lle< 80.,\ FurtheArmore Ay
in C([—t, T}, R™), 3—2"in R™ (and consequently d,xy— 1y, =X, =)
with the same rate as

max [[(ip— T }(EHl€ ¢ max Uy e (8) — mallae" (£},

1€ 0. TIAR, 1e(0,TINR,
i.e. = * * *
max {max |y(t)—=y" (O NN i<
te[0,TINR, i
<c.max {max Ry rate (£)— " (D)1} § [dy(0) 1y () +
telg. TINR, 0

+B8(Jimy — YWD —  E ) [r(te) —v(t) ]}

1, E[0TINK,
Since y=4%, yp=20,%, we obtain the cstimate

max {max |5 —nms (O] M—N<
€l0,TINR,

<c.max { max |{dnx"{f)—=mx ()]
1e[0,TINR,

+ [, (“n'»nx*)u (ﬂnan‘-'hx.)u AYy—=f(4 b x5 A

18I 1(Fa=a™— ¥ )T+ lﬁdY(t)]y'(i)“ Y v (taa) — () 2

£, €(0,TINE,

It is easy to obtain the estimate
n=1 1

e ey 3 [ B ) T N MO PROR O

1 e[0,TINR,
T ) R
and therefore nhsh.||j"||c.¥o(~{). Since for x=C3([0, T}, R™)

A [x(jh -+ By — x(jR) T— x(jR)==O0(h),

n—1 1“1

e for | /my' =/ le<2hlylles m= 2 § [¥'()—5"()]dv(}) the following
relation holds
(16) ILTasas" —=nf 3 llc< const. &, n,< const. k.

On the other hand
max |Gnx (f)—ax )|+

1E[0TINR,

+ ) max If(t, (Tr,,‘r,,x”)g, (Tt,,ah'r,,x'),, }\h)_‘rkf(t, x:g ‘x:, 7\‘.) |‘-<-.
el0.TINR,
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(17) = max [(madatd’)(t) —mx’ ()l +a.  max Hmonx ) (O — () +
tel—+TINR, fE(-L.TINR,

b. max |(Kh3h7nx*)(t)‘—'rni"(t) +d|}~*_)\*|-<.,
rel- L, TINR,

<(b;-1) max |dymax"(¢)— 7 X"(f)|< const. & (a, b—const.)
‘el -t TINR,
since
|2 [x(jh+h)— x(h)]— x(jh)||=O(k), »=C*{[0, T], R™).
Taking into account (13), (16), (17) we obtain the estimate

max [&a5(¢)— ' (£)|< const. &, !}—27|< const. k.
fE[O,T)nRh

Thus Theorem 1 is proved.
5. Example. We consider the boundary value problem

x{ty=x(t— 1)+ % x(t—1)+x, £=(0,2],

Mty=1, t=[—1, 0], %(2)—2(1)—x(0)=2,

It has unique solution

1, te[—1, 0]
1 3441, tei0, 1]
?—2', X(t)— 2 ’ ko

3,03
2 2a,te]1, 2],
Spp it

By means of the finite-difference method we get the following for-
mulas for approximate deriving the solution and its derivative at the nodes
Jh (7 is integer)

244

. 67k .
» h = | 'I' R 0-..<._ =,
k lh) 4 11( 4 2)

W=

=

o

)

. 6 3 =1 .

Xl i =14 — || + 29 =—= 2|3 {0< 5

w(1+7) +4_k[ + 2 UL ;][( ;
34294

n 7
(2} (i) = 0<ig —— 1), (M1 4+7R)=3 Ogig ——1].
(e = (0% < 1) @un(1 1m =35 0j< 1)
For obtaining the error we use the expressions
i
max |x({)—x.(2)|— 3 .
1€/0,1NR, 2{4—h)
. 5—2k
max _[4(0)— ()] = e . 22
1€0.2NR, 2{4—h) 2

|;‘J‘l_ ?Ll =

204 k)
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The convergence rate of the approximate method considered for steo
sizes =1 : 0,1 0,001 : 0,001 : 0,0001 (with accuracy to the fifth sigh) is
presented in the following table.

1]
a error
1 0.1 0,01 0,001 0,000
max  |x{t)—xa(t)] 0,5 | D.03846 0,00375 0.00037 0.00003
0,2 NR,
max jE{t) —oh,it)) 0,751 009230 0.00936 0,00002 0,00007
0,2)NR, :
(t# 1)
Ta—n .5 0,03840 0,00375 0,00037 0,00003

Acknowledgements : The authors would like to express their thanks
to Prof. Dr. Gl Vainikko for remarks and valuable recomendations,

REFEREXNCLES

I vainikko G. C =Un the convergence of the difforence method tn the fperiodic solulion
prableny for ordinary di fferential equation. . Vych. Math. i Math. Phys., Vel
15, Noo Lo 1973 (russ.), pp. 87— 100
Sanrniit I W = dn estomation of the convergence of the finite-diffoorce welhed 0w
the caze of difforential cquations with transformed argaemeni. Uchen Zap, Tar-
tur. Univ, 277, pp. 205—216, Tartu, 1976 [russ.) .
S Saarniit L R. = Constructien and 1* — schenes for the lincar bounduary fycblam for
differontial wquations of second order with transformed argraend. ] Vych, Math.
i Math. Phys., Vob. 12, No. I, 1972 {russ.), pp. 1053—111
4. Saarniit 1. R Chn solving he boundary problem for differcntial cquations with trans-
formed argument by means of the finite-difforonce mothod. ] Vych. Math. i Math,
Phys. Vol. 16. No. 2, 1976 (russ.}, pp. 372384
5. Bravion R. K, Willoughby K. A = On lhe mmerical tntegration of a sym-
metric system of differonce-difforential vquaticns of noutaal (ge ] Mathe Anal,
Appl., Val. 18, 1967, pp. 182—18Y
6. Wazakeva N. G, Bainov D.D.—0On the convergence of the method of firile diffe-
vences applied to the solving of initial problom for Junctional difforential neutral
tvpe equations. Proceedings of Royal Society of Edinburgl, Vol 895, 1981,
259 =265 (russ.)
T Vainikko O, M., Kazakova N. G. —On the convergence of diffivence method
to find periodic solutions of cquations of neutval fyge. Pliska,  Bulgarsh Math.
Stadit, Vol 3, W81, pp. 2027
8 Karakowva N G., Bainow Do —Onihe soluability of a lincar bonundary problom
for a class of newtral type funclional-differcntial cguations. Proceedings of the
Roval Society of Edinburgh, Vol 934, 1982, pp. 2531
9. Vaintkko G M. — .dpproximative methods for anonlinear equation  (two appreaches
to the convergence problem ) . Newlinour awd vsis, Theory, Mdbeds and Applica-
lions, Vol 2, Noo 6, 1978, pp. 047 —687

Recetved 1. IN. 1983

ra

(]

DPaisin Hilendarsk:
Unteersily of Plovdie
Plovdiy, Bulgaria

ANALELE STIINTIFICE ALE UNIVERSITATII AL, 1. CUZAY DIN TASI
Tomul XXX, 5.1 a. Matematicd, 1984—3

SHARP ESTIMATES FOR THE WENDROIFY DISCRETE
INEQUALITY 1IN »-INDEPENDENT VARIABLES
BY
RAVI I AGARWAL

1. Introduction. In our recent paper [1] we have delined the discrete
analogue of Riemann’s function and used it in the study of Gronwall type
inequalities in # independent variables. Here, we shall use this function
and obtain Wendroff tvpe of estimates. As a consequence of this approach
like in the continuous case [2, 7], we relax some of the conditions nceded
on the functions which appear in the incqualitics and obtain sharper esti-
mates than those obtained for the particular cases in [3—6].

2. Basic Lemmas. Let N=1{0, I, ...} and the product N xNx ... xN
(')2 times) be de;mlcd by N" For all a>beN and any f(s) defined on N,

2 f(sy=0 and Il f(sj=1. For all 5, x=N"; 0<s<wx that is 0<s, <2, and
[ S—a

B

X =1 xy—1 .r"—l
any f(p) defined on N*, X f(p) represents the s-fold sum X ... X f(pn ..., pu)
p=:= 2=% P,,"",,
a1 o1 t_ g~ r,—1 w1
and X f(s) the (n—1)fold sum X ... X »> Z f(Pu s Pa)
= P=sy PSS P TS P,

The Azf(p) denotes A, ..A, f(piy ... pa} Where A is the forward difference.

~ Lemma 2.1. [1] Let g(x) and M{x} be defined amd nonncgative on
N* and the following inequality be satisfred

Alu(xysg(x) () +h(x), w(xy, o 0 0, Xy o0, X,)=0, lsisn,
a=1
Then, u(x)< Eﬂ h(sy v(s+1, x) where v(s, x) is the solution of

{(— ) "Aya(s, x)=g(s) v(s+ 1, x), #(s, ¥)=1 on s,=u,, I<ign.
Lemma 2.2, [i] Lef g(x) and o(s, x) be same as in lemma 2.7, Then,
x—1 x. =1
(s, x}< ming< Il 11 z of .
(s, )< min {p[ + X g(p) }

Lemma 2.3. Let a;, b,; 0gism be nonnegative constants.  Then,

" n

” i—1 m
(2.1) 1 (14aib) 2 1 (146)+ X ag 11 (14a;) 0 (1-4b)).
il im i-0 i=0 1=i-+1

Proof. For m=0, (2.1) reduces to an identity. Let {2.1) be true for
m =1, then

k-_] k_l & i—1 RN
I (lda,4b)2 I (14b)+ X a; I (14+a) T (14+b)+
0 1=0 =0 J=0 joirl
x it k Lk k1
e a1 (pa) T (14b)4ar N (14b) > Ti (14+b)+
=0 j=0 f=it i=0 i=0
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