Analele stiingifice ale Universitdgii LAl 1. Cuza® din Iasi
Tomul XXXI, s. I a, Matematic3, 1985, f. 3.

EMBEDDINGS OF THE TANGENT BUNDLE IN RIFMANNIAN
MANIFOLDS

BY

CORNELTA-LIVIA DBIJAN and VASILE OPROIU

In the last few years, the differential geometry ol Fiasler spaces has
been interpreted as the geometry of the vector bundic over the tangent
lundle induced from the tangent bundle itself by the natural projection
12]. Alternatively the same vector bundle is isomorphic to the vertical
subbundle in the tangent bundle to the tangent bundle. In (5], the sccond
author adopted this point of view to study the properties of the Finsler
connections.

In this paper we study the differential geometry of the tangent bun-
dic to a differentiable manifold when this tangent bundle is cmbedded
in a Riemannian manifold. It appears that the non-linear connection is
defined naturally by the condition that the vertical and horizontal distri-
butions are orthogonal to each other. Using the decomposition in the ver-
tical and horizontal parts of the covariant derivative with respect to the
Levi-Civita connection on the tangent bundle, we obtain the so called
Gauss-\Weingarten formulae. From the Riemannian metrics induced on the
vertical and horizontal distributions and from the cxpression of the corres-
ponding non-linear connection, we obtain explicitly the induced connec-
fions on the vertical and horizontal distributions as well as the corresponding
second fundamental forms.

Next we get the corresponding Gauss-Codazzi compatibility condi-
tions. Finally, in thecase when I'M is embedded as a hypersurface in R¥H,
we obtain the conditions under which, the well known existence theorem
for hypersurfaces, is valid.

1. The metric on TM. Let A be an n-dimensional C=-differentiable
manifold and TM its tangent bundle. Then 7'M can be endowed with a
2u-dimensional C=-differentiable structure. Recall that if =:TAM—M is
the natural projection and (U, @) is a local chart on 3 with local coordina-
tes (xY, ..., "), then the local chart (=~1(U), @) is defined on TMM, where
® : o (U)=p(U)x R*c R*"x R* is determined as follows, For v, T,Mc
e (), p=1{y,) €l, we have O(,) = (o={v,), Top(vp)), where T, T,M~—
— T, R"=R" is the tangent mapping in p of ¢ : U—R". If the coordinate
expression of , in the natural basis of (U, ) is v,=y'(d]éx"),, then the local
coordinates of v, in the local chart (v7{(U}, ) are (¥'{=($)), »'). Usually,
we write simply ' instead of x'or. Recall that a coordinate transformation
% —%'(x1, .., ") on M induces the following coordinate transformation
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on TM:

S EE B
axt

=Ny 7 :
Suppose f: TM—=3 is an embedding of the tangent bundic T3 in

the Riemannian mani N wi . . -
ann wnifold A7 w ; . o= .. .
: with the Ricmannian metric ¢ The Ricmannian

metric f*g is induced on 7'Af and let u ' i T
T : . s study 1l 5 3 :
to this induced Riemannian metric. Dcno}tc :]C oLy e ated

™ = M ¥, a=1, ... 2n4-p,

the local cxprcssign of fin the local chart (=7(T7), ®) on THM and the local
chart (V¢ 1 f . . ) .

valucs(; » ¥} on M. From now on, consider the indices taking the following

Lok Romor=1, . n; a,bc=1,.. 21 b B y=1, .., p

whencever other specification is omitted.

) V’P({?Ot?’by VTM the vertical subbundle of TTM over T3, defined

OXC . U: Ler 7. Recall that (8/dy, ..., é/2y") is a local frame of VT'M
ver = 1(U). Cons1dc‘r the orthogonal complement H7M to V1M in TTM

with respect to the induced Ricmannian metric fz on TAl. We have :

(2) TTM=VIM@®HTM, thus: (27} X=XV X"

for every X e TTM, where X' < VITM, X"e[ITM.

From the local natural frame (9/ay* 3 y i
iral fr: ¥, 9/dx’) on TM, we can obt:
local adapted framc (3/ay', §/3+%) such that (§/8x, ... 8/8.1"‘)1?5 a ‘igcl:aai
frame in HTM. Writing as usual : o

— = —Ny —, =], ..,n

f?}"_ 'the Ivcctor ficlds of HTM, we obtain from the orthogonalitv condition
fgldjex', 8{827)=0 the quite natural expression : '

(3) N{=Nug"
involving the local expression of f'g with respect to (d/éy!, @/éx’), where:
! ™ a v 4
(3) g“_fg(—.’ : 5 ‘f’\rik:’*f’g —a- ] e 5
vt ay/ ax' 8y

. : . .

rimdkg s are defined as the entries of the inverse matrix of [gu], thus g, 0% =
= 04. N :

. R;mark. The ma.tri\; 8] gives the local expression of the restriction
fg.tV.TM of the metric f'g to ¥TM, thus we have a generalized Finsler
metric on A7, The existence of the orthegonal complement HTM to VIM

in I'TM gives the existence of the non-li i
T _ 3 e -linear co 1w
coeficients Nj are determined by {3). T o
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The local coframe in 773 dual to the frame {2/&yv', /817 adapted
to the complementary orthogonal distributions VIM, HTM is (83, da'),
where :

{4) Sy =dy' +N}dx!.
The local expression of the Riemannian metric f’¢ in this adapted
local coframe 1s:

(5) [re=ai8y' 8y 4-gidxidy?, where: g =j*:g(i , i) :
dxt 8w

Remark, [¢'¢/] is the matrix giving the local expression of the restric-
tion f'glura of f*;; to IITAM. It could be also considered as a Iinsler me-
tric on M.

2. The Gauss-Weingarten formulae on TM. Lct ¥ be the Levi-Civita
connection of g on M. If TAl is embedded by f in A, then the connection
induced on TA from V is just the Levi-Civita connection I on T of the
induced Riemannian metric f°g. Denote by b the second fundamental form

of TM and by DL the connection induced from V on the normal bundle
TLTA to 7M. Then we have the well known Gauss-Weingarten formulae

) VoY =DyY +5(X, Y), Vydl=—dg+ DL,
vX,YeD(TTM), Sel(TLTM)

where A is the Weingarten mapping associated with b. Recall b is symmetric

and :

(7) g(B(X, Y), My=g{d g X, V).

Further we consider the decomposition of the covariant derivative on
TM with respect to D into vertical and horizontal parts. Just like in the
case of the cmbedded manifolds, we obtain the induced connections on
VTAM and HTM as well as the corresponding second fundamental forms.
The obtained formulae will be called Gauss-Weingarten formulae of TTM

with the Riemannian metric f’g.
Let Y eIV TAM) be a vertical vector ficld on T and XelTTM)=
=y(TM) an arbitrary vector field on T'M. Then :

(8) DY =V5Y+b(X, Y),
where V¥ =(DeV) eNVTM), b(X,Y)=(DyY)" eT(HTM). Then, just

like in the case of the embedded manifolds we obtain :
Proposition 1. V is a linear connection tn VIM stuch that

(9) Vel f'Zlvru)=0, YXeT(ITM) and
(10) VY-V, X={X, Y],
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whenever X, Y eNVTM). Moreove i iH
b TTﬂfXV']‘;lfLEIYQBjOJEZ;:iZ: s a bilinear morphism of vector

1 ’ A
(11) (X, Y)=b(Y, X}, whencver X, YeI(VTA).

_ In a similar way, we deal wi i
it 7= (a0, XEI"(Y‘Y‘;\I():,aw‘;lggjc}:]? case of the sections in HT'M. So,

(12) DyZ =—A,X V'LZ ‘here
(D2 SOHTH), Then e T X = (DaZ) S TVTM), VAZ
Proposition 2. VL is a lincar conncetion in HTM such that

13 ¥(f'g

(13) VX(f'glurar)=0, VX <=T(TTM), and:

14 L+ £y -

(14) VY —VWX=[X, Y1¥, whenever X, Y el (HTM),

Morcover, A is a bilinear » !
) 1or phisi ver g
—VTM and satisfics the ?’clat{cﬁ; r:s woof vector bundles A HTM > TT M —

15 Y
{15} : AxY—A,X=[X, Y] whencver X,Y T(HTAL.
The biltnear vector bundle morphisms b and A are related by the Sformulda
5 (FO(X, ¥), Z)=(f'g)(4. X, T),

VXeD(TTM), Ye[(VTA), ZeT(HTM).

Next, let us give th . i
g ¢ local expressions of the f i i
respect to the local adapted frame (3/ay", 8/812)r.m1t‘1i1?sct ‘:igtggnélt}?y el

Di=D - ' .
Do, Di=Ds, V=V, Vi=Vs, Viovh, viovy

ay! Y]
b Y aryt Sxt e P,

Then the connection cocfici
! ients of L wi
(@13 313} e byL:n 5 of V, V& with respect o the adapted frame
.0 3 10
(17) vio—=Ch ., v, i_—_.rr‘f, R L8 e B

(')_}-' 3_\;’" ayf ayl : V;L

‘8j= i‘f——k, _— (j_"
x dx Y% St

d b
(a_i’ _‘,} =bis —Sk b(—s— AL ERYPLE
(18) . b sxt ay!) et
3 .9
Aa =g b .3
8~ s _— 0 Ay — =a} —.
ﬁ‘aji oy 5, o%' . ay!

With these relations, w i
: » we obts . c
garten formulae (8) and (Iz))h;m the local expressions of the Gauss-Wein-

=T, = g 8
J ayk + (7] Sx"

(8" D, % _cr b 8 3
=04 — +U; —» D,——
ay’ ay* ’ sak ! 2y’
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5 3 2 5 5 ?
12" DS —cr L. D—=F} St
(1) G Use ay Y A T I

The conditions from the proposition 1,
expressed locally by :

satisfied by V and b, can be

a 325
(9" gnkC?; -l—ng?»= “&? v Bh Fhitgalh= ;g'_:,, '
ay dx
(10', 11%) Ch=Ch, b=bi.
Similarly, the conditions from the proposition 2, satisfied by V4 and 4,
can be expressed locally by :
r - '*, - * a . - h - ', 8 '.
(13) gnCil+enCia=- €, g FhignFn= £,
oyt 3t
(14, 15) FA=Fp, al—ai=K}.

Recall that R} is the local expression of the complete intcgrability
tensor field for the distribution HTM :

b 3 d
19 L, 2 =R—.
(19) [Sx‘ Sx’] “3y"
The relation (16) satisfied by b and A is expressed locally by :
(16') g;hb’i‘x:gukﬂ?i s g;nb;’;:gnxa}’: '

Finally, since D is torsion frec we get:
(20) A=b4, Fh+al=(2N)](@y).

The main result of this section will be a thcorem giving the explicit
expression of the connexions V, vl and bilinear vector bundle morphisms

b, A. The result is true without the hypotesis that TM is embedded in M.

However, in this case the situation looks more natural.

Theorem 3. Let N be a non-linear connection and let g, g" be tivo genera-
lized Finsler metrics on the manifold M. Considcr the Riemannian metric
defined on TM such thalitsrestrictions to VTM and HTM are g and g*
respectively, and the distributions VTM and HTM are orthogonal to each

other.
Then the connections V, VL and the morphisms b, A from proposition

1 and 2 are uniquelly determined such that (20) is true.
Proof, A carefull study of the above conditions shows that they are

equivalent to the following solution :

(21}  Cke _l_gth(a_é_”ﬂ_i_a_g.m -_ag‘_’). bfjﬁ.i_g‘kh _.Qéi’ L u@E '._g”@:_'!‘

2% oy ay 9y 2 Bt ! 2y
1aNt 1, (38 éN' 1 8,

22 & _________‘+__ kh (_7'____ _‘)’ b;k:_ 4.;;},( R‘l ‘b_m) __C-,\

(22) H=7 a7 2 Iy En ay j Zg Enfiat 3y’ i
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1 aN? a4
(23) at,= ._f:}__‘ Lyl Sk % —ay o_.'\_, !
24y 27 L& gyt
sp] dghs , Bgin__ 3 1 oo
(24) ) S [ -1 -1 X [ SR I wn 0831
) Jxt 5 sxr) T 2 3 a8 v

where g"’'s are the entries of the inverse matrix of (gi]-

J 3. The Gauss-Codazzi conditions. Decnote by K the curvature tensor
field of the Levi-Civita connection D on 7M. Consider its components with
respect to the complementary distributions "TM and HTM. We should
prefer expressing the formulae in local coordinates. Use the definition -

K(X, Y)Z=D3DyZ—D,DyZ—D\x,\7,

of K and the following notations :

Gliif—i +G;,£,i =K i . i . _6_ :
2y' 8x! 3y’ ay

ayt
Hio = +Hil, £ =K(_‘9-, LN WoN
ay dx! ayt a3y ) s
Iiis L "f"In.,!-i =K( ! , _é}_)i )
ayt 3x! Bt 3:),1' ayb .
d g 8 3 21\ 8
i 3}" Jh }8 ] sx: a}'j S‘E‘h
- d v ; o
'{“—I, +Bnﬁj8i_i =K (—a—i . _81) K
Y A sat i) gyt
IET G =1’(i‘l, E_]i
i 3t 3x' 8/ §an

_Recallg that in the theory of Finsler connections three curvature ten-
sor fields R¥;,, Pi;,, Sk, are known [3,57. Then:

t !
G;u=—5}£u—ﬂ;4b§!n+a;:bﬁ ; Git= 3_5,_,, - %
(23) vt ay’
+ bl Ch—b[,.Ch+ byibi—bilbl, ;
da dal
Hyy==— a—;;f'}" ‘j —Ci'xakr]'c.}tﬂﬁt+ai:b;x)-'i_ﬂ.{ib§} :
. 3kl apd o -
Hng:—_-gy-? e .BTT +BLibRs — i bk —bliak, - blals ;

P 1 .
Ins=—Pyy+al bt —ajldh, ;
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Nk

*[

; ob; & AL Ik i N
Iity= Sb”! = & ":—Eibfn—ngz'?n_'bubih-\-bikcjn“bnn gud
Yosy ay a3
§ -
! ooel P
(Y] - ok 1 ek 1 N
Jhi= gﬁ"! o Q" +“§e:I‘fﬁ'—ﬂxﬂﬁj—ﬂlﬁbm‘%'C,-'xtfm'-Hfm- 3
8.\?' 83." c
onk
. = "N,
bt (F': o . »h YN ] 1.k «] 4_‘
= 20 ps it it T
£ 81:' a\’t oy
- oL ek NI
I\:§n=—'Rf.;J—akjbik"—ambjn :
. I
St 3 . Jrh T T NI LI
Kot,= 20 20 e — U E L+ TR — T i ORI
axt 31/
] .l 7
Apj Sang . . TR [T o) TP B A7
I-rf::—“—" - 8”"9 . “Ffsarxg‘i‘F;karﬁ—“hfjh'{‘ﬂurm a1
3t LRed

O F?l = + * - i W] ok x] sk
L= gj—h - i’!b +Ff£1';ﬁ—FjiFi?ki+bh:I\‘iJ_bikahj+bjhahi
~hil ij 81" i

4. The case when TM is 2 hypersurface in R*"*. If TAf is a hyper-
surface in R+, then we have the well known relatio:_a_s between the curvature
tensor field K of D and the Weingarten mapping 4 from the formulae (6),

(sce [17). ) ) i
(26) K(X, Y)Z=g(AY, 2)AX--g(AX, Z}AY ; (DxA)Y =(DyA)X.

Use the following notations for the local components of A:
~{ & ;0 .8 . =( 3 R vy O
OVt & a2 A|l=1=Bl — +Bf — -
7 . (f-_y')"A' 8y WA (3.«) ay? 8y
Then, using the relations of the section 3, we obtain:
Grfn:gmr(-’uA;—AgAf) , G}.h=gm(r‘1f‘-‘4$‘—.‘1}’-’1?) 5
H,i,-,=g;¢(‘-1,‘/f}*—A§A;") C Hib=an AV AR — A AT
(28) 1,§;,=g,,,‘.(Bi’A§-—A,"B?) c =g B AY—AFBY)
Jh=gn(BLAF— ALBY . =g B A — A7 BY) |
Kb =gulBIBi—BIBY) . Kil,=gu(Bi'Bj— Bi'Bl) ;
Li—gn(BiB—BIBY) ;. LiL=gi(Bi' B~ Bi'BYY) ;

From the condition :
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we get:
o ij‘ T % +C AL At
jj? O AP b A= %-j—"j +ELAP b4 AL
Similarly, from the condition (I')i.z;) (S—i‘J -_—(j)ij)( jk)’ we get ;
g
- ;;; +C{nB?+Aia?k—aikB;"= g_;j_'{ FF AN AlFh— LA

*j

._‘ b Bh *f Taeh * 34y *j j
P + b B+ Ui B; +Aal, = gf -f-bif./fz-l-Fs'iA?"'AﬁjF?k

Firally, from the conditi (2 h,d) [
ndition (DkA)(-a?)=(DiA)(-8-—ﬁ], we get :

B BB 1 et = 3B,
o St wmbi—ai B Ahaikzsxt —I—anBi——a;‘.’}B;"JrAia;’?
o
85, FIRBA L8B4 Avan— OBY | i s
Sk 1 B Aiy= " +FiB) +b$iBﬁ+A$."a;’:

hI.f the-Riemannian metric on T
morphism A satisfy the iti

the local c.\'istcnc} e eonditions o
of TM in R+

M, obtained in the theorem 3 and the

btai
3 theorem. for e ained from (26), then we can apply

persurfaces to get a local cmbedding
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HIGHER DIMENSIONAL NORMAL SECTIONS
BY
J. DEPREZ*, P. VERHEYEX and L. VERSTRAELEN

1. introduction. Let N be a (connected) n-dimensional (2<#) sub-
manifold of an m-dimensional Euclidean space JE™. For cach point p in V
and cach unit vector £ tangent to N at p, the vector 7 and the normal space
TN to N at p determine an (m—n-I)-dimensional Euclidean subspace
E(p, £) of 2™, The intersection of & and L(p, 1) gives locally rise to a (re
gular) curve y which is called the normdal section of N at p determined by ¢
f2]. Submanifolds in Euclidean space with (pointwise) planar normal scc-
tions have been investigated by Chen [2,3,4Jand by Houhand Wang
[$]. Chen and onc of the authors studied submanifolds N in F2™ whose
normal sections are geodesics in N[5, 6], which is equivalent to the study
of helical submanifolds [12] (i.e. all geodesics of N, considered as curves
in the ambient space JIE™, have the same constant curvatures, sec also [117).
The only known examples of submanifolds with geodesic normal sections
in JD™ are given by the totally geodesic submanifolds of 1™ and the standard
immersions of compact rank on symmictric spaces.

In this paper we define k-dimensional normal sections of an #n-dimen-
sional submanifold N inJT™ (3<», 1 </k<n). When there exists a natural
number £, < k<n. such that alt A-dimensional normal scctions of N are
totally geodesic in &V, then this is truc for all such numbers & and N is a
space of constant sectional curvature which has geodesic (!-dimensional)
normal sections. Conversely, all i-dimensional normal sections of a space
of constant sectional curvature N which is immersed in JE™ with geodesic
wormal sections are totally geodesic in N (1 <k <n). Submanifolds of di-
mension at least 2 and of codimension at most 4inan Euclidean space ha-
ving constant sectional curvature and geodesic normal scctions are classified.

2. k-Dimensional Normal Sections. Let N e an n-dimensional sab-
manifold of IE™ (3<) and let # be a natural number such that | <k<n.
For cach point p in N and cach k-dimensional subspace = of the tangent
space T,N to N at $, this subspace = and the normal space TiN to N atp
determine a (m—i - k)-dimensional Euclidean subspace E(N; p, w) of
T2 The intersection of N and E(N; p, =) locally gives a k-dimensional
submanifold of N by considering the interscction of a maximal small cnough
open part U of N containing p with E(V; p, m) which is supposed to be
connected. This submanifold is called the k-dimensional nornal section of

* Aspiran{ N.I.W.0. (Belgivm).



