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where K,— min {C(z, TV, C{z, T%)}. Using also ihe Fricdrichs’ inequality
(1.11) from (3.7)—(3.8) we receive

&5 E’_(I" ') s_m!(i g )
ot |Sl- lS, E

where _# is the following (2> 2) matrix

| at |;
Chrt —Fa% )
Integrating (3.21) from 0 {o some /, we are lead to

u{t) j'*) ) \( wy— il i‘-') ’
3.10 gexp (M, C
. (esu) o SO N ey

In particular, with (u}, T9)= (22, T1) in (3.10), we have proved :

Theorem 3.2. 1The Problem 2.7 has a wnique solufion.

Finally, the relation (3.10) permit us to establish also a stability esult,
that is

Theorem 3.3. Anv perturbation of the initial data (1.7)—(1.8) deercases
evponentiall v in time tf :

‘_”z:

(3.11) max § T e =g, min {17 e, T | ga .

Proof. 1f condition {3.11) is satisfied, then A has distinet cigenvalues
which are also strictly negative and the proof is completed using classical
results on spectral decomposition.

Femark 3.1, The relation (3.11) is equivalent to the unicity  criterion
{sce [2]}, in the steady casce.

The present article was preceded by the note r6] which was presented
on the Int. Spring School on Evolution Equations, Do brichovice by Prague,
Mav 21—25, 1984. After that it appeared the note [7] in which the same pro-
blem is considered in a particular case, We were surprised to learn from
this note that the Galerkin method does not work in the tridiinensional
Case,
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A NOTE ON INTERVAL GRAPHS
BY

CONSTANTIN SMADICE

1. Let G=(X, F)be a simple nonoriented graph, where X is the set
of vertizes and £ is the set of the edges for (. (5 is an interval graph if thore
exists a set J of open intervals on real line such that (; and the intersection
graph associated to & wre isomorphic. Necessary and sufficient conditions
for interval graphs are given by . €. Lekker kerker and J. Che
Boland [2], P.C Gilmore and Jo I Ho ffman {1, B.G.
Mirkin [3]. An algorithm for solving the problem whether a given graph
is an interval graph is deseribed by B. Go M irkin and SN, Rodin 4,5

Theorem A. {Gilmore-Hoffman). .1 graph G is an inlerval graph
if awmd onl v if ils complementary graph is transitively oricufed and cver ¥
¢ vele of length four in G has al [cast one {riang wlalor.

For an orienied graph (N, ), where X 1s the set of the vertices
and - is the set of the ares of G, for x&X we denote by Iy, (), 4 (v, (1),
or simply [+(x), 17(x), the sets defined by

Iy, () =1v] yeX, (v, 3} =}

’

(v, G)=1v yeX, (¥ nedi.

Theorem B {(Mirkin). A graph (- (N, L} is an piterval graph if and
only if ils complementar 3t gra ph, G is fransitively oriented and for-any
transitive oricntation of G and any x, yeX we have

1o(x, GYC I+ (¥ G) or I+(x, Gy D IH(x.G).

2. In this note we give some new structural propertics of interval
graphs. If G=(X,.£) is a simple nonoriented graph and v X, then we
denote by 7{x, G), or simply 7(x), the sct of the vertices of G which are
adjacent to x, i.e.

(s, G)y={ri y=X, [x, y]sE}.

Theorem 1. Lot G==(X, E) be the complementary graph of an inlerval
araph. If a, b= X, a®€ (b} then

in I DN (), for all xeI{a)\I{b).

Proof : Suppose a, beX, a€l(b); if xeI{a)\J(b) and 1N J(a)=0
it is clear that (i) holds. Now consider y=1 (by~J(a) ; if y&lI{x) then in the



86 CONSTANTIN SMADICI

complementary graph G, of G, there exists the evele of length four [a yaba
which has no triangulator and therefore G should not be an interval graph,
(Theorem A). Hence we have to accept veI{v) and the Theorem is proved.
For a graph G anv connecied component having at Ieast two vertices will
be named nontrivial connected component. The next corollaries can be
obtained directly from Theorem | and Theorems A, B

Corollary 1. If ( is the complementary grapl of an interval graph
fhen € has al most one nenfrivial connected componend,

Corollary 2. I/ (N, L) is the com plewcntary graph of i inlereal
graph and a, b=X, akl(h) then

2) Ha) DI L{a), tor all xel{a)\1(h),
YD ey I(h), lor all yel®) - Ha).

Corollary 3. .1 graph G is the complementar ¥ graph of wn intorval
graph if and onl v if (¢ 1s fransitivd vy oricnted and for all a, beX, akl{h
the rvelutions [2) Jold.

Corollary 4. [/ G (X, £} is a wraph and (1} holds for all u, b=X,
ad: 1{b) then for cach transitive oricntuation of G iwe haie

INX) DI y) or IH()CTH(y), for all v, vEX,

Theorem 2. I/ G=(X, £) is a simplc nonoriented graph and I{a) D 1(b)
or Iy DI{a) for all a,be X, akl{b) then G is the complementary graph of
an interval graph.

Proof. We shall prove this theorem by induction on the number of
vertices for the given graph. [t is clear that we can suppose  that € is
conneeted. Tacking account on Theorem B and Corollary 4 it is sufficicnt
to prove that G is transitively oriented. Suppesc that Theorem is true for
all the graphs having at most n—1 vertices, #2 2, and consider a graph
G=(X, E)having n vertices. Let @y be a vertex of G such that
' Hay) |2 I(x) |, for all xeX,

W,

where | I(x) | denotes the number of the clements of the set 7{x}.
a) If x, v=X* [{a,) then x€1(y), since | I{a;) 2| {1y} | and therefore
I(a;) DI{¥). Hence we can suppose X~ I{a,) =1{ay, ..., ¢, such that

{3) Ha,) D i{a.) ... D {a,),

and a;&I{a)), for all i, j={I, ..., s} .

We remark that if s=1 a transitive orientation of G can be oblained from a

transitive orientation of the subgraph of G gencrated by X' {a,} and consi-

dering I+(a)=1(a,), for example. Consequently we can suppose §22.
b) We shall prove that for cach i={l, ..., 51} and cach vel{a)\

Ia:+,} we have

(4) I{x) D H{ay), for all k271

If vel{a)1{a+,) then vé1{a.,): hence J(x) DI{d;) or Hx)CH{aq). On

the other hand a, =(x) J{am) and consequently J{x) D {a,) holds. By

using (3) it follows that (4) is truec. .
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cy bet 6, 7 1, oo s—1 be the subgraphs of ¢ having the sels of

vertices N, —f{a) Hay), T=1, ., 5 1, respectively,
It is clear that
I(x, Gy =1y, G)NX,,
hence for all the subgraphs (7, =1, ..., s—1 the conditions of the theorem
are satisficd, S0 G, 11, ..., s—1 are transitively oriented,
d} Consider any transitive orientations for the subgraphs &, =1, ..
s— 1 and define an orientation of the edges of (¢ as follows :

[(a, GY=IHa,, ) i=1,..,s
(3) Py, Gy =1, G U Hasn, GY, for all vel(ay Haw),
PAv, Gy =y, )y F{a.6), for all ve X,

where {r. ;), ye& X, i=1,.. s—1 are defined according to the given
transitive orientation of the subgraphs G, =1, ..., s—1.
Taking accounti on (3} and (4) it is casy to prove that (3) give a transitive
orientation of (7, The Theorem is proved.

3oLet (X, ) be a simple nonotiented graph and o, b€N such

that «s£b, [0, b]& £ then we define the sets 8% S SE 8§ k=0, 1, ..
and 1%,k 1, 0, 1,.. by

Sa=1{a} - 1(h), Sy=1{b)\1(a),
SedxeXN &I, T()NSh# &L,
SpfveXN A& l(@)ULD), NS« d),
Tz gy, 1o {u, BIUSIUSIUSIUSS,
and for every £z 0

(6]

S e N | x TF D TR IUSIUSE 1(x) 2 SHUSH,
SEatyveXN akTF HaA D TFUUSHUSE 1(a) pSEUSE
Ly Sotve N xk TRU @D, NS @t
Spft—lvelN L as TRU(@N D), I()NST#a),
R TROSTHUSE USSR u ST

It is clear that the sets defined Dby the recurvence formulae (6), (7) arve
dependent on G oand [« b]$ ' ; sometimes we shall denote these sets by

\f(f) G), SHa, G), Sib, (), SHa, G, TH(a, b, G), respectively,

I'acking account on the fact that & 1s a finite graph it follows that for any
o, beX, [a, bl& I, there exists k2 Usuch that 7#(a, b, G) =T (a, b, G)
and consequently we can define the number pla, 6, G) by

() pla, b, Gy=min {k | T, b, G)="T"1(a, b, G)] .
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If G--(N, I) is a simple nonoricnted graph let Nt} be the set defi-
ned by

(%) N(Gy={lue, b} 'a, bEN, [u, bid L, Ha) L @, 1) I{a)# D) .
We shall  denote by @ the familv of those graphs 6—{X, [) having the
property that for all i, bl & N((;) the corresponding sets S5, Sy, Sk, T*,
% defined by (6) (7) satisfy the conditions

a)  H{x) D8k, for all v Sy =0, ., pla, b, Gh=p,

(10) by J()D17 or I(NTP=g, for all Ve T,
1 —
o LR SMOStUSiand ¥, vesSA U then
Jh)nAkJIUjﬁjknrl(wQJ*LIQqFA*;k 0, ..., p

We remark that from {a, b} = N(G) it [ollows b, a}l = N((:) and consequently
when G €@ the relations (10) remain valid evenif a and b are changed beiween
{hem. The following Lemmas will be usefull to prove that & contains all the
complementary graphs of the interval graphs.

Lemma 1. Let G be the complementary graph of an inleroal graph and
fa, 1 eN(G). If x&Ha)O (D) then Hx)D (@) T(0) or 1{(x) DI 1{a} or
Hx)YCI{a)U1(b).

Proof. Suppose  x& )N 1{h), L) B Ha) 1), 1(3) p TN J{(e) and
consider velI{x}), zel{ay 1{h),  wsi{b) [{a) such that e, z€/(x). By
using Theorem 1 onc obtains u, z& I(v) and == I{#). Conscquently, if
v (@)U 1(h) it follows that contains the cvelic route [azubuvy vza] of
odd length without triangulators and this means that ¢ has no transitive
oricntations : contradiction : so we cannot accept vE[(@)Ul(h) and the
Lemma is proved.

Lemma 2. Let G be the complementary graph of an inferval graph and
{a, B} eN(G). If xel{a)yNI{b) then Hx) D@} or 1) DI I{a).

Proof : Suppose x < I{@)N 1 (b} and I(x)pl(ay~ 1 (h). Let us consider
yel(@\I(p), v&i(x) and =B\ (a); by using Theorem 1 one obtains
yel(z). If z€I(x) then G contains the cyclic route [av:bral of odd length
without triangulator, this is impossible because of ¢ has {ransitive orien-
tation. Consequently we have to accept =€ I{x) and the Lemma is proved.

Lemma 3. J/ G is the complementary graph of an interval graph and
{a, By =N(G), then for any fransitive orienfation of G one and only one of the
following two sentences 15 frie .

(A)): @) DSe, I-(6)DSh, I*(x)
DS T(), I7(3) DI
(Ag) : TH() DS, I-(a)DSL, IH{(x) DS} forall x S, and
M) DSINI(x), I(»)DI(NS] for all ve Sh y=SS,
where 59, 88, 8% S are defined by (6}

O5¢ for all x=S5) and
¥)NSY for all x=82, yesSi.

4
-

A
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Proof. Tt is clear that {1} and (Ay) cannol be stmultancous true.
Let us consider a transitive orientation of € and [, b =N} lwo cases
are possible : LIS(1S0# & and 2.0{a)M S = &

Case |. Consider ==/7-(a}NST: we shall show thal (A,) s true.
Since T{@)ri$3=@ and [{z) DSE it follows that SHC T (z) and from :d:f(h)
one obtains S0 1=(0). On the other hand SEC/(v) lov all v&S8% and conse
quently S2C (v} for all yeS85 Now consider vest and vel(x)NSE:
since reSY it follows vel~{a) and from rest it is clear that vé [{a). Henge
we must have ve (v and therefore 7#(x}D5iN 1{x) for all re=S8 Similarly
one proves that / (DS Iy for all ves) We bave shown that m this
case (A} s frue, :

Case 20 PiayrsSt - @5 then S3CT () and _tacking  account on
Theorem [ and on the fact that € is transitively oriented it folows 77(6)0
A1S£ ¢f. Since {6, a} €N(() oo, the first case Just proved shows that in
the second case, by changing @ and b in (A onc obtains a {rue sentence.
But if we change o and o in (A} one obtains (A and the Lemnut is proved.

Lemma 4. /f G is the complementary graph of inferval graph wid
fa, B e N((:) then for muy Iransitive oricitation of € and all x€8,, ves)
t'l.f/.::')'

(B : {2y {ay and £ ()0 Py H vy or

(Ba): 1 (x)D e/ (x) and [H{ ) DT NI

Proof. By Lemma 3, for any transitive oricntation of G either (A)
or {A,) is true. Tacking account on (0}, (7) it is casv to prove that when
(A,} is true then (13,) is true and when (A,) is true then (B.) 1s also troe.
On the other hand it is clear that (13,) and {B.} cannot he simultancously
irue and the Lemma is proved.

Lemma 5. 1/ G s the complementary graph of an infcrial vraph and
L, e N(GY then for all xel{a)0 I(h) we have ,
() Mﬂjﬂuﬂnr“ﬂjﬂbﬂ

P'roof. Consider y&l{u)N /(D) from Lemma 2, () DSE or F{a)2D55.

a) Suppose [{¥) 2S5 J(x)pSE and consider  veS), =SSNy If
then {a, 2t eN(G) because of & [{a), ve Iz {a) and velld 1)
hence yel(x) and (b1 is true, If s€1{x) then by using Lemma 3 and con-
sidering a transitive oricntation of G, it follows v 17(x) or vel (v), and
again (11) is true. Conscaqently, when /(x) £S89 it follows I(x) DSTUSE. Since
10, a} €N(G) too, we can say that in the case T{x) DS, then HX)DSPU S

h) 1t remains to prove the Lemma in the case I{x)DS%US;. Consider
a transitive orientation of & ; by Lemma 3 we can suppose that {A,) is true
and because of {a, b} €N(G) it results JH{x)DSgUS, or 1 (V) DSEUSE. If
=85% then there exists veSY such thai vel't(z) and consequently from
-4 1(x) onc obtains I*{x) DSEUSE. Sinee (Ay) is true, I () 355N 1 () for all
1w eS8? and because of G is transitively oriented onc oblains uwel*(x), ic.
u<I{x) and the Lemma is proved.
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Lemma 6. Lt G be the complomentar v graph of an tilereal graph
and e, b e NG, If k21 then for all x &S5 veSh wid for ceory fransitive
orfentation of (- cither a €l (N (v} or v~ (x)N 1| v,

Proof. Using Lemma 4 one observes that for k=1 cither we/7(1)N
S vy or asl ()N v). Suppose that the conclusion of the Lemma 6
is true for k=1, ... n—1,nz2, and lei vest, vesSy Consider a transitive
orientation of (; such that e lH(HNL @) forall ze8; and all {557
since v eS8t there exists vteSt 1SS! such that v f(x). If vtesy ! then
we must have vel-(a), because of v el (a) and & T(x}) I 21557 then
there exists ¥ 'e$270 such that v1e [(a)NJ{x): but x'é& /() and
asl{( ), hence x1& (3" 1) and consequently < [F( 1), Since x'¢ 1772
and yeST i resulis

P DT (), () D T,

Faking account on {7) we can consider a scquence 3, f=n—12,.., 1,0
such that
Ve =T 40,1, .., 0=2,

-\"' gz (v} i1, =1

Since ve My and vel(y), i=0, ., n—1, we must bave =[5,
i—0, ..., n—2, and because of Yy e1°Dja, bl and G 1s transitively oriented
one obtains ve/=(¢). Similarly one proves that ve/ (q) and the Lemna
15 proved.

Corollary 5. If G is the complementary grapl of an intereal graph and
{a, b1 € N(G) then for all k21 we have
(t2) J{x) DSk for all ye=S;.

Proof. Consider k> | and v e84 yeS; By using Lemma 6 it follows
that for anv transitive orientation of G we havea e I (xJM T (y)ora sl (v)N
711 () and conscauently vesl*(x) or xel*(¥), e, ysl(x).

Corollary 6. Lel G be the complementary graph of an inlerval graph
and ta, bleN((). 1f the set T, k2 0, 1s defined according lo (6), (5} and
veEX TR vel(ayni(b) then

{13) T(¥) D TH1USAUSE or T(v)D T 1USHUSE.

Proof. Taking account on Lemma 5 it follows that (13) is truc for
k=0. Supposc that (13) holds for every k<sn—1,n21, and consider 1™
Seogno &m0 57 defined according to (7), xEX 77, vel(ag)NiId). Since
(13) 8 is true for A<au—1 it results
(i4) I st uSy vor I3 2SRUST
H yeX- 77 then v& 7" 1 because of 7% 'C 7" and therefore (14) holds
for all x=X" 1" Hence
(15) D

By using Lemma 6, xe{(a)NJ(b) and a transitive orientation of G, as
in the proof of the Lemma 3 onc obtains
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(10) H{x)DSmUSE or H{x)DSELS.

‘The relations (13), (16) show that (£3} is true and for f=i and the Corollary
is proved.

Corollary 7. Lot G be the complementar ¥ craph of wn wnleread Lraph
and Sa, bl e=N{G). If p=pla, b, G s defined by (S) and yeX - ¢ then
a). LD i xel{an i),

By ()N Tr= @ il v (@)U ().

Proof. Suppose xeX I By using (8) and Corollary 6 it tollows
that (17a) holds. Since: p20, from AN R Y (@Ul{t) we obtain
cEIONTB) and  v&E T consequently, by Lemma I, HayC Ha) U (B}
H /()N 77 @ then =7 impossible =0 we have to accept (17h) and
the Corollary is proved. . ‘

Lemma 7. Let G be the complementary graph of an interval graph
and {a, L NG, 1f SE k=, ds defined by (0), (7) then for all s, veN;
we have

(18) FN 1D (3N or TN AR TN

(17)

where AX 1 =SEIUSETUSE

Proof. Suppose x, yveS and a {ransilive orientation of G. lrom
Lemma 6 it follows that we can consider a eIy (u) lor all =Aral
and all # =$% 1. Taking account on (7} and on the fact that G is transitively
oriented one obtains

(199 [ D (SEUSE U NTE), for all feSE

On the other hand, Theorem B shows that we must have () C [=( 3} o
I+( v} T#(x) and consequently (19) and Theorem B implies (18). The Lemma
is proved. ‘

Theorem 3. /f G—(N, E) 15 the complementary araph of an anfcreal
cra ph then G 4. . o

Proof. Consider e, b} & N{G) and the sets SEOSESh §," Tr, ko

0,1, ..., p==pla,b G), defined by (6), (7). The Corollaries 5,7 and the
Lemma 7 show that the relations (10) ave true. Henee G = g and the heorem
is proved.

Theorem 4. .1 graph G==(N. E) is the complementary grapl of an
interval graph if and only 1f G=g and for ceer y ja, b €N (G) the subgraphs
of G generated b v I and TV UXNT?) are complementary gra phs of some
interval graphs, where p-=pla, b, ) and 1"=1"(a, b, () are defined according
to (0)—{(8). .

“" Proof. Let G==(X, E} be the complementary graph of an interval
graph; Theorem 3 and Lemma [ show that G e ¢, Since any subgraph of an
interval graph is an interval graph too, it follows that the subgraphs of
(: having the sets of vertices {at U™ 1Y) and 77 respectively are comple-
mentary graphs of some interval graphs.

We note that when N(G)=¢ then G is the complementary graph of
an interval graph as it is shown by Theorem 2. Now suppose G=(X, =4,
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1, 01 eN(G) and TP=T7(a, b,G), p=pla. b () defined by (6)(8). Let
us denote 6 and G, the subgraphs of G generated by ab (X 77) and
1P, respectively and by T(x, G), [(v,Gy), T{x, () the sets of the vertices
adjacent to vin G, G, and G, respectively, If Gy and (. are complementary
graphs of some interval graphs, by Theorem B, we can consider transitive
orientations for ¢, and (7, such that

(20) Q) THx, GYDIF(Y, Gy or IHx, G)CHHy, Gy} Vx, ve(d

' by £{x, G DIy, G} or [Hv, Gy Ga); Yy, ye .
Sinee Ge@ we have [(v. GYyD T or I(y, Gy 17—, for all ¥ eXN T

Let us consider
2N Ni=lveXN 1" (v GyN 1P= Gl al .
N, =fveXN T Iy, G) DT

By using Lemma 1 we conclude that for all x, velX,, v&l{y G}; becausc
of G4 it is clear that XN NX,=&, X, UN = b O (XN )

For thie given transitive orientation of (-, onc defines

Nl=fveX,jasl(x, ()],

(22) Nim{veX, xelta, GJ)].

Sinee T, G- N. and 6, is transitively oriented, it is casy to prove that
NINXNi— @, NlUXNi=X, and

(23) Fx, GIDAE, for all xeXT

Now, (5, and G, being transitively oriented, let us define the following
orientation of the cdges of
I, Gy==1*(x, ), for all x& NFU{(X 7\ 1af).

Py, Gy==TPUTH(x, Gy), for all xe X,

Iy, Gy==IH(x, GYUAS, for all ve 7177,

I-(x, 6) = 1{x, GINJH(x, G), for all v&X.

since G,, G, are transitively oriented and T(x. YD1 or H{x, G)YNTP=0
for all y& X 77, il is casy to prove that (24) give a transitive orientation,
of G. Further, as a conscquence of (20) and (24) one obtains

IHx, GYDI(», G) or IH{x, ()CI*(y, ). for all v, ye X,

By using Theorem B it follows that (¢ is the complementary graph of an
interval graph. Theorem 4 is proved.

TH)uial,

(24)
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CARDINALITY MATCHING PROBLEM
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CORNELIVS CROFTORY, aud FULTEN MOSCOVIE]

"

1. Intreduction. Let & =(I", £} be a {inite graph. If A</ and ve |,
then the degree of w with respect to o, denoted d (v}, is the number of the
edges of .1 incident with @ (clearly, dpfr} is the degree d(v) of the vertex
in ).

A matehing of G is a set M E such that d,(v)< ! {for cach verlex
a1, Let us denote . the [amily of all matchings of the graph &, If M =
= Me then F=3AT,uEXP,, where

S"\-l‘_“ {:l DU ]

': |'!,”|"n : X l'
is the set of safurated vertices with respect to M, and

EXP,, =l vel’, d,(v)=0)

is the set of exposed vertices with respect to 1.
. A maximuon matching of (; 1s a matching M* of maximum cardinality
among all the matchings o M. A characterization of a maximum matching
was given by Berge [1] in terms of alternating paths. Using this charac-
terization, Edmonds [4] has designed an O{ F %) algorithm for deter
mining a maximum matching of a given graph & =(1, k).

An alternating path with respect to the matching M in the graph G
is a path £2=2, ¢y, @2, oy wory By Cuy Baty from @, to ©v,+,, of length #, such
that there are no two consccufive edges on P belonging to M ot 22 M
{note that all the vertices and edges are distinet). 1t e EX Py, then &y()
{0y(2)) denote the set of all vertices accesible from = by an alternating path
of cren [ odd) length. With these notations the Berge's characterization of a
maximum matching can be stated @ . M* is 4 maximum matching if and
onlyv if
(M Oy (ST,

for each vertex = LN,

The Edmonds’ ,blossom® algorithm, stariing with an arbiirary mat-
ching M, trv to find, at each stage, a vertex = WX, (M is the current
“maiching) and an alternating path I of odd length from @, 1o a vertex
1,2 EXP,,. If such a vertex does not exist then the current matching is a
maximum matching, else M —MAFE(/) is the new current matching,
having an edge more than its predecessor. One of the difficulties of the




