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The convergence rate of the approximate method considered for steo
sizes h=1:0,1: 0,01 0,001 ; 0,0001 (with accuracy to the fifth sigh) 1s
presented in the following table.

]
a error

1 0.1 0,01 0,001 0,0001

max  Jr(f) —a, ()1 0,5 0,03846 0,00375 0,00037 0.00003
n2INR,

max Ji{f) —@uxs(t) 0,75 0,00230 (.00936 0,00092 0,00007
0,2|nRh

(1 1) |
Ty— 0,5 (103846 0,00375 0,00037 0,00003
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SHARP ESTIMATES FOR THE WENDROFF DISCRETE
INEQUALTTY 1IN »-INDEPENDENT VARIABLES
BY
RAVI P. AGARWAL

1. Introduction. In our recent paper [1] we have delined the discrete
analoguc of Riemann’s function and used it in the study of Gronwall type
inequalities in # independent variables. Here, we shall use this function
and obtain Wendroff type of cstimates. As a consequence of this approach
like in the continuous case [2, 7], we relax some of the conditions needed
en the functions which appear in the incqualitics and obtain sharper esti-
mates than these obtained for the particular cases in [3—6].

2, Basic Lemmas. Let N={0, 1, ...} and the product N xNx .. xN
(}:; times) be denoted by N* For all ¢ =6 N and any f(s) deftned on N,

X f{s)=0 and [l f(s)=1. For all 5, x=N"; 0<s«<y that is 0gs;<x,; and
] s=n

B

) .-;l x,—1 7=
any f(p} defined on N*, ¥ f(p) represents the n-fold sum X .. X f(p., .., pu)
p=s p=s P=s,
- 1 P 1 Tyt
and X f(s) the (n—DN-fold sum X ... X X Z flPe o Pa)
pt =Sy Py =y BT P

The A7f(p) denotes Ay A, f(pies s Pa) where A s the forward differcnce,
~ Lemma 2.1. [I] Let g(x) and k(x) be defined and nonnegative on
N* and the following inequalify be safisfied

Afu(y=g(x) w(X) (X)), w(xy, o0 Yoy 0y Ny o 1,)=0, lsign,
x==1
Then, u(x)= X k(s)2(s+1, ) where 9(s, x) is the solution of
Fafl
(— N)"Aja(s, x)=g(s) 2(s+1, x), »(5, X}=1 on s,=.u,, l<isan,

Lemma 2.2. (1] Lef g{x) and v(s, x) be same as tn lemmu 2.7, Then,

v(s, Y}< min {Jll_ll [1 _J-f'lg(m]} .

tgiga {p,=s, p=s

Lemma 2.3. Let a;, by, O0<igsm b nonncgalive constants.  Then,

»n " " i—1 "
(2.1) 1 (1bactb) > 11480+ T ac I (14a) 11 (145).
i i=0 i=0 f=0 femih 1

= F
Proof. For m=0, (2.1) reduces to an identity. Let (2.1) be true for
w =k, then

k-1 oL k i—1 kil
[ (I4artb)> 1 (14004 X a, I (14a) T (14:5)+
L fim i= i=0 F=idl
)_e‘ i—1 & . % kol
Faen Eai T (1) T (1b) e 1 (140) > T (1464
FRSti] i f=itl im0 i=0
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=1 A—1

+ 24 a; ll (l—l—a;) ll (l-}-b,)—ﬁ—akﬂ a;‘ ll (l "{1})+(lk+1.
i=0 J=i+1 i=0

Thus, by induction (2.1) is true for all m.

3. Main Results. In what follows we shall assume that the functions
which appear in the incqualities are real-valued, nonnegative and defined
on N".

Theorem 3.1. Lel for all x&N*, the following inequality be satisfied

n x—1
(3.1) w(x)< X afx)+ I or(s) #(s).
i=1 5=
Then,
n x—1 ”
(3.2) w(x)< L afx}+ I or(s) (T asd) o{s+ 1L ¥)=R (x};
fm) 5=0 t=1

also, if A, (x;) >0, I<i<n; then
1

(3-3) R,{x)< min {( L aj (x))+ai{0)) v, (0, x)~+ .x%‘..uA,,i ai(ss) vo(0, ...,

iy
0, s;+1, 0, ..., 0, x}}=5,{x),
where #,(s, ¥) is the solution of
(3.4)  (— O)"Afv,(s, x)=#(s) v,(s+ 1, x), (3.3) w.(s, x)=1 on s;=x, 1<i<n.

x=1
Proof. Let ®(x) be defincd as dx) = E r( ) #(s). Then, from (3.1)

it follows that AR®(x)<r(x) [E ai(x:)+ C(x)] dnd an application of lemma
2.1 provides
(3.6) ®(x)< '>: 7(s) ( X aifs)) vels+1, x).
Substituting the estlmate (3.6) in (3 [}, the inequality (3.2) follows.
Since, v,(s, x) is the solution of (3.4), (3.5), we have
-~

:E(: 7{s) (él ag(sy)) ve (s4-1, ¥)= s ( 2. ads)— )" v,(s, )=

s=0 i=1
g1

2 {[ E (SJ +ag(p )-I X An_ s < s Yy (sh ey Syo1s Pi! Sit1s ces Sn)

i-1 i+t m
xl—-l
(si) A”_” 8 (sl"! Si-1s Si—'i"ls Sig1y veesr sn)}=
s‘ 0 figr e
x1 i
( 1)"”‘1 EO[ h) aj(sj)+“ ( )]XA”"' fex St Uy (81, ey Si1y 0, Sisty wenn Sn)+
5 j=0
x,— b M i
Iy - )n+ls}.0(_\ “‘(s‘)sf‘o _\::_ S ot 5 U,{S1y - Sy St by Sipn oo $p).

Since {(—1)" A", (S, x} 20, from the above equality it follows

" ll i+l
that
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R0 £ afw)H =0 U afn)+ag0)] (=) 0= 91+

( 1)?& 1 L A fi':( 1) (_])" l[]—d ( O S; +1 .,0, 1)}—'

-_Ja,-(:r,)—{—(i_;] ay(x;) +a.(0)) 2.0, ¥)—a{0)—(a;(x) —a:{1) +

1
+ ¥ A, i {se) v,(0y .., 0, 8,41, 0, .y 0, x).
§=0
The above mcqu'dlt) is truce for all l<ign ; inequality (3.3) follows,
Corollary 3.2. Let for all xe N, the inegualily (3.1) be salisfied and
Ay ai(v) lgign, Then,

o =1 r—l
m(x)< [ %“, afx)+a,(0)] lI0 [P+ L r(s)]+
51
(3.7) + 2 A, al(e) ll [l—|— 2'2 (P15 S21 -9 Sn) ] =T {x).
5=0 =5,4-1
Proof. The mcquahty (3.7) follows from (3.3) and lemma 2.2,
Remark 7. The estimate (3.7) is sharper than
7 = L\‘,,I x—1 1 R
u(x)< [E a;(x,-)—{—al(o)] il [1+ as) > r(s)J——Ur(x)
2 & =0 s=0

ay{s,)+u(0)+ éla a;(xg)

obtained in [3] (also for several particular cases in [4—6]) with an addi-
tional condition a,(x;) >0, I<i<n.
To show T,(x})< U, (x), we use lemma 2.3, and obtain

x—l

U,.(; z[ 2-: ﬂ;('\i +a1 ]{ ” 1+ 2 7( )]+

(3.8) + ): A(sy) It {4 Py S S0) T}
Pis s=0
where
3 5—1
A(S|)— Asndl(bl) il l+ Alhﬂl(pl)
n £,=0

ay(sy)--a.(0)+ 'Ea ag{x;)
Next, an easy computation provides
A(siy=Aa.(s:)/[4:1(0) +a:(0)+ _Eqai(xf)]

and A(s)) > A, a,(s;) follows from the fact A, a,(x,)>0. Substituting
this in (3.8), U,(x)>T,(x) follows,
Theorem 3.3. Lef for all \fe \’" the ful!o(vmo inequuality be satisfied

3.9) w9 2 art E LS #(e)+Ale)  fi(#) u($)}

where a,(x;), T<i<n are samec as 1n theorem 3.1 and remuark 1

ay( )+ a:(0)+ '_z'":sui(.ri)
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Lhen,
(3.10) u(n)s Ry(x)y< Sp(v)= Ty(x)< U(x),
where Slxy=max [fi(x}+[a(¥), fo{2)])-
Proof. Inequality (3.9) is cquivalent to the system
" =1 T—1
(3.1} u(x)< B ax)+ Eo{jl(s) u(s) +fa(s) v(s) ], v{xv)= 2 fus) u(s).
i=1 5= s=1

" x~1
Thus, we find #(x)+o(x)< T aa}+ Enf(s)(u(s)-{-v(s)) and (3.10) fol-
i=1 i=

lows as in theorem 3.1, coroll:nfy 3.2 and remark I.
Remark 2. Let in inequality (3.9), fi(x)=/f:(x) then f{x)=/fi(¥)+ Sfa(x)
and (3.10) reduces to
(3.12) . i(x)= Ry ()€ Span{¥)= Trond ¥ Upapfx).
Next, using {3.12) in (3.}11), we obtain

w(x) — él G ;01 F(5) Ryin(s)< ;:Io FAS) Sranls)€
(3.13) & T Tarel)< T 1) Unnnle)

For #—2 and 3 the last part of the inequality (3.13) was obtained
by Pachpatte [4—6] using dilferent methods.
. B Kl x=l
Remark 3. The incquality A%n(v)s E a v+ X ofs) (u(s) -+ Afu(s))
il St}

El

where #(xyy ooy X521, Oy Xispy oy x,)=0, I<i<n is samc as Af(x)< X ay{xi)-
x=1 iv= 1 1=l
T [e(s) Au(s)+o(s)  Aju(p)]. Thus, as in remark 2 for Afn(x) we
5=0 =i .

obtain the chain of estimates (3.12), (3.13) with fi=¢, fy= 1. The last part

of these chains (#=2) is also obtained in 5.
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SOME STRUCTURES INDUCED ON THE TANGENT BUNDLE
OF AN ALMOST CONTACT MANIFOLD
BY
CORNELIA-LIVIA BEJAN

Introduction. In this paper, the almost complex structures induced
on the tangent bundle of an almost contact manifold with the help of the
complete and horizontal lifts [6], [1], will be generalized. Also, the pseudo-
riemannian metrics on the tangent bundle of a Ricmannian manifold, construc-
ted with the help of the complete and horizontal lift and the Sasaki
Riemannian metric on the tangent bundle of a Riemannian
manifold will be gencralized and we shall give the conditions under which
we obtain some almost Hermitian structures, almost Kihlerian struc
fures and Kihlerian structures on the tangent bundle.

In §1 we recall some general notions about an almost contact manifold.
In §2 we give the propertics of a generalized almost complex structure
on the tangent bundle constructed with the help of the complete lift of an
almost contdct structure on the base manifold and in §3 we shall give the
propertics of a generalized almost complex structure on the tangent bundle,
constructed, with the help of the horizontal lift of an alimost contact struc-
ture on the base manifold.

1 want to mention that in the study of these problems I was guided
by prof. Vasile Oproiu, to whom I extend my thanks.

§1. Definition 1.1. Lei M be a dif ferentiable manifold. 1t is said {o have
an almost contact structure (F, 5, q), 1f it admits a tensor field I of type (1, 7),
a I-form =& (M) and a veclor field 5B (M) salisfving

Fr=—T+1®% and %(%)= 1,

where I 1s unity operator.

Conscquence, Fol=0, noF=0.

Definition 1.2. Aun  almost contact structure on a Riemannian
mani fold (M, g) is an almost contact metric structure (F, 2,1, 8), tf:

S(FX, FY)=g(X, Y}~ 4(X)n(Y), VX, Y =& ()

Properiv : o(X)=g(X, %), YX € (]M).

\We suppose that the constructions of the vertical, complete and hori-
zontal lifts from the manifold A/ to its tangent bundle TM are known, [3].

Using the almost contact structure (F,Z, 1) on M, some almost complex
structurcs on its tangent bundle 7'M were constructed [6}, [1]:

(L.1) P=F 44 @5 —1 Q% (1.2) Q= F" |- @5 — 1 QF™.



