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ON A TYPE OF CONFORMALLY FLAT NEARLY KAHLER
MANIFOLD
BY

M. C. CHAKI and B. CHARI
To Professor Adolf Haimaoric

Introduction : Let (M, g) be a connected n dimensional (# >3) con-
formally flat ncarly Kihler manifold which is not Kihlerian, S be its Riccl
tensor and A be the symmetric endomorphism of the tangent space at cach
point corresponding_ to the Ricci tensor S, ic., g(AX, Y)=S§(X, Y)
for tangent vectors X, Y. In this paper it is shown that if such a manifold
has commuting curvature and Ricci transformations, then the endomor-
phism A4 has two different cigenvalues. It is further shown that if the product
of these two cigenvalues is positive then the manifold is six-dimensional.

1. Preliminaries. It is known [1, p. 339] that for a conformally flat
n-dimensional (z >3) Riemannian manifold the curvature tensor R is of the

form
(1.1) RIX,Y)= [1{n—2Y1[{AX A Y)+H{(X A AY)—tr[ Af((n— N(n—2)) (XAY),

where X Y denotes the skew-symmetric endomorphism of the tangent
space at every point defined by

(1.2) (X NY)Z=g(Y,2) X—2(X, 2) Y.

Let us suppose that the m anifold under consideration has commuting curva-
ture and Ricci transformations. Then

{1.3) R(X, Y)eA=AoR(X, Y).

From (1.3) it follows that (X, Y). 4=0, But this implies that

(1.4) R(X,Y).S5=0,

Now,

(1.3) [R(X,Y), S]1(Z, Wy=—~S(R(X,Y) Z, W)—S(Z, R(X, Y) W).

In virtue of (1.4) we can express (1.5) as
(1.6) S(R(X, Y) Z, W)+S(Z, R(X, Y). W)=0

Using (1.1), the relation (1.6} can be expressed as follows :
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Y, 2) S(AX, Wy—g(X, 7) S(ay, W)t+g (¥, 1) S(4X, 7)—
(1.7) S(XTIS(AY, 2)- (rfn—1)[g(Y, Z) S(X, Wy4¢(y, Wy S(X, z2)—
—g(Y, 1) S(X, 2)—g(X, V) S(y, Z)]=0,
where r=trd. Putting Y=7 in (1.7) we get
9(Z, 7) S(AX, Wy—g(X, 2) S(AZ, W) -g(2, W} S(4X, z)--
(1.8) —ur(X, W)S(4z, Z)~(rln—1)[e(z, 2¥S(X, Wy—g(z, )S(X, 2)~—

—84 W) S(X, Z)—g(X, W) s(7, Z)1=0.

Let {ed be an orthonormal basis in the tan

gent space at a point. The sum
for 1<i<n of the above

expression for /=g, gives

S(4X, W)—TIr/(n- DIS(X, 11y — 1/11[2 S(AL,, L.y) —{r*jn— l)Jg(X, W)=0or,
=]

(i.9) S(4X, ) —(rfn—1) S(X, W) +eg(X, =0

where

(1.10) p-_—(llﬁ)[gS(Alﬁ, lﬁ)——(rzln———I)J ;

We shall usc the results (1.9) and (1.10) in the next section.

Kiihler manifold with commuting Ricei

most Hermitian manifold pf with metric
tensor g, Riemannian connection V and almost complex structure 7 jg

said to be a nearly Kihler manifold (or a K-space) if (Va/) (X)=0 for all
vector fields X on A7, In this section we shall consider a type of conformally
flat nearly KAhler manifold which is not Kibhlerian and satisfies the condj-

tion (1.3) It is known (2, $. 438] that in a conformally flat ncarly Kihler
manifold, the following relation holds -

(2.1) (n—4) (n— IZ)éS(Al,,, l,;)—[—(ﬁn'-‘—33n—f—32) rifin—1)?] = 0.

Since in 3 non-Kahlerian nearly

Kihler manifold n#4, 12, from (2.1) we
have

(6;»’—33n+32) ,
(n—4)(n— 12)(n—1): .
Hence ¢ defined by (1.10), takes the form

(2.2) i,:S(Al,,, L)==<

(2.3) P (na-—llnﬂ—]—.'iln—-lﬁ) ’
n(in—4)(n—~ 12){(n—1):

(2.3) we see that if a conformally flat nearly
erian and has commuting Ricei and curvature

Taking account of {1.9) and
Kiahler manifold is not Kihl
transformations, then
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3

1S(X, W) -pog(X, 1FY==0,
(2.4) S(AX, W)—[r[(n—1)] S(X, W)-fpg(X, 1)
Z.
. . i N ‘l
wherch 15F’t;!entlll)cye(izgﬁg.va]ue of the endomorphism A corresponding to the
et C
cigenvector X. Then

(2.5) AX=2X.
Using (2.5) from (2.4) we get

(12— [rf(n—1)] M) gl X, W)=0.
Hence

(2.6) 2w [7/(n—1)] X4 5=0.

i . igenvalues.
: it follows that the endomorphism 4 has a.t I-no:c’t t‘? ’ [Zg Theorem
e 2.6) has two cqual roots, then it is known [3, Thearem
C (If) tl}ctli:;l ltlﬁ::l?ga%i‘fold is flat. Conse]g.luently ;_1}?1“5;‘2 tﬁscrllscf_ the two
ase (a)] ifold will become K S N
ble, because, thc?bth(fiffrcllgll‘l}go]l)bnotc this roots by %, and ?\2ti‘i:ltll)fthié’tlg¥ﬂc
roots of (2.6) mus tlin* to A, and &, by V,and V¥, TCSI}:))(-CH'_HI‘ Since A
subspaces corrcsp%n m BThen the multiplicity of A, must be . cctively.
mu1t1p11Cltt)’i:fﬂ?]\é d?ménsions of ¥V, and V, arc m and n—n P
is symmetr :

We can write

7 r=mh,-} (n—m) X, because 7 is the trace of 4.
2. =
Again from (2.6) we have ) vy -
{2.8) Rk he==r]{(n—1) an
Solving (2.7) and (2.8) we get .

= - ¥.
(2.10) W — 7 and (2.11) % e

(n—1) 2m—n)

From (2.10) and (2.11) wc have

(m—1) (m4+n—1) _,
2-12) Mhe= (n—1)* 2m—n)* | |
i r ither m~—1 is negative anc
: (2.12) it follows that ei gative and
iy {r'otlir\l-enor ;?fz 1 is positive and (- m+4-n : ll)ltx[sSt}ighggorem
(—111—{-}1—1):5 pt(;fl m—0 or n 0, Thercfore fmmaknmvnrnimrc , Phoorem
_— 7\:?;3632)“'501111“ the manifold is of conisltan[tofélr\a ure.
Icl”allsflif((}))l)(]f i:‘. an Einstein manifold and we have there
a

(2.13) g S(AL, L) =r3[n.

1y :—33n432)=0

—4) (n—12) (n—1)*+n (65 [

Frm&“ (26)2)( ang)gl(l)slv}‘;;(;éetn@ 6 () (n;é 2). Hence we can state the follo
or, (n n—L) =

wing theorem :
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Theorem. If a connected conformally flat n-dimensional (n>3) nearly

Kihler manifold ts not Kahlerian and has commuting Ricci andtcurvaturi
trans formations, then the symmelric e.udomorplusm of ;I.ze tmz%en_ Spggiiw‘;
every point corresponding to the Ricci tensor has two ; ’{ fer;;: e:gew;fom s
Further, if the product of these eigenvalues 1s posiive, then the man

sixdimensional.
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THE EQUIVARIANT STABILITY OF THE DIFFERENTIABLE
MAPPINGS BETWELN G-EQUIVARIANT FOLIATED MANIFOLDS
BY

LILTANA MAXIM-RAILEANU

Mather's theory of C=-stalility of smooth (C=) proper mappings
between smooth marifolds is 2 natural generalization of the earlier results
of Morse and Whitney which described dense sets of mappings
I etween manifolds of specific dimensions. If M and N are two smooth
manifolds and C= (3, N) is the space of smooth mappings between M and N
{(the topology on C=(3{, N} is the Whitney topology) then feC=(M, N)
is C=-stable if there is a neighborhood U, of fin C=(M, N) so that if geU,
then there are diffcomorphisms A <Diff=(Af), Lk<Diff=(N) such that f=
— kogoh.

Mather's work ([4]) gives a complete answer to the principal
questions related to the stability of mappings : local classification, local
normal forms, density. On the other hand, V. Poenaru in [7] gives
some results on C=-stability of equivariant maps between compact G-mani-
folds M and N, where G is a compact Lic group. Namely, denoting by
(g (M, N) the space of smooth G-cquivariant maps between M and N,

that is:
Co(dl, Ny={feC=(M, N), f(gor) =gof(x), (V)x €M},
amapping f€C2(M, N)is C=-G-equivariant stable (G-stable) if there is a neigh.
borhood U§of f in Cr(M, N} so that if geU§ there are the cquivariant
diffeomorphisms H < Diff7 (M)=Diff; (3. M) n DAt~ (A7), K e Diff? (N) =
Co(N, N}n Diff=(N) such that f=Kogofl.

LA Favaro in[2and Izumya in [3] deal with C~-stability
of cifferentiable mappings between foliated manifolds (M, Fyy) and (N, Fy).
If feCe(M, N) let C=(M, N, fy={g=C=(M, N), for cach x=1f f(x) and
g(x) belong to the same leaf of Fy} and Diff2 (M) =C= (M, N, idy) nDif{= (M)
(resp. Diffp(V)=C=(N, N, idy}nDiff=(N)) be the group of C=-diffeomor-
phisms on M (resp. N) taking each leaf of Fy, (resp Fy) onto itself. A C=-
mapping f between the foliated manifolds (M, Fy), (N, Fy) is called C=-
Stable 1n the tangential sens (F-stable) (sce [27) if there exists a neighborhood
UfCC=(M, N, f) such that for every geUF there are ® e Diffip (M), ¥'e=
€ Diff2(N) such that g=Tofod.

We consider now a compact Lie group &, two C=-compact G-manifolds
M, N and Fy, Fy the C»-regular G-equivariant foliations on 3 and N.



