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REGULARIZATION OF SADDLE FUNCTIONS AND THE YOSIDA
APPROXIMATION OF MONOTONE OPERATORS

BY

E. KRAUSS and D. TIBA

1. Introduction. Let E and F be two real reflexive Banach spaces,
with dual spaces E*, respectively F*. We can assume all these spaces to be
locally uniformly convex {(cf. Troyanski (181). By a saddle funclion
K : ExXF~R we shall always mean a concave-convex bivariate function
with values in the extended real line R=R U {d-co}.

In [17] the second author introduced the regularization K} of a closed
proper saddle function by

0) K}:ExF—R, K} (x,y): =sup inf {“y_" [ 1 9 v)}
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Let us mention that in the case K(x, ¥)=4(v), K} is just the Moreau-Yosida
approximation . of the convex function p. It can be shown that many
results for this Moreau-Yosida approximation remain true in the case of
saddle functions. Moreover, the subdifferential of K} can be expressed in
terms of the Yosida approximation of the maximal monotone operator Ry
which was associated to a saddle function by Rockafellar [15], [16]

Inf{1],[2] Attouch and Wets showed that the construction (0)
is efficient even if K is not concave-convex. Namely, many of the mentioned
regularity results for K} can be extended to this case. In this context
we note that in [l], [2] the regularization AY depends on two positive
parameters A and u, a fact which gives a decper insight into the structure
of the family of regularizations. We think, however, that the dependence
of only one parameter is better adapted to the special naturc of our consi-
derations.

The aim of this paper is twofold. In Section 4 we sharpen some of the
regularity results for K} In Section 5 we rely on the monotone operator

(1) TEExE'; feTgx: = [—f, fledK(x, x),

which can be introduced for each proper saddle function K :EXE—R.
In [9], [10] it was shown that, in this manner, each maximal monotone
operator A= E »x E" can be obtained from a saddle function (compare Sec-
tion 3 of the present paper). In Section 5 we shall demonstrate that the mono-
tone operator T x} associated to K} is just the Yosida approximation of T.
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2. Notations. We suppose familiarity with the definitions and basic
results of the theory of closed saddle function as developed by Rockafellar.
The fundamentals of this theory can be found in (4], [81, [12], [t4].

Here we recall mainly those notions which arc not uniformly defined in the
literature.

The closure of a convex function p : FS R, cl P, is the greatest lowe
semicontinuous convex function which is majorized by p and does not assume
the value —oco. If there is no such function, we sct clp=—co. It holds

cl p{x)= ?UP inf.r {f(x—v)+ p(v)}. The closure of a concave function q:E-R
et ek
is defined by clg(¥): = inf sup {f(x ) +q(v)}.
JEE* 1 gF

The convex closure cl, K of a saddle function K is obtained by closing
K(x, -) as a convex function (for arbitrary v =E), and similarly the concave

closure cl; K of K. The saddle function K : ExF—R is called proper if
dom K = dom, K x dom, K+ @, with

dom, K={v=FE; cl,K(x, w)>—cw for all w<=F} and
dom, K={yeF; c,K(1,!y) <+ for all vek}.
The subdifferential of K is the mapping 2K : ExF—£* x F*,
[, g] =K (x, 3) : — {Iﬁ("" i U e S D S
K{x, y)+g(w—y)<K(x, @) for all wsF.

3. Saddle Functions and Monotone Operators. In [15], [16] Rockafellar

introduced, for a given closed proper saddle function K : E XIF— R, the
operator

()  R:ExF—EXF; [f,gleR(x,3): =[—f, e]=aK(x, )

and proved its maximal monotonicity.

To a closed proper saddle function K : ExE—R, the first author
(cf. [9], [10], [11]) associated another monotonc opcrator TS ExE",
which is defined via the relation (1). The importance of this construction is
underlined by the following two theorems.

Theorem 1. Ty< E XE" is a monolone operator. 1 is maximal mono-
tone if and only if K salisfies

(3) clzK(v, U;w)scllK(?-;ﬂ, w) for any v, we E.

Note that (3) is satisfied for cach saddle function with
(4) cLK(x, x)<0<chK{x, x) for all x=E,

The condition (4) holds, among others, for saddle functions X : ExXE-—R
which are skew-symmetric in the sense

(3) cl.K(x, y)=—cl,K(y, #) for all », y=E.
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Example. Let p: E—]—o0, -] be a lower semicontinucus, proper,
convex function. Then
J Py —p(x) for x, y sdom p,
L(x, ¥y={ -+ for vedom p, yvedom p,
\—oo for x&Edom p,

is a closed, skew-symmetric saddle function and 7',=4ap, the subdifferential
o2 e have the following representation of maximal monotone operators:
Theorem 2. Lot AL XE" be maximal monofone. Then

(i} there exisis a proper closed skew-symmetric saddic function K 1 E»E — R
with A=Ty, o .

(ii) 4t holds A=T,, where the saddle function L{x, v)=co(dy, y—x) is closed
and proper and satisfies the tnequality (4).

More precisely, L is obtained by taking the I-rcgularization of the function
v— (A, y—-x):}gi(yf, y—=x), with inf @f=-}00, for cach x=E. In other

words, we have
L{x, yy = sup inf {{g, y—0)+(f,v—2)}.

§EE* {v, fled

Note, that L is concave-convex. Let usemphazise that the skew-symmetric
saddle function in Theorem 2(7} is obtained in a nonconstructive manner,
but one has the estimation

(6) —inf (f, x—)<K(x, )< inf {g, y—2) for all x, yek.
Jeds LEAY

4. Regularization of Saddle Functions. 1In this section we sharpen
some resultsof Attouch-Wets [1], {2Zland Tiba [17] concerning the
properties of the saddle function K3 We start by recalling the following.

Theorem 3. Let K : EXF—R be closed and proper. Then, for each
2>0, K} : EXF—R'is a finile saddle function with
K{(x, yy=min max {|y—v [}f2r—| x—u |22 4+K(u, )}
(7) veF gL

= max min {|| y—v ||}2a— | x—u []2a4+K(u, v)},
uegk vElR

(8) K= (cL,K)i=(cl I p= (K= (K,)%
(9) clK (x, y)<lim K2 (x, ¥) glli_ng K2 (x, )<, K(x, )
Arr —

Jorall xeE, yeF.
Above, we have denoted

(10) R (x, y)=sup {— | x— ["/2r+K(w, 3)}

(11) K, y)=iygp{li y—v [F2A+K (x, v)}.
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Relation (9) is a corrected and improved version of the similar results from
[17], and we give an outline of the argument for the first inequality. It is
enough to consider 1 <=dom,; K. Then

KX(x, %)2 Ka(x, y)=inf {| v—v 220+l K (¥, v)}.
rel

Since cl.A(x,.) is a lower semicontinuous, proper, convex function, we have
linol Ky (%, ¥)=cl,K(x, ¥), and the argument is finished.
A

Obviously, inequality (9) has the consequence
(12) }ir’g Ki(x, =K(x, v)

for all x=E, yeF such that cl,K(x, v)=cl,K(x, ). This is true whenever
xerad dom, K or y=rad dom,K (cf. [4], Theorem 3.1, [11], Lemma 2, or
[16], Theorem 5). Here rad € denotes the set of all # €C such that every ray
emanating from « =C contains points of C besides .

For any saddle function K(x, y)=p(y), with p : F—RuU {400} convex,
closed and proper, it holds cl,K=cl,K. In this case (12) yields the well-
known convergence result lAin(} pi(¥)=p(x), x=E.

In the next theorem we investigatc the Fréchet differential of the regulari-
zation K2

Theorem 4. Let K : E X F— R be closed and proper. Then K} : EXF—R,
A>0, is Frichet differentiable on E X F, the Frichet dif ferential being just the
subdifferential oK% The mapping [x, v]—K}(x, v) s continuous and boun-
ded on bounded sefs. It is Lipschitz continuous if E and F are Hilbert spaces.
Moreover, we have

(13) [, 81=3K3x, yyes[—f, g)=(Ruh(x, %),
where (Ry), i the Yosida approximation of the operator R,

Remark. Attouch and Wets [1], [2] showed that one can
achieve local Lipschitz continuity of K%, also when dealing with bivariate
functions which are not concave-convex.

. Proof. As it has been proved in [17], K} has a Gateaux differential
VKj on E XF ; hencce it is also subdifferentiable and gK3=VK} ([4], Propo-
sition 2.4 or 7}, Proposition 5.3). Moreover, formula (13) is true.

The operator (Rg), is demicontinuous and bounded as the Yosida
approximation of the maximal monotone operator Ry (see [3], [5], f6]).
As it is easy to infer that [[(R)|l is continuous and the spaces are locally
uniformly convex, by a well-known criterion we obtain the continuity of
(Rxh. If E and F are Hilbert spaces, (Ry) is Lipschitz continuous. Due
to (13), the same properties hold for VK}. Especially, K} is Fréchet differen-
tiable as a continuously Géteaux differentiable function. Q.e.d.

In the next proposition we show how different important notions pass over
from K to K}.

Proposition 5. Let K, L be closed, proper saddle functions on EXE.
Then
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mplics K<L}

1) Kg L implics K5 L5,

2) if K satisfies onc of the conditions

a) cl.K(x, x)<0 for all x=L,

b) c|,K(x, )20 for all x=E,

¢) K is skew-symmetric,

Q) cl, K(x, v}z —cLK(y, %) for all x, yel,
. I%rzg}w?}ii i)h:i:f;nlf ,C;foi:)m;‘rc clear by the definitlion (O)_.Thc_lpoints
2c), d) can be derived from L{x, v)=—K(y, x) =L(x, vi=—K{{y, x)

and from the relations 1}, (8). Q.c.d. .
Remark. Many of the results of this section can be extended to

K%(x,y)= sup inf {—| x—un IF2n4- |l v—o [12/204K (2, )}
wek vtEgf

For instance, if by [»%, 3%] we denote the saddle point which defines KX(x. ¥)
then formula (13) becomes

By (x, y)= [B,K:\(I, ¥ 2K, (x4, v]= [(8: K (2, %)
(2:K)u (2% 1))

The reasoning follows the same line as for (13). See also ‘ Attouch-W ¢ ts
1], [2], where other properties of K#% are discussed 1n a g:eneral _setting.
i, '5. The Yosida Approximation. Theorem 6. zLet I‘} (E XT{; -:I(ETbie @
: ddle function such that T g is maximal monotone. 1 ie Eh=
i??flprﬁf.‘g:hseal’ osz'zfia approximation of T x is just the monotone operalor asso-

' lo the reeularization K3, ‘ _ .
clt.g::gfls (:nentiongthat Theorem 6, applied to the saddle function K(x, )=

—p(3), yields the formula 3(p2)=(2p)x for the subdifferential of the Moreau-
Yosida approximation of the convex function #. .

Proof. Let f=(T gh(x), that is f=—1"" J(x3—x), where x; is the soiu
tion of the equation

(14) J{on—x}+Tg(x)=0.
Above J : E—E" is the duality mapping. By the definition of Tx we have
(15) [—A 1 (1—#), —2J (12} S Rl 22).

Relati 15) gives (Rg)a(x, x)=—2" [](xl—x)', ].(xl—x)]. "
Tﬁeielfe)r;e([ f ,) fg] = (RE{) ;Ex, %), and by Theorem 41t yields {—f, f1=2K3 (%, x)i
ie. f= T;& x. We obtain the inclusion {(Tx)aS7Tx, and by the maxima
monotonicity of (T ) the proof is finished. Q.e.d. o

Corollary 7. Let A< E X E* be maximal monotone and let K . EXE—R
be a closed proper saddle function with A=Tyg. Then
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A x=38,K} (#, 1), v<E,

where the right hand side denotes the Frichet differential of K} with respect
to the second argument. .
. Proof. We have [—dA,x, A,x]=VK}(x, ) since, by Thcorem 4,
K3 is Fréchet differentiable. Q.c.d.
In particular, in Corollary 7 we can choose as A the saddle function
L of Theorem 2,
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SUI SISTEMI LINEARI DI QUADRICHE RIDUCIBILI ED
IRRIDUCTBILT

BY
LANDO DEGOLI

1 — Nello spazio lincare complesso S, riferito a coordinate proietiive
omogenee x; (=0, 1,2, ...,7) si asumano d -1 quadriche lincarmente indi-

pendenti :
fﬂ ) Eg a‘;k x,-xk ((1_0, 19 2’ ey d)

i k=

Un sistema lineare di quadriche di dimensione 4 & dato dalla relazione :

d
;{’Aq fo=0.
Supponiamo che la matrice Jacobiana a 741 righe e d+1 colonne :

_hefel {g=0 1, 2, .. d]
J= ax, (s-_—.O, 1, 2, .07

i teristica m=r—k{£=0). ) n
abblalgar};?;:o che quando la (]aco)’l)iana é identican}cntc nulla, l'intero S., ¢
luogo di punti coniugati rispetto a tutte le quadriche. Se la caratteristica
¢ r—h{#=0), un punto generico di 5, & coniugato con un Sk. Un sistema
lineare Lam di dimensione @ ¢ caratteristica m possiede d+1 quadriche linear-
mente indipendenti, tra cui & possibile sceglicre m quadriche funmonalmcnl’t]e
indipendenti da cui dipendono tutte le altre. Un sistema Ld/m.(mé_d) che
non possiede sistemi subordinati essenziali Lge (vedi: [6]) con:

2gogd—1, 2€esm—1, ¢£g

& detto irriductbile di prima specie.
Abbiamo dimostrato il: ] lr . .
Teorema A : Condizionc necessaria ¢ sufficiente affinche un sistema
lineare irviducibile di prima specie sia a Jacobiana di caratterisiica ¥ — h<d(k>
=0) & che le quadriche del sistema che passano per un punto generico dv S,

abbiano in comune un Sy L _ -
Dati due sistemi lineari L, ed L,, aventi in comune un sistema lincarc

L., il loro sistema congiungenie risulta di dimen;iqnc ca+b =c’ - _

Diremo che il sistema Lam(m<d) & riducibile sc congiungce dei sistemi
subordinati, tra i quali almeno uno Lum, (m.<d)) non ha quadriche in
comune con gli altrl.



