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THE FEQUIVARIANT STABILITY OF THE DIFFERENTIABLE
MAPPINGS BETWEEN G-EQUIVARIANT FOLIATED MANIFOLDS
BY

LILIANA MAXIM-RAILEANU

Mather s theory of C=-stability of smooth (C=) proper mappings
between smooth manifolds is 2 natural generalization of the earlier results
of Morse and Whitney which described dense scts of mappings
| etween manifolds of specific dimensions. 1f af and N arc two smooth
manifolds and C=(3M, N) is the space of smooth mappings between M and N
(the topology on C=(3, N} is the Whitney topology) then feC=(M, N)
is C=-stable if there is a neighborhood U, of fin C=(M, NY so that if geU;
then there are diffcomorphisms ke Diff=(M), & eDiff=(N) such that f=
—hogol.

Mather's work ([4]) gives a complete answer to the principal
questions related to the stability of mappings : local classification, local
normal forms, density. On the other hand, V. Poenaru in [7] gives
some results on C#-stability of equivariant maps between compact G-mani-
folds M and N, where G is a compact Lie group. Namely, denoting by
Cg (M, N) the space of smooth G-cquivariant maps between M and N,
that is:

C= (M, N)={J=C(M, N}, flgor) =gof(x), (V)x =M},
amapping feC7 (M, N)is C=-G-equivariant stable (G-stable) if there is a neigh-
borhood U¢of f in Cg(M, N) so that if z=U¢ there are the cquivariant
diffeomorphisms H e Diff7 (M) =Dilf; (M. M) o Diff= (), K = Diffg (N) =
—Cz(N, ¥yn Diff~(N) such that f=KogoH.

LA Favaro in[2]and Tzumya in (3] deal with Ce-stability
of differentiable mappings between foliated manifolds (M, Fy) and (V, Fy).
If feC=(M,N) let C=(M, N, fy={g=C=(Al, N), for cach veM f(x) and
£(x) belong to the same leaf of F,!and Diffy(M)=C= (M, N, idy) niff= (M)
(resp. Diffz (N)=C=(&, N, idy) nDiff=(N})) be the group of C=-diffeomos-
phisms on M (resp. V) taking cach leaf of Fy (resp Fy) onto itself. A C=-
mapping f between the foliated manifolds (3, Fy), (N, Fy) is called C~-
stable in the tangential sens (F-stable) (sce [2]) if there exists a neighborhood
UFCC=(M, N, f) such that for every g=Uf there are ¢ eDiffzr(M), Ye
eDiffz(N) such that g="1ofod.

We consider now a compact Lie group G, two C=-compact G-manifolds
M, N and F,, Fy the Ce=-regular G-equivariant foliations on M and N.
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In this paper we will deal with a more stronger concept of C=-stalility

for mappings between such manifolds M and N.
Some notations :

Co(M. Ny={[feC~ (M, N), f takes cach leaf of F,, on a leaf of F,!:
Cz (M, N)y=Cg (M, N)nCg(M, N} ; Diffz (M) = Dills n Dilfz (31} ;
Diffy (N)=Diffz (N) nDiffz (V).
For a fixed mapping feC=(M, N) let
Co(M, N, f)y=Cz(M, NynC=(M, N, f).
Itis clear that if fe C (M, N} then C=(M, N, fyC Cp (M, N). So, if feCs (M,
N) then
Ce(M, N, f)CCg (M, N).

Definition 1. We call a mapping feC=(M, N} C=-G-equivariant sta-
ble in the tangencial sense (GF-stable) if there exists a Incighborhood UC¥
of fin CZ{M, N, f) suchthat for every g eUSF, there are the dif feomorphisms
hy =Diffg (M), k= DIffy (N} so that f=h,ogoh,.

We begin the study of this concept of stability with reduction of
the stability to an infinitesimal condition.
Let

L UHTM)=T=(f"TN), o,: [*(TN)>I>(f'TN),
be the R-linear mappings given by :
(Xy=TfoX, o, (Y)=Yof.

Let L be the subbundle of TA with fiber L, the tangent space to
the leaf of Fy, at v and J be the subbundle of TNV with fiber J, the tangent
space to the leaf of Fy at v. The cquivariance of Fy, and Fy implies that L
and J are G-bundles over M and N respectivelly. So, for fe Co{M, N), we
obtain by restriction the mappings :

17 PATM)CT(f'TN), of . D=(TN) =T =([* TN},

7 T=(LP-T(f TN, o : T2(Jf—T ([ TNV,
where by I'*(E)% it is denoted the set of G-equivariant C*-cross-sections of
a G-bundle £ over M or N,

A mapping f=C=(M, N} is called infinitesimally stable in Mather's
scns (/-stable) if ;4w is a surjective mapping and is called n finitesimally
stable 1n the tangential sens (Favaro). (IF-stable) if t{T'=(L)) 4o, (L=(])=
=2I(f"]).

A mapping feCP (M, N) is infinitesimally stable in the tangential
sens (Izumya) iff £(C=(L))} o D=(]))=T=(f"]).
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\ mapping feCF(M, N} is infinitesimally stable in the equivariant
> T 3 &) . TiarTarah Y T ATV
ens (Poenaru) ({G-stable) if SB(1= (1)) +of(1 (TN )y=T=(f 1_\) -
o \Ve define now the corresponding infinitesimal concept of our stability
Lmlcc}l))te:finition 2. Let feCz (M, N). We call f infinitesimally s_tablc 1'1; the
cquivariant tangential sens  (IGF-sluble) if t?'F(l‘“’(I.)G)-}-m?-*(l““(]) Y2
CJve £V ‘ -
: I'{f]}e.C?F(M, N} then f is JGF-stable iff the mapping 1 FdopF
i iective on I=(f"])°. i .
. Sur}\l’gn:t\sz. J M S{ft ]‘1)0 r in [4] and Von Essenin [1] (ihc case of
manifolds with boundary) prove that a proper mapping felC~{M, N) 1s
: » iff 1t s [-stable. _ - ‘
Bl \'E.If ]]’ ol‘::naru in [7] proves that if feCz(M, N) with M, N the
act G-manifolds is /G-stable then it is G-stable. _ )
R ‘lff.:\. I alv aro in [2] proves that if a proper mapping feC=(M, N)
is [F-stable, then it is F-stable. . ) :
) Recently Tzum y a in [3] proves that a proper mapping feCyp (M, N)
is /F-stable iff f is F-stable. ) ‘
T ai sult of this paper is the following: .
'H::olr!;:rlll:l rl(;'glilf, N a:epCE—compact G-manifolds without boundary
with G a compact Lie group and felg (M, N) is IGF-stable then it is GF-

i} . -
S!(‘J[C'HC nee, for a mapping feCg (M, N), IGF-stability =>GF-stability.

Proof. First, we remark that if we denote by :
@, : Diffz (M) x Diffg ((N)-C2 (M, N, f),
Mk, k)=hwo0fol, the orbite map, GF-stability of feC2 (M, N) is

. P AR
comivalent with the existence of a nmghborhood‘ Uyt o.f fin Cg (J'I, ‘\‘,f)
and of a mapping yu such that the following diagram is commutative :

fu ) .
P Di[fa F(M) X lefé’j F(‘N)

L)~ .
! T—s C‘Z(I\I, -N: L!)J")
du

with Wy the canonical inclusion. ) )

o I-t*t feCs (M. N) be the given mapping, Zy=Cz(M, N, f) ‘be t.he
subspace of the metrisable space Co(M, Ny, ¥ 1 Z;~Z, be the 1d-entl‘tFy
map of Z, and ¥,=CHZ;, Z;) be the germ in fof the continuous mapping .

\We denote by I the unit interval with the trivial actlo'n‘_of G, by
f=Cr(Mx1, N) the mapping f=foxy and by Zi =Cz(M xI, N, f}).

We obtain: ‘ . )

Lemma 1. 1Vith the previons notations, theve exists a germ ¥y =eCNZ,, Zy)
such {hat

V), =) (B =g, F(@r O)=¥"(N){x, )=f(x), (Yx=M, (¥)=I.

16 — nlalematied 206
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Proof. First, we prove the local contractibility of the space Z; i.c.
for every neighborhood N, of fin Z, therc exists a ncighborhood N, of f
in Z;, NyCN,, and a mapping ® =C%=(N, x I, N} such that for cvery g &

<N,

(1) O(g, 0)=/, (2) d(g, 1)=g.

Indeed, using the equivariant embedding theorem of Palais and
Mostow ([6], [5]), there cxists a representation G CO(n), which is inter-
preted as an action of G on K*, and an equivariant embedding ¢ of N in
R Moreover, we may choose ¢ such that the range of Fy by ¢ is an € —
G-equivariant regular foliation F,, . Let J, the G-bundle associated to
F,y), vector subbundlec of TR* and jL the orthogonal subbundle of J,

related to a Riemannian G-invariant metric ou R*. JL is a G-bundle and for
every x €M the restriction Ji|vF,, . to the leaf Fo s of F g at e(f(a))
is the normal bundle of Fyy.y in R* related to the fixed previous metric.
We have the mappings 7, p:
d ?
e(N)——— JE——¢(N)

which are G-equivariant. Let £ a spray on TR%.~ so that the associated
exponential map is G-equivariant (the existence of a such spray is a clas-
sical fact). We denote by exp JL the restriction of this map to JE Now
as in the classical similar construction the mapping exp JL defines a G-
bundle T'(e(lV), ¢} in the disks of radius ¢, >0, such that the following
diagram is commutative :

T
T(e(N), ¢) —Rn

A ¢

\*
LA\
e(NN)
with T a G-equivariant cmbedding. We remark that for every x =M, the
restriction T(e(N), ) | Foyun=T . (e(N), €) is a tubular neighborhood of
the leaft Foy.), (G-equivariant tubular neighborhood if this leaf is G-inva-
riant).

Let Ny be a ncighborhood of f in N, such that for every g=N, and
xeM the segment in K" [f(x), g(x)] is contained in Ty (e(NV), €). So,
the mapping

D eC =N, x{, No), Og, tH{x)=p((1—1)f(x)-Ftg(x)) is well-defined and
satisfies (1) and (2).

Now, we define ¥’ YNy, Z7),17(g)(x, £)=D(g, )(x), and lemma 1
is proved.

Let W7 defined in lemma 1 and let 4" eC» =(N,x M x 1, N) be the
mapping associated to ¥, 1"(g, x, £)=""(g)(x, ). Wc denote by I ~({"* /)8

5 EQUIVARIANT STABILFTY OF THE DIFFERENTIABLE MAPPINGS 243

; . R . ¢

the C%Z,, C=(M » I®}-modulus of germs in f of G-cquivariant sections o

the Gfl(m;dlc (‘l'j which are continuous on Z, and of C*-classes on MxI.
Using the lemmas 3.1 and 3.2 from [8], we obtain : )

Lemma 2. I'Y (‘P J)¢ is a C_}(Z,, C=(M x ®)-modulus of finile type.

Moreover, denoting by Ev(f) : Iy (¥ J)0-D=(V'(f) [)e=T=(f])° evarx:(f):

CHZp C=(M X I))»C=(M X I} the natural evaluation maps we have :

Ker Ev(f)=Ker evy1(f).T' =(F"* J)S.
Also, denoting by #%'/éf the mapping of Ny x M X [—:] which sends (g, x, £)
into the tangent vector at s=0 to the curve s—%¥'(g)(x, {-+s), we have:

P B
(3) —g]ferf- (e,

ForgeC=(M xI, N)lett, : [*(TM xI)-»T'~(g'TN),
o, (TN xI)-»I'=(g"TN),

1;(8)== T4oF, &;{n)=mn0 <g, >, be the mappings defined in (4, II, §71.
Particularlly, if geZ7, by restriction we obtain:

0.7 : To(LXTP—T=(g )6, o T T=(] x1)*=T=(])",
where ;% F is an homeomorphism over <g, %, >": C=(N X Ne-C=(M Xfr )%
Denoting by ¥ :Zy—Zj the identity map, let ‘¥7 be the germ in f
of ¥ and let

, K. - @ ¢ 2'” e G,
187 €2y, To(L X DH)=T 5 = (¥"])
o ¥ CYZ7, D=(I X 1)) =T =(¥" )%,

be the mappings defined as follows: .

Let £=C% (Z7, T=(LxI)%), nEC%(Z}, I'=(J xI)°), and let &, % be
the representatives of £ and y. Then t‘;-"‘“(i) _is the germ at fof g—tFF
(E(g)) and w&F(n) is the germ at g of g—wy® F(n(g))-

We obtain : :

Lemma 3. Let feCZ (M, N) be the given IGF-stable mapping. Then
B FDCF s a surjective mapping.
‘lr ‘P - 3 3 . G F E .

Proof. f=IGF-stable is equivalent with & f@e} " a surjective map.
It is casy to see that this last fact implies that v=f&F,(f) 4G (/) : C""-(I’
L=(L)°@D=(])%)~C=(I, T=(f])%), where s(i)()y=17 *(h(1) +-0F (h(1), is a
surjective mapping. The surjectivity of =t is equivalent with the following
equality : s

Range t%"'-}-Range oy F+Ker Ev(f)=T7 =(¥"])°.
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Denoting by C=I7 (¥ J)/Range 128 a CYZy, C=(M % I)f)-modulus
of finite type, and by c:=rrcoco$;; f, =¢ being the canonical projection, the
previons equality is equivalent with the following one «{C%(Z+),I'(L x
X 1)+ Ker evar(f).C=C. Y

Now, by the an equivariant version of Malgrange’s preparation theo-
rem (sec [81) there results: 2(C2{Z7))=C and the lemma 3 is proved.

So, using lemmas 2,3, there exists

8027, To(Lx1)f), n=C2(Z7), P=(] x 1)),
such that
4 - . _fo¥
(1) G @+ =(55).
We can choose the representatives £ and 7 of £ and v respectivelly such

]tll:ti:i Y= (Lx 1), 4 Y—T={J x1)° arc continuous and such that we

e ‘ = -
5 (5 )or=sr@om oo,

for all y €Y, where Y is a suitable neighborhood of fin Z75. Clearly
(6) E(N)=0, %(f)=0

As in [4] IT, we will obtain the diffcomorphisms of the theorem by integra-
ting the vector fields £(y) and 7(») and evaluating at ¢=1,

For this fact we remark that the obvions modiffications in the proof
of lemma 2 from [4] 11 §7, lead to the following :

Lemma 4. There exists the neighborhoods O, of 0 in I'=(Lx1)® and

Oy of 0 in I'=(] < I\® such that for each Ee0 it

1 ¢ ¢ s N S0y there exisis H s
SC(M T, M), Hon) €C=(N 51, N) suck that H(E), € Diffz (M), H(Ef)'),e
SDitlz y(N) for cach t<1, H\(Z),~ 1y, Huifn)o=1ly and:

M (2 . Gl
(7) 55( fom gz, “—'..}(0)" M) =y, (V) L.
4

Morcover, the mappings H, : Oyp—C={(] A ; ® V
S rour, ¢ mapping 1 Uy C=(M XTI, M), H,:0y—C (N xI, N) are

N.ow, we consider a neighborhood N, N, of fin Z, such that ¥'(N,)Y <

{the cx{stcnce of N is given by the continuity of ¥'). Then E(‘P"(g)), (¥'(g))

are Cefined, for all geN,. Since &, 7 are conlinuous and -E',(f)=0, %(f)=0,

we miy choose a neighborhood SENTFCN, so that E(‘F‘(U};' e

Ou, #(¥'(Uf FHE0y (0w, €y as in lomma 4). Tl Ep '
L \ =N ify LN ® . 1 H [

Hi(n(¥"(g))) are defined frr all gebjr. ) B

EQUIVARIANT STABILITY OF THE DIFFERENTIABLE MADPPINGS 2435

-1

Let H, € CO(US ¥, Diff7 (M), Ha=Co(UFF, Diffg (N),

Hi(g)=H (G () Helg)=H.(s(1" ()
From (7) it follows that H(f)=1l., Ho(f)=1s. _

Finally, substituting A==H (201" (¢)), W'=H.((")g)), »v="1"{(g), i=1
in the conclusion of Lenuna U from [4]) IT § 7, we obtain that g=i{{g)cfo
off (g} for all g&Uf, So, vy=1M,xH, and the theorem is proved.

A remarkable example is the following. Let M, N be compact G-
manifolds without boundary where the action of (v on M and N are almost
free i.c. every isotropy group is discrete. So, the orbits of ¢ in M and N
define the G-invariant foliations F (M) and F(N) and Cg (M, N)=Cg (M,
N). The GF-stability of feCz (M, N) is the stability of fin CZ (M, N, f)=
={yeCz (M, N), g=f} where g: M[/GC—NJG is the mapping induced by g
between the orbit spaces.

In particular if & gives actions which are simply transitive on the
orbits, an example being the foliations on the total spaces of two principal
G-bundles A/, N by the orbits of the structural group G, we obtain the
concept of GF-stability of feC2 (M, N) in Gz (M, N, fy=Cp (M, N)=thespace
of C=-bundle morphisms between M, N, over the base morphism f,
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