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SYSTOLIC ALGORITHMS TO SOLVE LINEAR SYSTEMS
BY ITERATION METHODS

BY
OCTAV BRUDARU

1. Introduction. The notion of systolic computation was introduced
by Kung and Leiserson. The computation is describel using a
network of processors which act on flows of data, passing through the system.
The processors compute rhythmically and all operands uscd in computation
arrive at a processor simultaneously. At every tick the data can pass from a
processor to its neighbours according to the communication graph and free
global communication is disallowed. A systolic device perform its computa-
tion on behalf of a host.

Foster and Kung [2] consider that a systolic algorithm must be
designed so that it can be implemented by means of only a few types of simple
processors, the data and control flow of the algorithm is simple allowing
cells to be connected by a network with local and regular interconnections
and the algorithm cxtensively employs pipelining and parallel computation.

The time to solve just one instance of a problem is the response time
while the period of system [1] is the time clapsed between the solutions of
two consccutive problems inputs to a system.

Many examples of systolic algorithms are given in [4] and (3] In the
sequel we shall focus on systolic algorithms to solve a linear system, Ax=b.

Leiscrson presents in [4] a linearly connected array to solve
Ax=b, where A is a nonsingular » x# lower triangular matrix with the
band width w==¢. The solution is obtained in 21 +¢ clock ticks (CT).

Another way to solve Ax=b is to use the 1. "-decomposition. In [4] it
is given a hex-connected systolic array for pipclining the LU-decompo-
sition assuming no pivoting is necded. The compulation is exccuted in 3n+

+min (, q), where A is an n > band matrix with band width w=p4-¢—1.
After the factorization, the solving of lincar systems Ly=bd and Ux=b
takes 4n-+p-¢ CT and two distinct networks are used.

Kramer presents in [3] a systolic algorithm to invert an #X#
nonsingular matrix in 4n CT with a two-dimensional systolic array using
Gauss’s algorithm and assuming no pivoting is nceded. If pivoting is required
then an ({n®)-time systolic algorithm is given.

In the next section we present a systolic algorithm to solve a linear
system by the Gauss-Seidel method. The design of a systolic array able to im-
plement the acceleration method is discussed in Scction 3. The proposed
algorithms satisfy the design requircments above mentioned.
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sor D they have the value given by (1) and (2), respectively, The new value of
xi{i.e. x{™Y) computed by D following (3) goes leftward from L,to Ly,
=g 1,...,2

/ The elements of 4™ enter R,_; and they go from R, to R, ,, for j=p—
—1,...,2. The elements of b and of the main diagonal of A enter D.

The elements of vector di={dn1rs Anrztirsa-io .) arc accepted by
processor R,, where b=1,.,p—1.

The processor L,_, accepts the elements of &'y = (At 1 Bntas 20 8m ah)s
where h=1,....gq—1.

We shall analyse the manner that the activity of processors and the
I/0 operations are synchronized. Suppose that the z, and y; elements reach
D at the { CT. It is obvious that £;=¢,+2(i—1), where the moment £,
will be determined such that some initial conditions be satisfied.

The processor R, _;, k = l,....p — 1, computes 3i+A@pitp-r¥eto-x at the
ti'_k CT-

The element z; is introduced as zero in L, at iz(8)=t,—~q+1CT.

At the tab (1)=t, CT, the processor D begins to accept the pairs (byy @ic)s
{=1,...,n1, one pair at every two CcT,.

The element 3; is introduced as zero in R, at iv(i)=t,—p+1CT.

The upper triangle of A is introduced as follows. The element @4 crp
enter R,_ at the fi—& CT, for k=1,...,p—1. Thus, the first element of 4,
is received by R, at the td(f)=t,—21 p+i+2 CT, for j=1,...p—1. Taking
j=1 it results that the introducing of the upper triangle of A begins with
s at tl p—Ll cT.

Observe that the processor Loy, h=1,...,g—1, computes Zi+30 ion -Xion
at the t,—# CT. Thus, the processor Ly receives the first element of 4; at
the td'(j)=t;—2i+j+2 CT, where j=1,...,g— 1. Taking j=1 it result that the
introducing of the lower triangle of A begins with a., at the {,+1CT. Now,
remark that at  the #,—1 CT, the processor R, , receives the element Xerpi.
If 2x(j) is the moment that x, enter R, , then tx{j)=!ts prr Because ¢x is an
increasing function of § and the old value of x, is not used it results that
the introducing of the old value of x begins with x,at thet, ,—1 CT.

Because fd'{1) >tab(l) and cither tab ()zty(1) or tab (1)=#z(1), the
constant c¢(p, g)=¢, will be determined so that min {£x(1), fz(1) tx(2))=0.
Thus, we have ¢(p, g)=max (p—1, g—1, 2p—3).

After ¢(p, g)+1CT the new value of x, can be extracted directly
from D and the remaining v, exit from D at the rate of one every two CT.
Therefore, the LS/l computes s'™ inc(p, g)+2n4-1 time units, as compared
with Q(wn)-time required for the usual sequential algorithm. If the nompe-
nents of x™1 are extracted from L, then they appear after ¢(p, ¢)-+g+1
with the same rate. As a result of the above-presented analyse we can state.

Theorem 1. If A is @ band matrix with width w=p+q—1 then the L5A
containing w Processors executes the iteration (1)—(3) with a response time
equal to Ty(ny=c(p, ¢) L1 CT.

It is obvious that for the presented LSA the host must broadcast the
clements of A, b and '™ at each new iteration. Without loss of generality,
we shall suppose that the required number of M iterations is exccuted in
M, packets of s pipelining iterations, where M ,=min {&/M< ks, k positive
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Figure 3. The T.D.S.A, that executes s pipelined iterations
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In the sequel we shall present a comparative analysis. Suppose that
4 number of s iterations is executed by (5) LSA and (#7) by TDSA. I D,(s)
is the difference between the oxceution times obtained from (z) and (7f) then
D.(sy={(s—1) (c(p, g)+2n4-1=2p). It results that Dy(s) >0 for s>1 so that
the pipelining of s iterations by 7DSA is morc cfficient than the use of LSA.
Furthermore, D,(s) is an increasing function of n. The L.SA has only w pro-
cessors (of two tvpes), while the TDSA has w-(2w-+1) {s—1) processors
of threc types, but the processors that perform the delays are very simple.
The advantage of both algorithms is that the hardware requirements are
proportional to the width of the band and they do not depend on #.
Now, if we solve Av=b using the L U-decomposition and the systolic
systems have the same clock tick, then we need Tw(n)=7n+p+q+min
{p,q) CT and pg--max (p, ) processors. 1f # is the number of ~iterations
(1)—(3) that have to be exccuted in order to obtain a desired error or the
came accuracy as ILU/-dccomposition, then the systolic variant of the
Gauss-Seidel method will be more efficient if

- m <sT () Tofs, #)

for m a multiple by s, or
(5) m<s(T ru(n)—Tals ) Tafs, )+’

for s’ being the nonzero remainder of the division of m into s.

On the other hand, if the matrix inverter is used to solve Ax="b (in
the same assumption on the clock tick) we need 4n CT and #? PTOCESSOLS.
Because the matrix inverter does not exploit the Kind of A, the additional
operation 47'b takes 41—3 CT (using the matrix-vector multiplication
system given in [41). 1f these two stages are exccuted in a serial fashion then
the total amount of time is T{n)=81—3 CT. Similar bounds for m may
be obtained by putting T7(n) instead of T,u(n) in (4) and (5). A drawback
of the matrix- inverter is that the hardware requirements depend on 7%

3. A systolic variant of the acceleration method. In accordance with

this method, the iteration is defined as
6) ‘TSMH)=m(bi'“2':—}'l)lau+(1'_m)-\'i(m‘a

for i=1,...,n and mz 1, where 49 is an arbitrary approximate solution, @
is an acccleration paramecter and and ¥, are given by (1) and {2). A new
lincar systolic array -can be obtained from LSA presented in the previous
section by operating some minore changes.

The acceptance of the elements of x'™ starts with a{™ instead of x.
with two C7 before x,™. The DP must be able to keep the value of » and
compute the term o (b—z— vi}]a;y. This processor must have an additional
input in order to accept the already calculated term (1—w)x™. The discre-
pancy between the x-output of K, and the new input of DP is equal to
Lo (tx(2) A-p—=1)=2. Thus, we introduce two new processors, P, and P..
Processor 2, keeps the value 1-—o, accepts x; from R,, computes (1—w}x
and transmits this term to P,. Processor P, transmits ifs input to DP after
#—1 delays. If p=1 then P, is needless.

(m}
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N N4 SES
ON A NEW KIND OF DEPENDENCIES IN RELATIONAL DATABA
BY
C. MASALAGIU and H. LUCHIAN

i familiar with the wusual
tion. We suppose the _reader_
1ppro;§1c}11- fg:h:c%deuiheory of dependencies in relational databases (] [413, [[1]],
'_[7]],1[‘£1‘£0:{_&'£) be a denumerable set of atfributes and M={, ¢} the set of
marks., Let @=L xM. ‘ . . Iy
’ : the following notations : [m] wi th
llnzthe E;}(;?uc;; ;\ R’Sh aflérug.: (1:, ) GQ(E, we shall consider supp)}(f:) ?01:.
S:iltd{f’or "{;,,..i,a,,}gﬂi,u, supp ({al,...,a,,}):{supﬁ {@4),--.,supp (44)}
({A A tci we shall use the shortl;a_nd A, .. ?(M B o
hmz,x ;nejlation scheme over (¢ is any finite subsetAo 1;'>2, T
chall reffer to a fixed relation scheme R={4,,..., Aa}, #>2;
S il n of A card D, <N,
he set D, be the domain of A _
For egg}: zagflllA Etﬂl o,c Alf;tDt A;B 4 beAa reflexive, nontrivial relation (a4 #
L) . . R
5&DA>§J](:Dttlll-‘up;ﬂ[='{u/u - 0} Dy uli) €D} be theset of tuples over

3 o , 4.8.0.).
(we shall alternatively use u(d) or u(Ag), Dy or.DA‘., o OF &y; 2 ) .
Let @ be any set {n] or N itself. A Q-instance for R 1'sna1§1 lgfmoted
functior(; I 'Q-;Tup,ﬂt. The set of all Q-instances for R will be
R+
by & qu; instance for Ris a Q-instar_llfzc, f?lrl som};a tQh.altf II/ és i ?—xﬁsfl?r{)c: (fglrlelfi
-instance I,: Q,—Tup gl suc a=pe _ =
:::glar%}fnor; g?}r (%1 will be citlllcr any [#], or N itself). The set of all instan
\ i oted by I . N
N R;:ei?:k Theyinsr‘zances in the definition above appear (iorilsle (?frcalzr;%
ts of tuples - we note that this ,ordering” depends on wh:la.t Oi ethegneceSSity
is cor "depred on N. A forth coming paper will examine ¢ oslety  ecessity
lsf CO}?b;cin some classical definitions. For the momer}tl_ gt 1i1s takgn -
fc)ha(’:t ie;lht?re LCT'Elre cases where ordered instances must be explicitely
e i idered, which we shall call
ly a subset of J will be considercd, ; _
the seté)s} ;;Efi,m%?e%nstomces (cf 7). The admissible ml':;t‘aggeles_ \UHQOb.ey ce;tg:
specific requirements for Im(Iz), Ip = g Forexample: s=Ym ‘m]s
:Ugﬂ, {m] » Of:;; =QR, No» O{R=O£}1U Og:;z, a.8.0.

men



