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(2.13) [ ¥ (O)FAx(O)+odu(xW))o u() for t= 0, I]
l 3{0) =,
where
I 22—t o0 0. o 0 0
— | 2 -1 0... 0 ¢ 0
4 b | 0 —1 2 —1.. o 0 0o
+ :_-;1 + + + a . . . . . . . . - . . .
(A1 9 o o o0.. 22—t 0
0 0 0 0. -1 2 -t
i 0 0 0 0. 0 —1 2
The relation (2.13) can be written as:

i Ay =u{ty on {0, T]; 0<y,(f) <a}

u(f)< 0 on {te€0, T ; y(t)=0}
{2.14) ()2 0 on t€{0, T]; v(t)=a}
O vi)<a on [0, T]

e(0) =37(x;) =0, a]
for ¢==2,3, ..., n—1
We approximate the cost functional by :
=

Ax [S S (gt ) )i+ 3 2l y,-(T))] .
= tam ]
H(y,))eW(0, T R") is an optimal pair for the (P.) problem then,
from the maximum principle (see theorem 1.1), we have assured the exis-
tence of some clements p<=BV([0, T]; R*)and E=L=(0, " ; R") satisfying:

Bilt) - (Ap(D), =3,

ae. {10, T]; 0y lf) <e}

3(t) =dglt, y) )
“P‘(Z) =) 4a.¢. {te {0, [:I B yg(t) =0, u,(t);éﬂ}

(213) 1 G —o
(D) +30y(T))= 0
) <on(u()

where 1 =2, n—1, A*=4 (4 is a symmeiric matrix).

a.e. {60, T1; y(t) =a, u,t)#0}

ae fe2[0, T
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ON THE EXISTENCE AND UNIQUENESS OF INSTATIONARY
CONVECTION IN POROUS MEDIA
BY

DAN POLISEVSH]

1. Preliminaries. Let © be an open connected bounded set in R®
{1==2 or 3) locally located on one side of the boundary éQ, which is a Lipschitz
manifold composed of a {inite number of connected components ; et real
=0 be a fixed and let us denote with ¢ the cvlinder € .2(0, 0).

With the assumptions and approximations which are frequently used
for the thermal convection in a homogeneous porous medium saturated
with an incompressible fluid, the governing cvolution system of the Darey-
Boussinesq equations for the filtration velocity #, the pressure p and  the
temperature " may be written in a non-dimensional form as:

(t.1) div =0 in

{1.2) vEeth A atns —Vp-tale In Q (E,z 3;)
é

{1.3) é:] - uVT=A7 in Q,

where v>0 and a>0 (the Rayleigh number) arc two fixed real numbers,
while ¢ is the fixed versor of the gravilational acceleration. As we are in
the non-dimensional case, we can assume that £} can be included in a n-
cube of edge-length 1.

et I', be a subsct of 80 with positive surface measure and let us deno-

te with Iy=¢Q\TI',; the boundary conditions are :

{1.4) #.v=0 on ¢Qx{0,0),

(1.5)

- {1.6) T=x on 'y (0,0),

where v denotes the unit outward normal on JQ and t=:%(x, {} is the most
important datum of our problem.
Also, # and T have to obey in some sense to the initial conditions

{1.7) w(0)=u° in £, (1.8) T(0)=T° in €
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Lot us denote with
Hefuels (Q)idiv ==0 in L, 1.y

(1.9)

the closure of

0 on ¢t}

() = {n =701} |
in L(€Y), and with I the closure in J711(0)) of

V() =5 () 1 §=0 on T}

diva=—0 in

We assume that I, iy sulliciently smooth as
(1.10) F={5 < HIQ) 50 om I,

As wsual the scalar products and norms in LQ), I/"(Q) and HlQ)
are respectivddy denoted by

{1, v)= _‘fl wow, 1 i==(u, u)'

. it Tl o "
((1!, U))m e (C_‘ — ] = ((H, ﬂ))iiﬂs

'z'” bx," (‘j.\—j
(G, ) == (W, wo), Lo e (i, u))V,

and the norm in L*(Q) (p#2) by | 1. We agree to use the same notations
for the scalar products and norms in the corrcsponding vector spaces, i.c.
LQ)==[L{Q) |* and so on.

Reminding here the Friedrichs' inequality (sec [17)
(i S 2CHSE (Y) Sel,
we remark that || /| is a norm on 17, also.
We start the study with the following hypotheses -

==Y 0,0, H¥:(cQ)), (£.13) w' = n HYQ),
eelfQ) with (7°—<(0) =V,

Remark 1.7. From (1.12) it follows that 7 is a.c. equal to a function

of C°(0, 0; H+' (60))) and hence =(0) in (1.14) makes sense.
Lemma 1.1. For any h=0, there exists an clement

{1.12)
(1.14)

(1.13) = <TI0, 01 HQ)),
satisf ying a.e. in {0, 0)

(1.16) =7 on ¢,

(1.17) 1SV igh]| S| (V) SeV.

Proof. The consiruction of =, is the same as in the steady case, which

can be found in [2]. The only new point is that the vector-valued function
L(z) ¢ 1 =L{=)(¥)), (Where L: H¥: (6Q)— H*{Q) is the linear and continuous
Aifting of trace” operator) has the property s
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"k

(1.18) L(sp =1 (0,0 11-4)).

But noticing that ¢, {L{z))—=L{¢=), the properiv [1.18) is a straight conse-
quence of (1.12),

Keeping the right to choose the parameter £>0 later, in a proper
wav, we introduce

(1.19) O

Thus the svstem (1.1)—(1.5) becomes :

(1.20) div u=0 in 0, (1.21) e bu=—Vp-ta(Stm,) e in Q

(1.22) =8 S—AS u V(S f o)== (A in

(1.23) w.y—=>00n /0:(0,0),

2y & B0, (1.25) §-0 on I\,

o [

(1.26)  u(0)=u"=HpnID(Q), (1.27) S(0)=-8 (= T"w 7, (0y =11 H(Q).

l 2. The weak solutions. Lei us suppose that #«, 4 and § are smooth

solutions of (1.20) —(1.27) ; then, making the dual product of (1.21) and
(1.22} with e € (2} and 1T =0 (Q), one can easily obtain :

o
2.1 H,ovh-Hu, oy=aaly 2, e lv),
(2.1) !“( t, TORT LR g }
(22) S, TS £, T) {09(S 5. TY=0
3

Taking in account that &(Q) and Q) are densc in /] and respectively in
1", the relations (2.1)(2.2) suggest the following variational formulation
of the problem (1.20)—(1.27):

Problem 2.1. Find wel= (0,0; HoH' () and S=L7(0, 0; L¥Q)n
nLA0, 0; 1) satisfving the initial conditions {1.26Y~-(1.27) and the equa-
tiones (2.01Y—(2.2) for eny vl iespectively T &1,

¥heorem 2.1, The Problein 2.4 has af least one solution.

Proof. In order to prove the existence of the gencralized solutions
-of the Problem 2.1 we employ the Galerkin method. Let

(2.3 Lebex® Q) and (1 en @ ()

be two sequences which are free and total in [/, respectively in . For cach
1= N, denoting with !/, the space spanned by the sel fe; | j==1, ..., 7} and
witle 17, the space spanned by the set § 175§ f==1, ..., i}, we define an appro-
Xintate solution of the Problem 2.1 by

i i
w{f)= () v; and S(f)= X S,.(0) T

ik FED|

sausfying for anv ke {1, ..., i} the system
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i2.4) (i, w) g, v)=aly, v € U,
A8, To) H(Se T} H{w9(Si+70), T=
= ee(fetn, 1) — (V7 vT,),

{2.6) 1 (0} =], (2.7) S{0)=57,

where 12« H, and S« I/, are chosen such that

(2.5)

(2.8)  ul— u strongly in H, (2.9)  S?—S° strongly in I".
For any kil ..., ¢}, let us write (2.4)--(2.7) in terms of its effective
unknowns, thai is wng{f) and So{f):

i L] *
(210)  Z (v, v ui; + B (0, 0e) Ui=a El(Tj, ev) Siptalzn €. ),
J=1 i=l ira

+

CE AT T Sy E (T T S 4 X (059, Ty +
(2.11) SRR o o
- 13:1 El(:',-VT;, T, uySa=—(d:7. T)—(Vr, VTu),
{2.12) 10,:(0) =12« == the A-ih component in H, of 12,
(2.13) Si(0)==8% : = the k-th component in ¥, of S.
A3 the (20%2) matrix
REEN 0

T (T, Ty %

is obviouslv non-singular, by inverting it (2.10)—(2.11) take the canonical
form of an ordinary differential system with (at least) continuous coeffi-
cients. Then there exists a local maximal solution of (2.10)—(2.13) defined
on some inierval 0, 0. For fe[0, 6.[, we multipty (2.10)~(2.11) by
walf), respectively S{f), and sum correspondingly these equations oOver
k irom 1 to 7; it follows
(Bers, 1) (o, wy=a(Sitmn, ¢ 1)
‘,'(?;-S',-, Si) '{'((Ss, S9) i1V 7, S.‘)""-" ‘_‘;’(3:‘-':;. Si)""(VTh; VS,
which vield the next estimations :
R g Rl ega(l St e )l
2 df
v
2 dt
where we have used property (1.17) of =, With ihe Friedrichs’ inegi
(1.11), the preceding estimations become .

Sif +hSy agh U S e Ay i b BT + |V b !ES" ”'
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@14 o D
. 1A =i ."5 2({"60 ] S¢ [ ".'"2(!', Thol e

dt
N _ ;
(2.15) ~ = SiPL S gk 1S, itk Ly PA2YCE Qi P21V, N

Multiplying (2.14) with (24) and adding it to {(2.13) we receive

d T . o
2)';5; My 2 r!'-f Sbh g B4t CRR) LS R

c4ath | o (P H202CE Oemp [P 22V B 1 G{H).

Choosing % -<(2 -+-842C§)~! and integrating from 0 to some s= [0, 6, it gives
2k ity |44y St 2R j Lae,(ty |2 ddf 4
(2.16) . ‘
-E-Eg | S G de<2h g B4 ST 2+ S G(A) dr.
As {ul} and {S)} are bounded and
jc(z) di< gc;(r) dt <o,

from (2.16) it follows that
(2.17) fa;l is bounded in L=(0, 6 H),
(2.18) 1S4 is Lounded in Lo(0, 0 L3€)).

In particular this yields 8,=0 for anyv 7 and hence {#,, §:) is a global solu-
tion of (2.4)—(2.7). Also, by puting s=10 in (2.16) we see that

(2.19) {S:} is bounded in L* (0,0 T}
From (2.17)—(2.19) we learn thal there cxist #=l-(0,0; H) and

SsL=(0,0; L(Q)nLs0, 6: 1) for which, passing to some sub
still denoted with § 1, we hm't): P ¢ e

(2.20) w~~1 weakly star in L=(0, 6 ; H),
(2.21) 58 weakly star in L=(0,0; L& (),
{2.22) S5 weakly in L0, 6 1),

Let ¢ be a real function defined on 10, 0 of class ' with »(0)=0.
Multiplving (2.4) and (2.5) with ¢ and integrating on [0, 67 we obtain’

. v " "
(223) H(0) (5. 0a) = § (s, 0yl -+ ] (e, o) tswaf (S, 5, cvn)
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u

1)
+u{0) (ST, 1u) =7 ‘u (S, 1) W'dt4y ,‘f] (65n, 1) bt -

i}
L)

1)
i a"‘ ((5«- Tz-)) '15‘” T :‘, (V= Vi) ':f‘“ = (-u.V(b‘,- +Tn), 'I‘,..) ';J‘”-

In the light of the convergences (2.8)--(2.9) and (2.20)—(2.22} we can
try to pass (2.23) and (2.24) fo the limit. All the terms converge easily except
the right hand side of (2.24) ¢

0 f
— { V(S ), Ty) bdt= V(. VT, S, +) ddt.

]

But the injection of I in L) being compact from (2.22) we find
also

(2.25) 8§,—8 strongly in L0, 0; 13{Q)),
and with (2.20) it implies

@ ] [}
V(S ), T Yt [ (19T, S 5} gdt=— { (19(S+=), Ti) pat.

Consequently from (2.23) and (2.24) we get at the limit

ft

0 1]
(2.26) L0} (u, :',.)—[J' (o, v) St ¥ (o, o) wdl = a TS 7, ey )y i,
(} 1 1+
Q & _ .
B0) (87, Ty (S, 1) Yy (@, 1) il +
(-2'21 ] o
F TS, T0)) wdd (J' (Vo V1) ’-‘.*df'*"—'df (VS +m), 1) vdt.
{) )
All the terms in (2.26) arc coniinuous in ff with respect to the -
argument. Thus, choosing ber{(0, 6)) we remark that (2.26) becomes

exactly (2.1) for anv v <1/, in the distribution sense. Morcover, it is easy to
see that

4, (i, @y == —{u, @) +a(S 4=, ¢ . ) SL(0, 0), (Ve =1

dt
This means &= L350, 00 H) and
(-t —alS-1o) e, 0)=0 (V) v=ll.
As the orthogonal complement of / in 1.3(Q} is
L e l3(Q)  (3) p=H'Q) such thal w=Vpj,
(for a proof sce [3]), there exists rd0) EH’(Q} such that

{(2.28) A —a{S ) e=Vp.
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I we choose S0, 0) with () =0 wd »{0)#0, multiply (2.1)
with it and integrate on [0, 8], then we obtain i

1] I"l #
P, o) b di -0 (n, o) wdl=a ¥ (S =, e 2) bdt,
u

(2.29)  (0) (u(), @) f !
¥ (1]

‘Thus (1.26) [ollows by subtracting (2.29) from (2.26) ; as we have
proved that w10, 6; H) we see that, at least, #=C*0, 0 ; A) and hence
(1.26) makes sense. Moreover, from (2.28) we find that o{f) :—exp {f) . rot
u(t) verify the problem

v —ae@V(S ) €030, 05 1)) (@ denotes the
vectorial product)
v(0)=rol uvel.2(L)),

| which obviously has a unique global solution in L=(0,0; L2Q)). This
implies rot usL7(0, 0; L3£)) and as the space

fuelxQ) | div usL¥Q), vot uel2Q); u.v=0 on &}

is isomorphic to HY Q) (sce [34]), it follows w=L=(0, 6 ; H'(Q)).

This last result enables us to pass to the limit over k—oc in (2.27),
all the terms being continuons in F with respect to the 7 -argument ;
then choosing & =2((0, 8)) we see that (2.27) is equivalent with (2.2) for
any T 17, in the distribution sensc.

Finaliv we choose again 4 =CH{(0, 0]) with ${0)=0 and G(0)£0.
Multiplving (2.2) with it and integrating on [0, 0] we obtain

0 ]
¢n{0) (S(0y, T) -~ lj (S8, ) p'dt 40§ (o, T) pdi -
H 1

" 0 1]
IS, 1)) e+ § (V=0 VT) et =— [ (uV(S =), T) gt
0

and (1.27) is given by the substraction of (2.30) from (2.277).
In order to precise the sense of (2.4), let us consider for any (1, S),
solution of the Problem 2.1, the functions defined a.c. in (0, 8) by

AS), Tm=((S 4= 1), <B@,S), T=>=@V(S+mn), 1), (V) TV,

check (hat A ($)=L= (0, 6 I”'). As we have proved that n €L=(0, 0; HyQ)),
from the straight estimation

[ B, Sy e G e [y S -Fo ),

- where <, = denotes the duality product between ¥ and F'. 1t 1s easy to

it follows Biw, S)el={0,0: 17). Thuas [rom (2.2) we receive

TRy

=10, 0),
=4 0, 0)

LA Sy — B SY= T, T3

and therefore ¢,SL#(0, 0; 17} ; this also vields
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(2.3') A((I-,:gS‘ = “""'1 (h‘) el I_';( 1, \S‘)—YCJ-:!T“,
in the weak generalized sense. Morcover S is a.e. cjual 1o a function of
Coo, 0; L2(Q)), and this is the way in which we understand (1.27).

3. A weak maximum principle and the uniqueness. In this section
we assume an additional condition for our main datum =, Le.

(3.1) ~el.*(0, 0; L=*(Q)),

which is in the same time more and less than (1.12).

The weak maximum principle will be formulated in terms of inequality
in the sense of H'(Q). That is why we procecd by recalling this notion and
some related properties, following [3].

Let e HY(Q) and E=Q; we say that # is nonnegative on k in the
sense of H1(Q), or briefly, %20 on Kin HYQ), if therc exists a sequence
1, € 1 (Q) such that ,(v)> 0 for x € F and 1,—u in HY(Q)). Let v= HYQ) ;
naturally, we sav that #<v on [lin HYQ) if e—wu>0on L in HYQ). As v
may be a constant, we define

sup u—inf {fmeR | wgm on E in HYQ) }
I3

Also, for anv v &£}, we sav that u(x) =0 in (the sense of) I1(Q} i there exist
B(x), a neighbourhood of x, and 9, a function from W (B{x)) with 920
and () =0, such that #2z 5 on B(x) in Q). Let us remark that the set
freQ u(x) -0 in )} is open.

Proposition 3.1. 7f uz 0 on I in 11(Q), theit 4= 0 a.c.on I

Proposition 3.2. [/ sup wu-=or then for any Mz supu have
0 ao

max {u—3M.0}e HYQ) and max {u—M, 0}20 on Q in L)),

Proposition 3.3. Let neWIN(Q) (p=1); then v=max {n, 0} €11,7(Q)
and we have in the sense of distributions

Vu in {xeQ u(x)~0 in HYQ)},
Vi= .
0 ofherwise.

Now we arc able to prove our main results : the maximum principle
and, based on it, the uniquencss, :
Theorem 3.1. I/ (i, S) is a solution of Problem 2.1, then

(3.2) S oo <C(s T,

where Oz, T9=max { = iepmezaan, | 70 )]
Proof. The property (1.16) implics

S L= =) on Ty ae. in (0, 0).

As S a2 {0,0; 1) from Proposition 3.2 we have

R —max {S{) +n () —C(=. T, Melx0,0; m.
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Apealing to I'roposition 3.3 we get also

- (75

0 otherwisc,

when R#0

Noticing, via Theorem 2.1, that §,R .2 {0, 0; 1) and hence

% ‘}{; R = (2R, R)=s { (a,s-{:it;—,,, R) when 1.\’?&0,
otherwise
and taking the duality product of (2.31) with R{f), we find
= .-’ {[ ‘
24t

In particular we have

(3.3) 0- R RI+@vR B) =YL (R 3 R
2 d¢ ' '

o
— | R|*=0,
] dt | ]

and by integration on (0, t),.for some {, it imnplies
{3.4) | R(f) [*<} R(0) }* a.c. on (0, 0).
As S(0) -k t{0)="T"vin Q it follows that R(0)—0 i
. i =0, and (3.4 : =
Recalling (3.3) we see that | R(/) I|=0, t}(m)t is (5.4) gives (1) '
SUA () <C(z, T9) on Q in {YQ), a.e. in (0, ).
Accordinig to Proposition 3.t this implies S(f) 2 (x, T i
e Sl ) s implies S¢7) +5(0)<C(z, T°) a.c. in . Ana-
10;.,911.«!‘,,_ with Rlf)=min {S(t) +-5,(t) -+ C(=, T Sl ())3' \f'o gvt)‘ .S‘(!)-LL—. Zt)n;
—C[:,l { ";( a.e. m (), and the proof is completed. T
et (g, 5)) and (., 5,) be two solutions of the Proble :
ponding to the initial data (af, 77), respectively {n}, TS).);{?ng;tlingoféftsl;
H=,—1i, S=5,=-5,
we obfain from {2.28) and (2.31) by substraction

(3.5) et -~ —aSe=V(p,—p,)
_53.6) vEeS +A(S) - B(n, Sy +7,) +B(u,, $)}=-0.
laking the duality product of (3.5) (3.6) with «, respectively S, we get
l f! i (2| w 2= (aSe, 1) vd I C I i TH a e .
5 4 | e D 3 ={1VS, S, Fa) (i=1 or 2)
which vield the following estimations
(3.7 ::l L A T £ T S o B I - e L=ty =2
(3.8) < SEF2ES S22 K, [ o Sl SRy n )t
dt A B
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where Ky~ min {C(=, 1Y), C{=, TH}. Using abso ihe Friedrichy inequality
{(1.11) from (3.7)—(3.8) we receive

(3.9) ‘ (' ! ') s-ﬂl(i “ ') ,
at\| s | IS

where M is the following (2322) matrix
L —1 a* |*
cit =Kty )

Integrating (3.21) from 0 {o some /, we are lead to

= a o
3.10 u(t) i')g < (M, (1 Wy iy 1‘).
o (ssu) o ST e ga e

In particular, with («f, T7) ={1f, T%) in (3.10), we have proved :

Theorem 3.2. 1The Problem 2.1 has a wnique solulion.

Finally, the relation (3.10) permit us to establish also a stability zesult,
that is

Theorem 3.3. Anv perturbation of the initial data (1.7)—(1.8) dccreases
exponentiallv in time 1f '

‘j]l__'

(3.1 1) max ‘{ Tl Epoe; L=, min j J“; oo, .[2 . ;}‘-ﬂ l(‘u 1.

Proof. 1f condition {3.11) is satisfied, then 4 has distinct eigenvalues

which are also strictly ncgative and the proof is completed using classical
results on spectral decomposition.

Nemark 3.1, The relation {3.11) is cquivalent {o the univity criterion
{see [2]), in the steady casc.

The present article was preceded by the note 67 which was presented
on the Int. Spring School on Evolution Equations, Dobrichovice by Prague,
Mayv 21 —25, 1984. After that it appeared the note [7 in which the same pro-
blem is considered in a particular case, We were surprised to learn from
this note that the Galerkin method does not work in the tridimensional
case.
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A NOTE ON INTERVAL GRAPHS
BY

CONSTANTIN SMADICL

1. Lot G—(X, E)bea simple nonoriented graph, where Ao1s the set
of vertises and £ is the set of the edges for G G is an interval graph if there
exists a set F of open intervals on real line such that G and the intersection
graph associated to & arc isomorphic. Neeessary and sufficient conditions
for interval graphs are given by C. . Lekker kerker and J. Ch.
Boland 2, P.C Gilmore and J. J. Hoflman 17, B.G.
Mirkin (3. An algorithm for solving the problum whether a given graph
is an interval graph is deseribed by B. G M irkin and S.N. Rodin (4,5

Theorem A. {Gilmore-Hoffman). .1 graph G is an inbereal  gpraph
if and onl v if ils complementar) graph is transitively orignled amd cver v
cvcle of length fonr i (; Jas at Ieast one friangwlafor.

For an oriented graph (X, 1), where N s the sel of the vertices
and .1 is the set of the ares of G, for v =X we denote by 14, G), 1 (v, G},
or simply I7(x), 17{x), the sets defined by

Iy, Y= x| yeX ,
(v, G)={x 2&X, [y gedi.

Theorem B (Mirkin). A graph - (N, L} is an piferval graph if and
anly af s complomentar ¥ graph, Gois transitively orionted and for any
transitive orieniation of G and anv x, veX we have

iy, GYC 1 (vG) or I7(x, G) 313, ().

’

(v, vied|

2. In this nole we give some new structural propertics of mterval
graphs. If G—=(X, S} is a simple nonoriented graph and veX, then we
denote by I{x, G}, or simply 7{y), the sct of the vertices of G which are
adjacent to X, i.c.

I3, G)={y| yeX, [x, y]=E}.

Theorem 1. Let G=(X, E) be the complementary graph of an intcroal
craph. If a, b= X, a€l(d) then

in H)DIbY - I{a), for all x=I{a)\ (D).

Proof : Suppose a,beX, a®l(b); if vel{a)N\J (b and 1{BN\J{a)=92
it is clear that (1) holds. Now consider yeI(b)N\I(a); if y¢I(x) then in the



