Lyt A NOTE ON INTERVAL GRAVPIHS b

la, BeN(G) and TP=T7(a, b, (s}, p=pla, b () defined by (6)—(8). Let
us ddenote 6, and G. the subgraphs of 6 generated by {al U(N 77) and
T, respectively and by I{x, G), {(x, Gy, Iy, (;2) the sets of the vertices
adjacent to v in G, G, and G, respectively. Tt Gy and (7, are complementary
graphs of some interval graphs, by Theorem B, we can consider transitive
orientations for ¢, and . such that

(20) al TR, GYDIH( v, G or IHx, )T {3, ()5 VX, ve (X I ulal,
by 15y, G DI (v, G or A, GAC Ty Gy) s Yy, ye 7.

Since Ge@ we have [(v, Gy T or I(x, G} Tre=gf, for all xe NN T7,

Let us consider
20 N, }\-e,\""\\'l"‘. v, Gy I"’zz@}u’.a} :
N =fveXNN T Iy, G)DTr.
By using Lemma | we conclude that for all v, val,, v¢/{y G} ; because
of Geg it is clear that \',NNX.==&, N, UN = fab U (NN T
For the given transitive orientation of G-, onc defines
Niz=fveXN,jasl{x, ()},
Ni=lveX, yelta, ()] .
Sinee J(g, G =X, and (7, 18 transitively oriented, it is casy to prove that

(22)

NIANE @ XWX X, and
(23) Fx, GYDXE, for all xsX7

Now, (&, and (;, being transitively oriented, let us define the following
orientation of the cdges of G
IHv, Y= Iy, ), Tor all xeNTUY, la}),

I (x, Gy== T 1H(x, Gy}, for all xe X,

Hix, Gy= [H(x, GYUNE, for Al xe7T7,

I=(x, )= 1(x, GNJHx, G}, for all ye X,

Since G, G, are transitively oriented and T(v. G)D 77 or I(x, )N T?=
for all veX - TP it is casy to prove that (24) give a transitive orientation,
of 6. Further, as a conscquence of (20) and (24) one obtains

Ty, G)D {3 G) or FHx, G)C IF(y, (), for all v, ve .

By using Theorem B it follows that G is the complementary graph of an
interval graph. Theorem 4 is proved.

(24)
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A .GREEDY* 0{ VFJ-ALGORITHM FOR THE MAXIMUM
CARDINALITY MATCHING PROBLEM

ny

CORNELIUS CROITORU, and JULTEN MOSCOVICI

P

1. Introduction. Let & =([, £} be a {initc graph. Il f<k and v’
then the degree of @ with respect to A, denoted d,(2), is the number of the
cdges of .1 incident with o (clearly, dy (v} is the degree d(z) of the vertex @
in ).

A matehing of G is a set M = £ such that dy(v)< 1 for cach verlex
2< 1", Let us denote M the family of all matchings of the graph . If M =
e Mo then 17 =SAT U XD, where

S.‘\.l.u '-"-'-:"(' R = l': 'I‘II(.‘} =1 {

is the set of safurated vertices with respect to M, and
l‘:X I)” =y

is the set of ey posed vertices with respect to M.

A maxinion malching of 6 is a matching M* of maximum cardinality
among all the matchings of ... A characterization of & maximum matching
was given by Berge [17in terms of alternating paths, tUsing this chariwe-
terization, Edmonds [4] has designed an O( 1 %) algorithm for deter
mining a maximum matching of a given graph G =(1", k).

An allernating path with respect to the matching M in the graph G
is a path £2=2,, ¢y, ¥a, 22y ooy ¥pe Cuy Tam from #, to v+, of length #, such
that there are no two consccutive edges on F* helonging to M or 2o M
(note that all the vertices and edges are distinet). If v =liX Py, then £y(e)
(y(2)) denote the set of all vertices accesiple from v by an alternating path
of eren | odd) length, With these notations the Berge's characterization of a
maximum matching can be stated : . M* is a maximum matching if and
only if

M Oy ()= SAT,.

for each vertex e ENDP,..

The Edmonds’ ,blossom’ algorithm, starting with an arbitrary mat-
ching M,, try to find, at each stage, a vertex e EXDP,, (M is the current
. matching) and an alternating path I of odd length from @, to a veriex
li‘ v, € EXP,,. If such a vertex does not exist then the current matching is a
 maximum matching, else M —=MAE(F) is the new current matching,
having an edge more than its predecessor. One of the difficultics of the

el i., :l,_”:'e'? '“_}_
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algorithm is the contraction of the ~blossoms” {closed odd alternating
paths). In this paper we give an algorithm for finding a maximum mat-
ching without ,.contractions™ n a veneral graph. This algorithm with a
ereedy flavour, despite its simplicity, lias also an 017 %) time complexity
in the worst-case. Furthermore, it can be used o solve some ,ordered”
versions of the maximum cardinality malching problem.

et us remark that our approach is different from that in (3.

2. A greedy maximum matching, algorithm Let & —(1", £} e a graph
of order w.

sinee the family

ge=tol el AM e My A= SATY

is 2 mabroid (5, we can outline the following greedy procedure in order
to obtain a basc for this matroid :

i. Let ¢, @, ..., ¥4 be an arbitrary ordering of 1" 1 S =

2. For i—1 to »n do g

3. if SUlsled then S =S5 {w,} endif

4. end

The oulput & is exactly SAT,,, where M is a4 maximum cardinality
matchine. Tf we want to obtain 31, and on the other hand, in order to im-

h. » - -
plement efficiently the test in line 3, we modifyv the above procedure ob-

taining :

i. Lel o, © ..., @, be an arbitrary ordering of ¥

2. M =@, SAl =g, EXP: =g, S: =g

3. For i —1 to n do

9, if 9, e8547T :

5. then S =SUie}

0. else

7 if A =0,(n)N e, n 2 \SAT)# D

S, then let @, the first vertex in 4 and /7 ihe odd alterna-
ting path from »; to v,

0. SAT 1 =SATU e, v;t, M :=MAE(D), $ =50

10, else LN P :=EXDPU v}

i, endif

12.  endif

13. end

At the end of this procedure the sets SAT and EXP are exactly the
sets of saturated vertices, respecfively exposed vertices with respect to the
final matching M, and since SAT =5, M is of maximum cardinality. These
[acts can be casily deduced from the following iwo lemmas.

Lemuma 1. f_,f Moe M. then there exists a naxonum malchiig Me
e M, such that S(M,) S0

Proof. 10 M & #y and v = M, then let us define matchy, () =« and
matehy () e

et Moe #, and M be a maximum matching. Then, My=M"U
e matehy, () v SA T, AEXP ’_m:nrh‘,_ﬂa-}mutch_‘,.(mutch_w.(:x)j: e
=8AT,,, MEXDP,.!
is a1 matching in ¢ which satisfies M,
matching) and S(M )eS(M,).

M* {hence M, is a maximum

’
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Lemma 2. L/ .]I“E_/f[v” i ;-nel]:xp ) [f o o = SAT b
Jor any M e M, such that S(M,)=S(M) ;c.(,"'}“”,‘;: w e €SA Ty, then

1, € ENPy and 0{v,) g SAT,,.

Proof. Let M, M and ¢, satisfving the hyvpothesis of the lemma.
Tet us suppose that ©, €SATy. Then, the connected component which
contains ¢, of the subgraph spanned by YL, AM in ¢ is an odd atternatine
path P with respect to M, starting from @, and finishing in an c'.\'posoa
verfex oy with respect to M, contradicting the hypothesis (Since ¢, € SAT,,
lht‘ll there exists oo =match,pq ypole,) and hence 2, very, 2, is an odd alterna-
uing path with respect to M, If v,=EXND,,, this is the odd alternating
path I’ otherwise v, € 5AT,, hence there exists 2, =matchy, oy (0,). (‘h_-arl?'
v €5AT,, = SAT,, and hence there exists @y ==match,p_y, (z;.,f-.‘S‘in(‘o M, and
ﬂ.I are matchings, it follows that o, w5, @y, U120, T, ¢ a ¢, is an odd alterna-
ting path with respect to M, If 2, €EXP,,,, this is the odd alternating
path P, otherwise we can continue the above construction and since the
vertices set |7 s finite, and all the vertices of the constructed paths are
distinct, we must finish with the odd alternating path P desired).

Now, if Oy (e )nEXDPy# @, let I an odd alternating path from «, (o
ve& EXP,. But then, the matching M, =MAE(]) satisfies S{M L yesS(M)
and v, =5AT,,, contradicting the first part of the lemma. R

The only difficulty of the procedure deseribed is the test in line 7
whose implementation must give the vertex ¢; and the path I (if thev
exist). We shall do this by performing a depth first search from o, the
current vertex scanned by the algorithin, If M is the current matching
then EXP,; contains KEXP, (the set of definitively exposed vertices) and
IS (EXPUSAT), (the set of yet-unmatched vertices). Let first {v) be the
first veriexin FN(ENXPy SAT,,) adjacent with the vertex woe1. We note
that the time spent by the algorithm to matntain first () is proportional
to d{w), using for this two stacks {or cach v, ; , '

- 1) adj-saf (2), containing an unordered list of the vertices adjacent
with #,, which are saturaied by the current matching (initially adj-sat (o)
is empty for cach #, : when, in the algorithm, a vertex @ becomes satu-
rated, then @ is added in adi-sal (i) for cach vertex v, adjacent with 1) ;

Ay adj-enp(ey), containing initially the ordered list of the vertices
adjacent with ¢ (EXPy =), Using this stack, first (&) can be obtained
by popping ad j-cx p(e) untila vertex from 17 (EXPy SAT,,) is determined
or the stack hecomes empty. In this last case, first (i) is setted on -1,

The depth first search from a vertex « can be now deseribed:

procedure H°8(z)

Lostack o P is an emply stack controlling the depth first

seavely [ best o = fivst (v) 0 [ ==te, best)
2. while /' is nonempty do
3. while adj-sat (top ol ") is nonempty do
4, Wyt top of adj-sat {top ol 1)
3. if @, 15 unvisited and 5, 15 not in 17

=

then 5
mark @, visited

-
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S. s matehyg (i)

v, siack o in f”

10. if best > first (@)

1. then

12. best o =first {w)

13, PPy best

14, endif

15, else ‘
10. pop adj-sat (top of I")
7. endif

8. end

19. © pop I

20. end

21. end DIS(n).

l.et us remark that in 27 arc introduced, during the DEFS(v), all ’ghc
veriices of &y(w). Xach vertex of SAT,, N0y (v) 15 u;;ed once for the updat;ng
ol best {when it is declared visited) and several times for the construction
of the alternating paths. Since cach stack adj-sat(vy) have at most 2M
veriices and cach vertex visited by DIFS{w) is in SA Iy, it follows that the
time spent by DEFS() is of O M 3.

[ the value of dest determined by DES(0) is not n-1, then P’ gives
ihe information nceded to modify the current matching ; indeed if P
1w, best then the augmented matching is A1y jo;matchy (e,

i, W, Way oo, k

f o haet V1 T ]

amatchy (@), ) . matehifieg), wybest? \--J‘Uf matchy(w)] .
o

We shall denote this (in the algorithm given bellow) by angment A
The greedy maximum matching algorithm can be now definitively described.

The greedy maximim matching algorithm.

Input : A graph ¢ =(I", £) given by |71 stacks adj-exp(z) (@17,

containing an ordered list ol the vertices adjacent with w;
the order @y, ta, ..., @, of 1718 arbitrarv but the same for cach

stack. . ‘
Output : M= B a maximum matching ol .

1 M =g, SAT =@, EXP=g

2. for i =1 to n do

3. adj-sat (v) 1 =&

4. end

5 for i =\ to n do

6. if vESAT

1. then

N for cach » n SAT do

Y. store the level of adj-sat (@)
10, end

(AR call DIFS{u)

12.  for cach ¢ in SA'T do

13, restore ihe level of adj-sal (v)
14. end

15. if hest <= 1
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16. then

17. SAT : =SATu (v, best}

18. augment M

19. for cach » in adj-exp (v,) do
20. stack @, In adj-sat (v}

21.  end

22.  for cach v in adj-exp (best) do
23. stack best in adj-sat (v)

24. end

23, else

26. EXP:=EXPy jv.}

27. endif

28.  endif

29. end

30. output M

31, end

The time complexity of the algorithm is determined by the time spent

by the repeated callings of DFS (v, ¢ =1, 1, which is
O(11) 022+ ... F0(¥(G)?) =0(v(G)°)
where v(G) is the cardinality of the maximum matching of G.

3. Some applications. Lct < a preorder on the vertices set V' of the
graph G —(1", E).

An = — optimal matehing in (7 is a matching M= 4. such that:
(l) Y EEXP\,_ (),\,‘(U}C.S'.I'I'".

(2) vee kNP, Vi, =, v<y,

Clearly an < - optimal matching A" is @ maximum matching (by
condition (1)}. Furthermore, if we choose an ordering ©,, ¢s, ..., ¥, of V
such that i, <v,=7 </, then the matching obtained with our greedy algorithm
is < optimal {If v, = LX Py, each vertex o, accesible from v; on an even
alternating path has 7>+, otherwisc lemma 2 would be contradicted).

Now, if we choose the preorder v, <vjend ()2 da(vy), then an < —
optimal matching is a maximum degree matching {21, which can be used
in cdge-graph colouring.

Il we choose ¢, €ved (i) <dg(v,), then an < — optimal matching,
given by our algorithm is a maximum matching with a minimum sum of
the degrees of the saturated vertices. It scems that this ordering is more
appropiate in order to increase the efficiency of our algorithm.
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