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HIGHER DIMENSIONAL NORMAIL SECTIONS
BY
J. DEPREZ*, P. VERHEYFEN and L. VERSTRAELEN

1. Introduction. Let N be a (connected) #n-dimensional {2<#) sub-
manifold of an m-dimensional Euclidean space T2™. For cach point p in NV
and cach unit vector ¢ tangent to N at p, the vector 7 and the normal space
N to N at p determine an (m-—#- [)-dimensional Euclidean subspace
E{p, ) of IB™. The intersection of N and E(p, t) gives locally rise to a (re
gular) curve y which is called the normal section of N at p determined by i

2]. Submanifolds in Euclidean space with (pointwisc) planar normal sec-
¢ions have been investigated by Chen [2,3,4)and by Houhand Wang
[§]. Chen and one of the authors studied submanifolds N in JE* whose
normal scctions arc geodesics in N[5, 6], which is equivalent to the study
of helical submanifolds [12] (i.e. all geodesics of N, considered as curves
in the ambient space J2, have the same constant curvatures, sec also [1 .
The only known examples of submanifolds with geodesic normal sections
in IT™ are given by the totally geodesic submanifolds of 10" and the standard
immersions of compact rank on symumictric spaces.

In this paper we define k-dimensional normal sections of an #-dimen-
cional submanifold N inJZ™ (3<#, | </k<n). When there exists a natural
number &, | = /k<n, such that all A-dinensional normal scctions of N are
totally geodesic in &V, then this is truc for all such numbers % and N is a
space of constant sectional curvature which has geodesic (1-dimensional)
normal scctions. Conversely, all &-dimensional normal sections of a space
of constant sectional curvature N which is immersed in JE™ with geodesic
normal scctions are totally geodesic in N (1 <k <n). Submanifolds of di-
mension at least 2 and of codimension at most 4inan Euclidean space ha-
ving constant scctional curvature and geodesic normal scctions are classified.

2. k-Dimensional Normal Sections. Let N be an sn-dimensional sub-
manifold of O™ (3<#) and let & be a natural number such that I<k<n.
For each point p in N and cach A-diinensional subspace = of the tangent
space T,N to N at p, this subspace = and the normal space TiN to N at p
determine a {(m—n-+k)-dimensional Euclidean subspace E(N ; p, w) of
To™. The intersection of N and E(N; p, =) locally gives a k-dimensional
submanifold of N by considering the intersection of a maximal small enough
open part U of N containing p with (N ; p, =) which is supposed to be
connected. This submanifold is called the k-dimensional normal section of

* Aspirant N.I.W.O. (Belgivm).
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where %,(X,, Y,) and 4, (X,, Y,) belong to the normal space of N at p be-
cause N’ is contained in E(N ;p, =) whereas A,(X,, Y)) is tangent to M
at p. This implics A, =0. '

In the following we say that N® has folally geodesic k-dimensional
normal sections (1 <k<n) when each k-dimensional normal section of N
is totally geodesic in N. When k=1 we say that N has geodesic normal
cections if the normal sections of N arc geodesics in N. The axiom of &-
planes of Cartan [I] immediately implies the following result:

Proposition 2. Let N be an n-dimensional submani fold in JD™ (3<n)
and let & be a natural number satisfying 1<k<n. If N has totally geodesic
bedimensional normal sections, then N has constant sectional curvature,

\We remark that in Lemma 1, normal sections in N and M are taken
in the same point . The following states that totally geodesic k-dimensional
normal sections are characterized by the fact that a k-dimensional normal
section ,does not change along itself {compare with [5, 63}}.

Theorem 1. Let N* be a submanifold nXo™ and let k=N such that
{<k<n. Then N has totally geodesic k-dimensional normal sections i f and
only if for each k-dimensional normal section N' of N, the k-dimensional
normal section of N at an arbitrary point q of N' determined by T,N'is equal
foN".

Proof. The if-part follows from Proposition 1 and the only if-part
holds because for each point in a manifold there exists essentially no more
than one totally geodesic submanifold with prescribed tangent space at
that point.

3. Totally geodesic normal sections. Proposition 3. Each submanifold
N i JE™ with totally geodesic k-dimensional normal sections for some k1<
<k<n, has geodesic normal sections.

Proof. The normal section of N at a point peN determined by a
vector ¢ =T,N™> {0} is given by the intersection of all k-dimensional normal
sections of N at $ determined by a k-plane containing £. Consider the geo-
desic y in N satisfying y(0)=p and y'(0)=¢. Since k-dimensional normal
sections are totally geodesic in NV, im y is contained in each n.s. (N; p, )
where = is a k-plane containing ¢. Hence vy is (locally} the normal scction
of N at p determined by £

In order to prove the converse we certainly must add the condition
that N has constant sectional curvaturc. In fact, this condition is also
sufficient.

Theorem 2. Lot N™ be a submanifold with constant seciional curvature
inJom (3<n). If N has geodesic normal sections, then N has totally geodesic
h-dimensional normal sections for cach ke, satisfying 1<k<n.

Proof. Let p be a point of N and = a A-plane in T,N.If N has constant
sectional curvature, then there exists a maximal totally geodesic submani-
fold M of N such that peAl and T,3 == We will prove that locally M
coincides with the k-dimensional normal section N' of N at p determined
by =

" Because N’ is the union of all normal sections n.s.(& ; p, V) where Va
is a 1-dimensional subspace of = and because N has geodesic normal sec-
tions, each point ¢ of N' belongs to such a n.s. (N : p, V) which is a geodesic
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of N. This means that N’ is contained in M. Conversely, for each point 4
in M there exists a geodesic ¥ in N with y{0)=4 and Y(a)=¢ for some ¢ =
«IR*. This v is locally a normalsection of N at p determined by a vector
In 7 which implies that g=Yy(a) N'. This proves the theorem.

Corollary 1. Let N* be 3 submanifold of ™ (3¢ 2). If N has totally
&eodesic k-dimensional normal sections for some k satisfying 1 <k<n, then
N has totally geodesic k-dimensional normal sections Sfor eacl k such that I<
<k <n.

From now on, by saying that a submanifold N» (3<n) of D™ has to-
tally geodesic normal sections, wo mean that N has totally geodesic A-dj.
mensional normal sections for cach &, 1 <k<nu. This is equivalent to the
fact that N is a space of constant sectional curvature which has geodesic
normal sections.

Lemma 2. ¢ N7 (3<n) be asubmani fold in JO™ with totally geodesic
normal sections. Then all k-dimensional normal sections of N have geodesic
normal sections when 1<p<p,

Proof. Suppose p to be a point of N and et = be a #-plane in TN,
Consider N'=n.s.(NV ; > 7). Then N' is also a normal section of N at each
point ¢ of N’ (Theorem 1), such that each normal section yof N'at geN’
determined by a vector / « T,N' can be considered as gz normal section of
N at ¢ (Lemma 1). By Proposition 3, N has geodesic normal sections such
that v is a geodesic in N contained in N Consequently v is a geodesic in
N', which proves that cach normal section of N* is a geodesic of N7

Remark, Combining Lemma 2 and Theorem 2, it follows that each
submanifold N* (4<n) of IM™ with totally geodesic normal sections has
k—d/l;mensional normal sections with totally geodesic normal sections if
3<k<n,

Lemma 3. Lot N» (3<n) be asubmani fold of JC™ with geodesic normal
sections. Then for each geodesic y of N and for all § =N, satisfying 1 <k <#,
ﬂ}eﬁ exists a k-dimensional normal section N' of N such that Y 1§ @ geodesic
0 B

Proof. Let y be a geodesic in N. Since N has geodesic normal sections,
Y is a normal section of N, Let Y be a normal section of N at £ determined
by t&T,N. Choose a k-plane = in T,N containing ¢. Then y is contained in
the I\frlormal section N’ of N at p determined by 7, such that y is a geodesic
In N’

4. Low Codimensional Submanifolds with Totally Geodesic Normal
Sections. We recall the following lemma from (6).

Lemma 4. Let N: pe 4 surface in L™ with geodesic normal sections, I 07
there exists a geodesic of N which s properly contained in g (m—2)-plane,
then m=3 and N is an open partof a2-plane I in X9 op m—4 and N is an
open part of a 2-sphere Ste JDsc JEn,

From this we derive the following result for submanifolds inXg™
with codimension greater than two.

Proposition 4. Let 7 (3<n) be asubmani fold of I2™ with codimension
m—n23. If N has totally geodesic normal sections, then all geodesics of N
are (m—n~—1)-planar.

Proof. Let v be a geccesic of N Then there exists a 2-dimensional
normal section N’ such th+t Y is a geodesic of N'. N' is 2 surface with geodesic
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