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NONLINEAR INTEGRAL INEQUALITIES IN # INDEPENDENT
VARIABLES

BY
ADRIAN CORDUNEANU

1. The integral inequality
(1 w(@)</()+ | gl ulds, 120

where %, f are continuous nonnegative functions defined for x>0, f is non-
decreasing and ¢ is continuous nonnegative for x2s2 0, was considered in
last time by many authors. Here it is assumed that x and s are »-dimensional

variables, i.e. x=(x,, %4...,%,); 5=(S1, S2...,8,). The Inequality x>s is equi-
x

i ds,. The

— x N IS
valent to 4,25, for 7==1, # and [ ds stands for tf) ds, 0[ dss . ... ...
0

case when g=g(x, s) is nondecreasing with respect to the first variable was re-
cently studied by J. Conlan and C. L. Wang [I]; these authors call
such a function good kernel. let x>0 be fixed and denote ¢.(s)=g(x, s)
for 0g<s<x; we have from (1) that

!
(2) (@< f(t)+ 6[ o (she(s)ds, O<i<x
and it is well known (see for example [2], Theorem 1) that from (2) it follows
t
(3) ut)<f(t)y exp ({ puls) ds),  O<i<x,
and particularly
(4) u{x) < f(x) exp (f g(x, s)ds).

Because x >0 was taken arbitrary, we conclude that under the used here
conditons, the bound (4) holds for all x>0. We can resume the above
situation under the form of the

Proposition L. Suppose that all the functions in (1) are continvous non-
negative, f is nondecreasing and g 1S nondecreasing in the first variable. Then u
satisfies for x20 the bound (4).

If f>0 is not nondecreasing, all the other hypotheses remaining true,
puting

(3) f(x)=sup f(s}) for 0<s<y,
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we obtain from (1) the cruder bound

(6) w(x)<f(x) exp (of g(x, s)ds), x30
In particular, from the inequality
() u(x) < f(x)+e(x) [ Mspefs)ds, x>0,

where all the involved functions are continuous nonnegative for x>0 and
Sy g are nondecreasing, it follows

(8) u(x)<f(x) exp (g(x)

ot

h{s) ds), x>0,

The inequality (7), in which g is not monotone but g{x) > !, was considered
in [2], where for the function = it is obtained the bound

©) w(x)<f(x)g(x) exp (] g(s)hls)ds)  x>0.

Of course, the bounds (8) and (9) are independent, even when g satisfies
both the restrictions g(x) > 1 and g=nondecreasing. For example, if g(0) >1,
the bound (8) is better than (9), at least for some x> 0.

Denoting

(10)  E(x)=min (g(x) exp ({ g(s)h(s) ds), exp (g(x) { i(s) d)}

we can state the following result, combining Theorem | of the paper [2]
with the above remarks

Proposition 2. Suppose that all the functions in (7) are continuous non-

negalive and that f, g, arenondecreasing, g(x)2 1 for x20. Then u satisfies the
majoration

(11) w(x)<f(x)E{x), x20.
Remark, If in (7) f and g are not monotone, we consider f given by

(5) and the corresponding function é Substituting in (10) ¢ by g and writting
E (x) instead of E (x), we obtain from (7) the bound

(12) u(x)sf(x)ﬁ(x), x20.
2. The nonlinear integral inequality

(13) u(x) <f()+e(NG(] H)Q(s)) ds), %20,

was also considered by many authors (see the works [2] of C. C. Yeh and [3)
of P. R. Beesack). Of course, we maintain the hypothesis of continuity
and nonnegativity of the involved here functions, but we assume that G
and @ belong to a class of functions, which seems not to be used in other
similar papers on this subject.

— 8
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] jon p=p( variable (1320)
inition 1. We sav that a function p=plu) of oite varia 2
Irlona]s)etf;ntll:;oclass F.if p and p’ arc confinons nonncgalive [unctions for
w0 and if
{14) pp(w)<plotu) for O<w<ly #z0

i i rcreas he rteal semiaxis
i ; t a function pe(F is nondecreasing on t : :
:;\>00r'et'i1r:rel{\;;1t1}:18£)lc of function p e(F is plu}=1* withaz 1. In w hat follows,
= s - 5 S
we shall use the function H=H(x#) given by

(15) H{w)= g ds/[0(1+G(s))], 0.

i > € he following result,
. assumed in (15) that Q(x) >0 for # >0. We can state t ,
E.trlfigggﬁs io tln(: T)heorem 3 of [2] and to the Theorem 4 of (31, namclyo
o Proposition 3. In the inequality (13}, et f, &, Jh’tﬂ be conlinuous for x=
] ndependent variables and suppose tha N :
fzmctzm(zis) Ojfsﬂf(z,:-l)( ff nondecreasing and satisfies one of the comditions 0 < flxyg!
£ <1 '
i f(sf)) g(x)= 1, h(x)20, u(x)20 and the functions G, Q =(F
(iil) Q s submultiplicative and Q(u)>0 for >0
Then, from (13) we obtain the bound

(16) u(x) <) G| HEQ(E() 49
provided that ,
(1) H({ 1(5)0(e(s)) ds) <H()

H s gi by (135). . _
wmmPro?f{.:i’?\)\iz s{m(ll Lsc the method of Yeh [2], supposing flrstlglr ctlhaf;
0<f(x)<1. Taking into account that G, Q =(F and g(x}>1, we deduce

from (13) that

(18) w(x)lf(x)<gs) [LEG(] KEQQu(s)(S)) )]
Denoting )
(19) ()= L HQUUS)S(sN) ds, x>0

and using the notations D,=&[dx,, we have from (19), using the fact that
Q is nondecreasing and submuitiplicative

20)  DDs......Dy(n)=hE)Q()/f(2) <N FE)
from which we arrive to the inequality
(21) DuDy. . ... D, () [QI+Gr{)N]< Mx)Q(g(x))

Integrating the preceding inequality with respect to x,, we obtain for x>0

Dyy[Dy... ... D, (%)[Q(1+G(r{x)))]< % B(X 19eer Knts Sa) -
(22} :
. Q(g(xl!'--, Xp-1 S,,)) ds,.
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3 € l llll(‘ T ll“ W I S O X Y
. ( ) g d ns 1 h TCS pCCt t An o 1seey Lo, xl we

(23) H(r(e)< § He)QGe(s) ds,

for all x>0 satisfyin i

- - g (17) Ob&’lous]\’r, r - ]

%)fmlte or infinite) of the function H=}}‘zu})1a‘:icc}:n::)—tfg b{T H(co) the limit
ound (16) follows from (18}, (19) and . Now, the desired

(24) P()<H (1 Ms)0(gls)) ds).

\Ije\nzvsﬁ??:)sel_ tl;altff s%tisfies th(; restriction 0<f(x) <1 then fixing x,>0
x)+e<| for O<x<x, if e>01i : te -
(13), we consider for 0 ygy. othcsineq:jsafil:glcmntly small. Together with

(25) w(0)<F(x)+e()G( | Ms)O(u(s)) ds),

where f(x)=/(x)+¢ clearl isfi iti f
y satisfies the condition 0
ithctl'zllboﬁve argumept, ‘obtaining for 0gx<x, a bounﬁfs(iﬂﬁalr' :g’e( ngl)n f:lll):at
(?6) ﬁ;’;lgrlllgf l::zilg Silr?i;ﬁ:l?pears lf(ar) indstead of f(x). For fixed x we, obta;:
e Inequality : i
the s ated conclusion holdsf1 and }inar::hi;) eé:;;::e EhstasaianEbineny

Corollary 3.1, Assume that the h
g i o .
If H{ooymoo, then ihe bound (16) bods. fur il we 2osttion 3 are [ulfiled.

Example 3.1. Consider the inequality
(26) w(@)<f @)+ [ A(s) (u(s))ds, x>0

CTC ’f’ arc co 1nuous nc “:ga we .l!l:tlDIlS G t1n t’pcn' cn't iallables,

(27) 0<f(5) <l or O<f(x)<l, I={Ah(s)ds<l.
Then, from (26} it follows for x>0 ¥
(28) u(x)< S 4(] s) ds)/(1— | h(s) ds)]

. ] [y 0 =*
and in particular
(29) u(x)< Kf(x), where K=1 FI{1—I).

To justify the above afirmations, it suffices to take in (13) g(x} =1, G(u) =

=u, Q(u)==u* and to -
for* a1l 3«:20. make use of (16), the condition (17) being satisfie d

Now, consider an inequality more general than (13), namel y

(30) ()< () § B, Su(s) ds-+g()G { Mo)Q((s)) ds)
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and denote by f, the function of # independent variables

() Ji)=(x) exp ([ Ax,5) ds), - %30
and by g, the function
(32) ga()=g(x) exp ({ bl ) ds), 330

H=H(u) is again the function given by (13).

Proposition 4. Assume that in (30) the functions 1, g, h, G, Q satisfy the
same conditions as inthe Proposition 3 and f(x)20 is conlinious nondccreasing,
k{x, $)=0 is continuous and nondecreasing with vespect to x. Asswme also that
0 < fi(x)€1 or 0 fi(x) <1 for x>0. Then we have from (30) the bound

(33) u(x) < fi()g(x) {LHGIH ([ A(5)0(gxls)) 9T
provided that
(34) H{ [ K(s)Q(es)) ds) <H (o0).

Proof. Denoting by I' the nondecreasing function
(33) Fxy=f(x)+g(x)G({ Ms)Q(x(s)) ds),
we have from (30) that
{36) zt(x)g}.’*"(x)w%—(]; k(x, syu(s)ds, x 20,
and consequently, accordingly to the Proposition 1, it follows
(37) u(x)<F(x) exp ({ K(x,5) ds), >0
or, under the equivalent form
(38) u(x) < fi(x) +&(x)G({ Ms)Q((s)) ds).

Now, we are precisely in the same situation as in the Proposition 3 and thus

the bound (33) is proved.
Corollary 4.1. Assume that the continuons nonnegative function of n

independent variables satisfies for x20 the inequality
(39) () < § Bx, u(s)ds+3(RG(] MoIQ(m(s)dS)

where the functions h, G, Q satisfy the same restrictions asin the Proposition 4
and ?}(x, s)z0, g2(x)20 are continuous. Then 1t follows u(x)=0.

For the proof, it suffices to put f(x)=0, k(x, s)=sup k(t, s) for 0<i<x
(s =fixed), g{x)=max {1, g(x)} for x>0 and to make use of the obtained
bound (33).
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Remark. The preceding Proposition 4 n i
for the solution uw=u(x,, x,) of I;he equatiollrily be used fo obtain & bound

(40) G 1f0%,00,=k(xy, )+ h(xy, 2)Q(u), 2y, 1220

with initial conditions #(x, 0)==
. » 0)=20:(x,), #(0, Xo) =e,(x.) (:(0)=
£, h are continuous for %, x,>0 and Q=Q?u) ?52(3—)C(C?liiir)luoﬁ;(ogl,n‘:ggge

whose restriction to the interval [0, co) i
R s of th
| Q1) | <Q(| ) for every real u. : ) AL

3. Recently, studying the boundednes i

i ‘ ; _ : s of the solutions of i
ord;n_ary differential equation, E. H. Yang [4] obtained an interesiflinc eri;a;m
gral inequality for the functions of one variable. Qur aim is to pro%e tl?z;

generalization of Yang's result t ' i ;
A variablesg o the case when the function depends of # |

Consider the nonlinear inequality |

L 4

(41) u(¥)<f )+ 3 T o s) (uo)yids, 230
and suppose that -

{x) #(x)>0 and =1 g . _
as)ing( J J{x)> 1 are continuous functions for x>0, f(x) being nondecre-

{B) the nonnegative functions g(x i

«{x, s) defined for x>2s5>0 are conti
and nondecreasing with respect to x, i=1, m <
(y)ri=(0, 1]fori=1, m

Propositi . e
(41} the gmi,l“:yon 5. Under the above conditions (a), ( 8} and (y), we obtain from

(42) u(x) < f() N Gy(x), x20
where Gy(x) is given by

e e R

x 1
[1‘[‘(1'“71)(.)[ £i(x, s)ds]i=. , 0<r, <1,
and G(x) for i=2,m are given by

(14), G x) = o [(:Enc"(x)) f&v, s)ds],  7=1

i—1 % 1
(14(1—r) (kI_Ile(x)) b[ gix, s)dsli—r, O<r, <l

Proof. Firstly, we consider m=1 assuming that for x>0 we have

(43) n(x)<f(x)+ L (% 5) (#(s)) ds.

If 7,=1, we make use of the Proposition 1 to conclude

(46) t(x)<f(x)exp (ofxg,(x, s)ds), 120,

T
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If 0 <7, <1, we fix ¥ >0 and denote ¢(s)=g.(x, s) for 0<s<x, writing

(47 u(t)<f O+ { ods) (u(s)ds, Ot

Now, applying a well known result of Bihari type (121, pp- 317 ; [3] pp. 403},
we can write for 0<i<x ! .

{48) ()< f(t) [1+{1—71) jorpz(s) ds]i-r

Using (46) and (48), in which we put {=x, we conclude that

(49) w(x)<f()G(x), %20,

where G,(x) is given by (43). The proof may be continued in the same way
as in ([4], pp. 542}, assuming that the inequality (42) holds for some m=#k
and concluding that it remains true and for m=k+1.

Remark. 1f the hypotheses of the Proposition 5 are satisfied and all
r,=1, using the Proposition 1 we have form (41) the bound

(50) u()<f(x) exp (£ | gx, )ds), x>0

which is considerably better that (42). Moreover, the condition f(x)>1 may
be replaced in this case by f(x)> 0. Consequently, the Proposition 3 is appli-
cable only if in (41) there exist exponents 7, <l. The principal conclusion

which we can derive from Proposition 5 is that if all the functions ;E‘ gix, 5) ds

are bounded for x>0, then the function u satisfying (41) is bounded for

x20.
Finally, let us consider the more general inequality

B eSS | edn ) (o) ds+e(aG(] Ho)((s)ds)

where #, f, g, are as in the Proposition 5, but the functions G, @ belong
to another class, different from those used in the Proposition 4 (see [31 and
the comments given there about this class).

Definition 2. We say that a function p=p(u) of one variable (120)
belongs fo the class F, if p is continuous nonnegative and nondecreasing for
420, p' s continuous for 4=>0 and

(52) vip(u) <plouwy  for w2l ux0

A typical example of function p €F is p(u)=4% a=(0, 1]. In what follows,
we shall use the notations

3 f=f0 i, dn=ew 166

where G(x) are given by (43)—(44) ; H=H(x) is defined by (15).

Proposition 6. Assume that in (51) the conditions (@), (B), (¥) of the
Proposition 5 are satisfied, g(x)= 1, x)20,G and Q belong to the class F 1)
is submultiplicative and Q(u) >0 for 4>0. Then we have the bound
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(54) #(x) < ()30 {1+ GLH S (5)Q(())ds) ]}

provided that E

69 H(T K(s)0(2(s)ds) <H(w0).
Proof. Denoting

(56) F(#)=f(x)+gG( Ks)0(u(s)ds), %30,

we obtain from (51)
(57) u(x)éF(x)+‘2=ll_igf(:t, s) (u(s)yeds,  ¥20,

which, according to the Proposition 5, implies

(8) u@<E@ T Gr), 20
From (56) and (58), it follows

(59) 4(0) <[+ G( HQ((s))ds),

x20

where fand g are given by (53). We make use of Yeh’s result {[2], Theorem 3)

to obtain the majoration (54). A simi i i
& is Thoorem 3 of e é er) : 3_.s,lmllar result with the preceding Proposition
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IETAT DE CONTRAINTE PLAN DES CORPS
ORTHOTROPLES AVEC ECROUISSAGE
PAR
V. DIACONITA

SUR DE

Dans ce travail on montre Vexistence ot luni ité de la solution faible
du probleme de l'état de contrainte plan des corps orthotropes avec écrouis-
sage. On considére que les limites d’écoulement augmentent proportion-
acllement avec un parameétre qui dépend de ’histoire de la déformation

1. Considérations sur la plasticité des corps or.hotropes avec écrouis-
sage. Si l'on considére que la pression hydrostatique n'influence pas I'écou-
lement, alors la condition de plasticité pour les corps orthotropes sans
tcrouissage s¢ présente sous la forme [2]:

Kan(ozz'—'ﬂ'aa)g'i’K 31(093—5“)2 +K"2(m Lo G“)s rK“cjgs +

o 2
+I{55G31 TKGSGIE'_ 1 »

(1.1)

o K;, sont les paramétres qui caractérisent 1'état d’écoulement a
et oy les composantes du tenseur des contraintes.

En désignant par Xy les limites d’écoulement a Vextension et au
glissement par rapport aux axcs d’anisotropic nous avons:

nisotrope

1 1 1 1 1 1
W=t —550 HKomm T x
(1 2) X Xa ATy LA 11 Xia
' 1 1 1 1 1
2K= Sa T o2 ve ! K= ",l; s I\’ss=_;‘2_ . K== = -
Xh K& Xia gy X5 Xy
Ide (1.2) on observe que les paramétres Ky, Kss, K. sont positifs, et
(1.3) Ka+Ka>0, Ku+Ki:>0, Ki + K3 >0, Keg LK K1 >0.

Nous considérons, comme en [2], [11, que dans le processus de char-
gement, les limites d’écoulement augmentent proportionnellement, c'est-
a-dire XN;;=AhX];, ol nous avons noté avee l'indice zéro les valeurs initiales
des limites d’écoulement et ol L est un paramétre monotonc croissant a
partir de 1 et qui cxprime la grandeur de 1'écrouissage. Les paramétres K
décroissent comme 172, En tenant compte de ce fait, de (1.1} nous déduisons:

Kg.a(o'zr'—'caa)z +Kgl.(0'33 —G1 1)3 +K22(0'11_'_521)2 T'K‘i"cgii +

+K%s0h + Koot =17,

(1.4.)
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