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oN THE BEHAVIOUR OF THE SOLUTIONS OF THE EQUATION
(a{tyx" (Y™ -+ x(B)=0.
BY
M. NECULA

1. Introduction. In this paper, using an integral incquality, we study
the behaviour at infinity of the solutions of the equation

(1) (@) ) 41t %) =0,

where n21, 1R, and a, x, f are real-valued functions.
In order to establish the results, we shall be in need of the following
result :
Lemma T. ([1]). Let the following conditions be satisfied :
1., a:1=10, = Ri=[0, +oo}) are continuous functions, where 0 <

<hgoo and aft)21 18 nondecreasing on I ;

2. the functions f : D={{t, s) : 0<s<d <h}— Ry are continuous and non-
decreasing in t for fixed s el,i=1,2, ., Mm;

3. the following integral inequality

m 3
(2) u(t)sa(t)-&—‘i_ll _E)ff(t, s){u(s)l™ ds
holds for all t&l, where v, are numbers from (0, 1]. Then
() w(<al) B Gy, ¢l
where

[1—{—(1—-7‘) “ﬁl G{t) S‘fi(t, s)ds}:l'—. , for 0<ry<t;
k=1 0
(4) Git)=

———

i—1 i
exp{ﬂ Gi(0) § filts s)ds} , for r=1, i=im
k=1 0
(Here it 1s supposed that i Gil)=1, t=l).
k=l
Remark 1. If the functions
! —
gf,(t, s)ds, i=1, m are bounded on I,

ihen the functions G, defined by relation (4) have the same property.
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2. Main results, For the equation (1) we shall assume the following
hypotheses :

(H) : a: Ri— Ry is continuous, a{f)#0 for £ € Ry, either a( . )x'(.)yeCn,
oras(C*:

/i Ry X R— Ry is continuous and satisfics the inequality

= 7691 € 300 517 4Bt
for all { Ry and x =R, where 7,<(0, 1] are constant numbers and by, j=

=1, m--1, are given nonnegative functions :
the local existence and uniqueness of the solutions of (1) are valid,

Then let us consider the functions -
t
RN -
(6) Iﬂ@ﬂiSLﬂﬂ—h,keM
a(z)
fori{zs=0.

Proposition 1. Under the hypotheses (H) the functions Wy, defined by
the formula (6), have the following properties -

(a) for any ke N, WL, s) s increasing in ¢ for each fixed se R, and
decreasing in s for each fixed teR, ;

(b) if i<kand lim W(t, s)=A, < -k 0, (5020 fixed), then lim Wi, so}=

I ] 9
=A<+ ;

(c} if i<k and Lim W,({, so)= oo, (5020 fixed), then lim W (1, s;)=

tr a0 I=
=00 and, moreover, W (¢, So)S Wi(t, s4) for sufficiently large t.

Proof. The property (a) is an immediate consequence of the definition
of W} by the formula (6), because the function under the integral is positive,
Then, applying the comparison criterion, we obtain
(7) lim (z—s,)'*=0, for <5,

]
and hence the properties (b) and (c) follow. Q.E.D.

With regard to the equation (1) we start with the following global
existence result.

Proposition 2. In the hypotheses (H), every solution of the equation (1),
can be extended on R,.

Proof. Let x=x(¢) be the solution of (1) satisfying the initial conditions
(8) 2(0)=xf, 2'(0)=a},....., ¥'"(0) =12
defined on the maximal interval (0, L), (0<Lg-o0). Integrating both
members of the equality (1) k<# times and using Dirichlet’s formula ([27),
we obtain

1

) (a(t)x'(t))*“""=:§:(a(t) x'(t))i":a**";; - S ((E);j ;'f (s,%(s))ds, te[0, L),
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3

whence , .
o2 (alf)x' ()i & _S 1 {t—s) /(s, x(s))ds, t=[0, L).

ing i ‘e obtain
Integrating (10) from O to ¢ and taking into account {6), we 0

~ (“(t)x'(t))ttilﬂ W (2, 0)—
.\r(!)=.at:(0)—]~'_§0 _P_—i (

i

{11} __1____8 Wt $)f(s, x(s)ds, t= (o, L.

1)

According to the hypotheses (H), from (11) we obtain

t

- , s
(12) x(t)éA(t)-l'Ea S@":II)_?W"-‘(" s)bi(s)| x(s)|"sds, t=[0, L)

== SR AL Gl B ()
(13 A=14x0)+'E, EEDE o o4 | Wt som

is of the form (2) and that all

i i 12
Now we remark that the inequality (12) we obtain

conditions of Lemma 1 are satisfied. Hence,

(14) |2 |<Al) 1G4, t=D0. 1)

where : ‘

T ! § d - )
[l—}—(l——ri) kl;lo Gk(t)Sm W, _\(t, s)bu(s) sj

(15) G(t)= { for 0<r,51 :5

" ! b{s)dst, for r;=L.
exp {n G| oty et 90 }
Q

14) involves L=+4-<0. Indeed, if L <+ 0, then frc})lm fahee ;gr;;
o d the inequality (14) we can assert that ther i
Qe i the relation (9) implies the existence

The inequality

tinuity of x=x
1111?1 x()f.f) — 2. Moreover,

t-a 1. | S
e lim x“’(t):x}‘<+oo, for i=1, n.

’_.L .

he n of the equation (1) with the initial condisions

Now, if we consider the solutio ; ."
(16) Wly=2t #(D=xbh " ()=:
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then, by the local existence and uniqueness for the equation (1}, the so-
lution x=x(!) must exist on a certain interval [0, L--M), where M >0,
in contradiction with the fact that the maximal interval for existence of
the solution is [0, ). Q.E.D.
The inequality (14) used to prove the existence of solution on the
half-axis, will be useful below, namely, we shall prove the following result :
Theorem 1. /£, in addition to the hypotheses (H), the following conditions -

1° I Walalt, s)by(s)ds  are bounded on Ry, j=1,m+1;
0
25 lim W, (4, 0)=A4, , <t :
t-r

are satisfied, then any solution of the equation (1) 1s bounded on R..

Proof. We saw that, in the hypotheses (H), for any solution x=x(¢)
of the equation (1), the inequality (14) holds. By the Remark 1, the con-
dition 1° assures the boundedness of the functions G, (defined by formula

(15)). The condition 2° together with the condition [ IV, Aty 8)bpsa(s)ds-
0

bounded, implies the boundedness of the function A defined by the formula
(13) and taking into account (14), we obtain the boundedncss of the solu-
tion x=x(f). Q.E.D.

Next, we analyse the case when the condition 2° is not satisfied, viz.,
taking into consideration the monotonicity of W, ,(.,0), the case when
Wﬂ_,(i, 0)— 4- 0 for {— 4+ 0.

Theorem 2. The hypotheses (H) being satisfied, we assume in addition
that

35 E butr{s)ds < +o0 ; :l: W (5 00b(s)ds <+, j=1,m;

43 lim W, (4, )=+ ;

T—=

then for every solution x=x(l) of the equation (1), we have the estimation

(17) HO)=0(W, (1, 0)),
and
(177) (a(@)x' () =O@r-1~1).

Proof. By Proposition 2, every solution x==x(f) of the cquation (1)
exists on R,. Then, taking a value #,>>0 as the lower limit of the integrals
and, following the same way as in the proof of Proposition 2, we find

(18) x(t)=x(to)+72_l(im—x.;-%' Wi, to)-S— 1—W,,_,(:, $)f(s, %(s))ds, teR,.

i=0 2! (n—1)!
'y

Since W,_1(¢, 0) >0, for t & [tg, -0}, we can divide the cquality  (18) by
W,_\(t, 0) and taking into account the properties a) and ¢) given by ~ the
Proposition 1, we obtain (for sufficiently large Z,) the inequality
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)
PO PR LI D BN CI0LAG
W, 0)  Wa(t,0) 2 4
) ‘ L. ds, t=[t, +oo)
+Sl(ﬂ—l)! f(s, x(s))ds

By the hypotheses (H), this relation becomes

[

+\ W l » € [£g, +0),
nl - w0 [_1FO1 T74s v,
(20) —H—lx(& 3 <o+ E s (=11 [ Woall 0)]
p
where : - t bl
- (] gt (e ) ( bans) g
(21) A@)y=1+ vlvj_,_(t,_oj bn i1 S.(ﬂ—-l)l

ite :
fulfilled with #(t)="x{f)|[W.a{t, 0) so that we can wrl

|#0)_ c f Gy, telte +0),

(22) Wo(ts 0)
where : 1
e L . 0)d ds]1~—7.. for 0 <r,< 1,

[1‘]‘(1—'7:) kI—:[le(t)S (7_])! W, (s 0) ()

G{t)= { o
i- | (s, 0)b s)ds}. for r;=1.
e {0y e O
fe

i ide of the ine-
Vi tthat the right hand side o
iti 3°y and (4°) imply the fa<? ; AN i
Thel'io'n((;l;;oizsbéuided, whence the relation (17) hgldb. \Vl(‘;fc’%{gignnogo?llle '
?itcl::ll;nalogous with the identity (9), we obtain, by divicing

by £ . 1
e O &S (awrppiae , +
tl.'—l = .
(23) i ! d , for te[tn—l;-l, +w)!

fo

which, in view of hypotheses (/}), implies,
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6
{alt)x'(f)>rr A=t
- < z Nz’ [, 5 EH ¢ 1
(24) , o n = U Aty
+ S bm'i' (S)d5+ _"l—- 5 (; r
Jja= (k—1)1 EIS Wil O)b’(s)[ W, x((s 0)]lds'
- o n-145y
Using now (17) we obtain
@Ox )
' <A+Sbm+,(s)ds+
(23) - }
l m
_('%:T)TEIB"S Wi (s, 00b(s)ds<C, fpt,41

'D
and hence (a(?)x’(#)) **=0(t+~ .
tion (17'). Q(%El())) =O0(#™). Putting here #—k=: we obtain the rela
3) | ]
Examples. 1) Let us now consider the equation

(
26) A+, 2()=0, ieR,.

Applyi
B ProI;)It;s)irtli[:)gn t? © g;‘;ﬁ;‘ tgm‘tve C!thain the following result :
eses (H Iy nat, with regard to th 5 ;
i o, ol 1 5 0
ille

5%, D.ofbmh(t)dt <400 .
f G [607b,(1)dt < 4-co,

¢ ’f eve ySE C / ? 10M the g €811 €3

x()=0(r
hold. Y()=0("") and x®()=0("1*), k=1, %
2) Consider the equation

(27) in) - r
x +J§1C,(t)x 1=Cpyift), t=R,,

—_—

where 7,€(0, 1] and C
N : Ry—=R 9
the functions € 12 fy= At are continuous functi =
unctions Cpiy(f) and #2707 | C (1) | belong to r:h;ogi;;sg —Ll,([:)n —:—L )I)f
1 » a0},

j=1, n, then, by Propositi
1, position 3, al ] .
(3 Sisy themrela i all the solutions of the equation (27} exist on

Fx(¢) | =0(t*-1) and | #9(t) | =O(r-1-¥)
3) We consider the equation |
(28) oty 4
a2 (A -
(8 43 ( )) +J.§lfb1(t)"' € =Pm+1(t)! tER-'}-

where ¢ >0, r,= o
s +€(0, 1] are constant numbers, and p,, j=I, m+1 are poly
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The function 1, (. ,0), associated to the equation (28), has the form :
i

z!
W, .t 0)=S': dz=q(t)e’°'
¢
where ¢ is a polynominal of degree n—1. It is clear that the conditions of
Theorem 1 are satistied and thus cvery solution of the equation (28) exists
and is bounded on K.
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