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1. Introduction : We consider the following stochastic differential
equation :
dXe

| o 2 AOX A+ E [BUOXA G2

where {Z,, >0} is a stationary ergodic diffusion process with values in R,
A(t), F{#), Bi(), Gi(t) are dxd matrix (resp. R*) valued periodic functions
of time, with the same period T. n section 2, we will show, under appropriate
conditions, the existence of a stable periodic (in law) solution to (1.1), provided
Y, t>0}, the solution of :

(1.2) %‘ =A(t)Y.+élB.(t)Y,g¢(Z,)

is asymptotically exponentially stable.
In section 3, we will give conditions under which 3aeR st

(1/t) Log| Y:| —) a5, as -, ¥YYo,

and give an expression for A. The case A <0 is the one where we say that
Y, is asymptotically exponentially stable.

The same problems have been considered in [4] in case where the
{gdZ), t20}, i=1,.. .k arereplaced by ,white noises”. The second problem has
been considered in [3] and [1], in the casc of constant matrices 4, B, i=1,..,k

The details of proofs which are not given here, as well as the relevance
of these results for studying the stability of the movement of helicopter
blades, can be found in [3].

We now give the precise hypotheses which will be assumed to hold in
all what follows. Suppose we are given (Wi, W5 1201 p mutually indepen-
dent real valued standard Wiener processes, defined ona probability space
with filtration {Q, F, F,, P). Let fo, fusonfp bE C= vector fields on R!, s.t.

(H,) dim L. A. {fu... fo} (2)==1, Vz eR?,

{7} is defined as the stationary solution (which is supposed to exist) of the
following stochastic differential equation (written in Stratonovich form) :

P
dZ;=fdZ)dt+ B f(Z)odWi.
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It then follows from (H,) that {Z,}is an crgodic process. o will denote the
unique stationary probability measure of {Z,}.
We now assume :

(H.) GeLR ), i=1,..k

We finally suppose that A(t), B(t), F({) and Gt} (1=1,...,k) are
measurable, bounded periodic functions of #, with a common period 7> 0.

2. Existence of a unique stable periodic solution. Let us consider the
fundamental solution of the equation (1.2). For 0gs<f, we define O, 5)
as the d xd matrix valued process, solution of :

a k
@.1) 2 26 =400, 5)+ E B g 2.),
@(s, s)=1.

We will write @(¢) for O(, 0).
Lemma 2.1: 3aeR s.t.

{1/t) Log||®(#)||—» a.s., as t—c0

Proof: It is not hard to show that (1/) Log [[®(2)|| behaves, as t—o0,
exactly as the sequence (1/(nT)) Log | &(nT) ||, as #~sco.
This fact follows from :

}E(l jt) Log || ®(¢, [¢/T]1T) | <0 a.s., and

lim (1/¢) Log | ®([/T]+1)T, #) |<0 a.s.

Let us check the first inequality

(1) Log | 00, BITIT) [ <1/ T (I4G) I+ Z UB(s) 1 | 22} )ds.

The fact that the above right-hand side tends to zero as i~ follows from

the boundedness of {| A{s)|| and 1B:(s}l, (H:) and the ergodic theorem. On
the other hand,

Oul)=0nT, m—1)T). .. .. .... (T, 0),

and it follows from our hypotheses that {®((k+-1)T, kT), keN} is a statio-
nary and ergodic sequence of random matrices, s.t. :

E(Log*[@((k+1)T, kT)]) <co.

The Lemma then follows from a well-known result in [2].

From now on, A will denote the real constant defined in Lemma 2.1.
Theorem 2.2 : Supposc that »<0. Then :

(1) Equation (1.7) possesses a periodic sclution, whick is unique in law.

(i) The difference of ¢i v two solutions to equation (1.1) tends lo zero
exponentially fast, as t— Lo,
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R /- What we mean by a periodic solution is a solution X,,- 5(11131_1
at tl 3;’;?:(‘){- X -t s20lonC{R+ ;R iaa periodic function of‘ ¢, of period 1.
L }-?roo f: Clcaﬁ;, any sclution of (1.1) can be written as:

X, 0(0) (X [ O F(E)+ T GAsdZ)ds)

on. and the hypothesis of the Theorem.

i 1odi ion follows from (ii). To producca
. ss in law of the periodic solution i A Lo ok
g?ri;]drilq‘&zlfa\k') solution, we define {Z,} for all 1R, such that {Z, i

) o £ - periodi-
be a stationary process, extend A(#) and B,(t} (1:=1,...,k) to £<0 by pen
city, and define ®{¢, s} for all s,

{=R as the solution of (2.1). Let:
k
Lo\ ’_{ B (s) 2 (F(s)+ 211 Guds)gdZ,))ds.

(nT) and O(—1T)7", v¥n €N, one can

(ii) follows from this relati

Using the equality in law between @
hat : 2
iy (1/|#1) Log |®(5)'[—4 a5, 38 i— oo Roter
then follows that the above integral is well defined. The pcnth to)f/
It{ the law of {X,, s>t} on C(Ry+: R¢) as a function of £, follows from tha
8] g3 O )
(DOOE+9)7; Zev) s=RE -
3. Uniqueness and charaterization of the Lyapounov exponent © e}
For an‘y yeR*—{0}, let us define :
A»)2 Tim (1]¢) Log] Y4(5)!

=24+ m
; - B .
where Y,(y)=0()y is the solution of (1.2} starting at Y,=y. Obviously

: - vy eR¢—{0}.

Nen) as., YaeeR—{0}, and A(3)<r as, V¥ 0} Al
{\’sfé:})wi_ﬁ\(%z)\l'sstatc condit{ions under which A(y)==h as., Vy€ R*—{0}
We first assume : o ot

A1), Bilt), i=1,..,k, are (= func .
| (mod. T} with values in S1~[0, T [, and

S2-1, 1t follows readily from (1.2)

(Hi) :
We define the process R, =t

the process U,-A‘.:] Y, Y, with values n

that : ‘ff_a_t _
=

3.1 . x

B 2V _wA(R), U)+ T B(BARD, UdedZa):
at

whcreTizl(eC,pf())C——eSCSu(——REC g_,“u};:)- i< then a homogeneous Markov process, s.t.

ri e
R,, U)takes values in the compact set ' S*, and Z~:=l'551't'-sflllfq? (1:}351 g‘e
( \C‘l’irl‘(jnﬁ Lomogencous Markov process. [t thenfollows (SLhi(l: 2! (;f the“form
Z. . i i ility measure v, W 8

/ t least one invariant probability m v, 3 Sl
?)Rofgfisdt)dr, where {v (dr, d), £={0, 1 [} is a periodic law of the pr

i d-1 .
(U, Z,). Define the following vector fields over S1x 8§
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e = (s gy ) e = (E(Bf(r), o) e

and consid 1 1
nsider the following Lie algebra of vector ficlds over St S¢
X ST

A LIS
A =LA Th,+ % higiz), zeR'}.

We ca
n now formulate the main hypothesis of this sectio
n:
rank of (r, u)=d, Yre Sy e S5i-t

It is easily
the infinitesima% Seeen'that (H,)+(H,) imply that, if (L
poelliptic (in otl g n’crator of the Markov process (U,‘ 7 (L, £20) denotes
Zy) is h ther words, the infinitesimal v Zo)s 0/014-L, is hy-
+) 1s_hypoelliptic). generator of the process (R,, U
Wlth the same ar .
behaviour of (1/) Log |

(H.)

guments as thOSC in th a e
| \ e p[’OOf of Lemm 2 h
Y, ls an-—->OO, 15 the same as that Of (1."111‘) LOg } 'i/t

[ al»

Yar=®(nT, (n—1)T)..0(T, 0)Y,

and the sequence {®((k
X +N)T, kT, h=N .
Sequence ot random matrices, to b e i Omns @ stationnar
seledec applies : ¢ multiplicative cr

Proposition 3.1. (See c.g. [6])

dr e N—{0}, A <h - .
subspaces of 111" : 2 <o by and a striclly increasing sequence of w-dependi
: ng

0 { } 1( )

' I’ —0 CI’ OJC...CIr l(ﬁ))CV,-——-Rd,

and NE[? w%th P(N)—O s.t. vaEN, HEI t((!.)) (0.))
I -1

y and ergodic
godic theorem

b

1
— Log | ®(nT, w)y |2, as n—sco.

Clearly, A,=x. We
, . can now prove :
Theorem 3.2. : Under the hypotrl)zesese(H,) to (H,)

: . P

( f;) :((y))— lim ~Log| Yi(y)| as, Vy=R‘-[o}
11 y =;\ G.S., V ’ER"_

{)r= | Rcr](r, u,}z)v(dr, 5103 dz),

Sty Sé-1x
Vv invariant measure of (R,, U, Z\), where :
. :

1 ) =(A ), W+ 2 (Bulr)u, w)ge)

Proof:a) Let Y, b :
pendent o '{Hz',, t;O}.D e any random vector with values in R?— {0}, inde-

{
p{-Lo 1
(nT og | O(nT)Y| _.;\) P (ELog | O T, T)Y ) -m) —

1
=P|—L —
(”T og | O((n+1}T, T)Yr| *ﬂ) =P (an Log| ®'(nT)Y 5 | —a)\),

1 T
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with ®'nT)=((»+ 1T, T).
But from Proposition 3.1,
P(J— Log| '(nT)Yx -47\)=P(YT eV,
nT
and V,_, is o(Zyir, 82 0)=4 adapted
p(YrsV,)=EP({Ur= Vi @))=E0(Vio)]
where 0is the conditional law of Uy, given g, ie.the conditional law of U'r,

iven Zp. But the latter possess a density with respect to Lebesgue measure,

g
since, from (H,) 4 (Hy), the law of (Uz, 7
B(V,_;)=0 as.

possess a density. Then :

We have proved that:
(1/t)Log | DY, |—=» as.

b} (i) and (ii) follow immediately from a), by choosing Yo=Y.
Let v{dr, du, dz)= T-1v (du, dz) dr be an invariant probability measure

of {(Ry, Uy Z4), t20}.
Choose (Yo Z,) independent of {W,, t>0}, the law of (Yo Zo) being

vold#, dz) (considered as a measure on R* xRY). Bat:

1
| Y= | Y, exp .g g(R,, U,Z)s;

m+ 1T
on the other hand, ¢ §
T

sequence. The result then follows from the a
Birkhoif-Khinchine, and the fact that, from a},
ag f—oc, to a constant.

Ry Uss Z)ds,neN} 1s a stationary random

dditive ergodic theorem of
(1/t) Log | Y| converges 2.5.,
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