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ON A STRONGER BERTRAXND’S POSTULATE
BY
C. BADEA

This paper deals with some prime number inequalities related with
Burtmlr}z;’s p;éstulutc. An improvmlljlcnt of a result of V. S. Ulcllrei.(:li
[13] is given and the first hundred values for a certain number-t forc 1§a
function arc tabulated, thus extending a result ductoR. E. Dressler [b].

1. Introduction. Let p, be the n-th prime and let us denote by
d(k) the least positive integer # for which

(1) _ Pari=2pa—k

is valid (s % 27, e d{k)=M if (1) is true for every n2 M but py>
;2‘/)‘:{1?(7?0([([):‘]&!-6}(1) rcdl{i:ges to Bc(rt')rangl’s postulate [6], [7, p. 343]).
A general (but crude) upper bound for this number-theoretical functllc;n
was given, using an incquality due to Rosser (12, Theorem 29], by
Udrescu {13] and an application of the ejuality d(10)=7 on parftmxzs
with prime summands was given by Dressler [3] (see also [8], [4], [3]
for other theorems of this type). o : ' oo
. An upper bound for d(k). The following theorem is an 1 -
vcmcst cﬁ' a ric):!.)ult of Udres c(u 713]. Here {x] is the greatest integer <x.
Theorem 1. For every integer k21 we have

2) AR)< (1/4) (M, +2HME 12, +4)2'2},

here Mo=max (118, [13~/12]1-F1).
R 1-’)'50_/‘. Iilc‘;: Eﬂr?] 15'0 a/x’ixcd integer and let M : =M, 'A theorem of
Rolhrbach and Weis [I0] states that for x> 118, in (x, 14x/13]
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occurs at least a prime number {(we must also note that 118 is the best
integer constant in the above theorem of Rohrbach and Weis).

Because for x >134/12 we have 2x—hi>14x/13 it follows from the
aforementioned result of Rohrbach and Weis that for

y>max (118, L4[134/127)=M,

etween {v, 2y —F%) occurs at least a prime number.
Hence [or every integer # for which p,>M between p, and 2p,—%

here exists at least a prime number, e, we have

| pn'ﬂ <2pu'——k'



From a theorem of J. B. Rosser [I1] we have p,>n log »n. But
tog (1 4+1/x)>2/{2x -+1),

for each x >0 (see D i i P ]
we have (see D. S. Mitrinovid¢ [9, p. 274]) so, for every v>1.

y log y=2y(y—1)/{y +1),
Thus, if the following inequality
{3) 2u(n—0)j(n+1jz M
holds, then p,> .
The inequality (3) is equivalent with

{4) - 2n?— (M 42) n—M2>0,
and furthermore with
(5) w2 (1/4) {M 42 4 (M2 +12M 4-4)va}, |
Thus if (5) is valid then p,>M and hence
Pn-i-l "'-::an‘—k.

From . . .
ot rom the definition of the number-theoretical function d it follows

‘ ak)<(1/4) {M +2 +(M*+-12M -4-4)¥3},
which completes the proof.
If instead of the inequality

' ylog ¥ >2x(y—1)/(y +1)
we had used in the proof of Theorem ! the crude inequality
2 y log y>(log 3)%,
which w
estifn a;‘i g.f; used by Udrescu [13], we should have obtained the following
o d{k)< exp {max (118, 1+[13%/12})},
which is still better than Udrescu’s inequality

; d(k)<exp {[1 +exp (k+10)]¥2}.
. The first hundred precise values of d(%
: . In th i
pBiiient é),aper we shall find the precise values(O} da{k), ke__‘-rtlamgu.lderl gé (()1;1;
beca;'ig its ilsao:;g}lrattg ‘;‘foz:ra:lf ci((t)%l= 1). It is almost sufficient to find 4(100)
cressing, 6. e bave dih le;.Sd(z)r'lumbeptheoretlcal function 4 is nonde-
Kheorexfn %._IWe have d(100)=31,
proof of Theorem 2 can be performed usin T
1 g the above Th 1

ltnggasu?{e t}fl% upper bound (2) is not very large for k=100. vﬁoweﬁi-en}for'_
: ake of brevity in computations, we shall use a slightly different method
ased upon the proof of Theorem 1.

Proof of Theorem 2. 1t is i
of Tharoof of 1 heorem 2. It | easy to see that M,,,=118. From the proof
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(6) Pury <2py— 100

for p,=118. Because par=127>118 it follows that (6) is valid for n> 31,
Because

bay =127 >126=2-113—100=2p5,— 100,

we get d(100)==31.

Now the proof of Theorem 2 is complete.

Using a table for primes (see for instance C. L. Bac ker and F. J.
GGruenberger [1]) and the monotonicity property d{k—1)< d (k)
we find that the first hundred of the terms of the infinite sequence d(1), d{2),
 are the following

3, 3 5 5 5 5 5 7.7 7,
7.7, 7, 7, 9. 9 10, 10, 10, 10,
10, 10, 10, t0, 12, 12, 12, 12, 12, 12,
12, 12, 13, 13, 13, 13, 13, 13, 13, 15,
16, 16, 16, 16, 16, 16, 17. 17, 17, 17,
17, 17, 17, 17, 19, 19, 19, 19, 19, 19,
19, 19, 20, 20, 20, 20, 22, 22, 22, 22,
22, 22,22, 22, 23, 23, 24, 24, 24, 24,
25 25, 25, 25, 25, 25, 25, 25, 25, 23,
25, 25, 26, 26, 26, 26, 26, 26, 31, 3l

Using a greater amount of computations, we are able to find other
1  precise values for d(k). For example we have d(101)=d(102)=31.
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