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QUASIRIGID BODIES
BY

A, RAT

. Let &€ be a three-dimensional LIuclidian point space. 7 the associa-
ted vector space and £ (@) the space of second-order tensors over @, A
motion {deformation) of a continuous body 8 is said to he homogencous
if every straight line is deformed into a straight line. In order that a defor-
mation x(X, ) relative to a reference configuration »{8) should he homoge-
neous, it Is necessary and sufficient that

(1) x — x,(0)-+F()(X —X,), detF#0,

where X, is a fixed place in #{8), x, is a function of time with values in &
and F is a function of time with values in £L{@), The equations for the
velocity field and the acceleration field of the homogencous motion (1) are

(2) X =%+ FF{x—x,), x-—x, -FF'{x—x,).

The class of homogeneous motions has an important role in mechanics
since, en one side, homogencous motions (1) generalise the rigid motions
corresponding to orthogonal F and, on the other side, homogeneous defor-
mations represent first order local approximations of smooth deformations
of continuous bodics,

Principal geometric and kincmatics propertics of homogencous mo-
tions, with some historical aspeets and literature references, can be found
in the authoritative works ‘1] and 127, Trom the point of view of the con-
tinuum dynamics, homogeneous motions arv possible only for suitable
contact forces and applied body forces, but this represents a verv important
restriction of the class of possible homogencous motions (2, 182 —185].

In this note, we propose another dynamical interpretation ef homo-
geneous motions. On the analogy of the definition of the rigid body, which
is a continuous body admitting only rigid motions, we call quasirigid body
a coentinuous body which may accomplish only homogeneous motions.
If this mechanical model is frec of any constraint {unconstrained}, then
it has 12 degrees of freedom (a general rigid body has six degrees of frecdom)
and thercfore will be included in analytical dynamics.

The position vecior of the center of mass x* and the Euler tensor E
of a quasirigid body B, both at the time 7 and with respect to x,, are given by
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=

(3) x*—x,= J[“F(t)dfp(x —Xo)dm, E-~F()( [ (X —X)@(X X )dm)F()7,
5 B

where M is the mass of B, ® denotes the tensor product and F7? is the trans-
posc of F. The rotational momentum (moment of momentum) of a quasi-
rigid body with respect te x, is given by

(4) K=E(FF ')T —FFE 4. M(x* —X,) A X,.

where A de_notcs the exterior product. Because FF represents the sum of
the stretching (rate-of-strain) tensor D and the spin tensor W, we can
rewrite the formula (4) as

(5) K=ED —DE —EW —WE = M{x* —x,}AX,.

The tensors K and W arc skew-symmetric, while I and E are symmetric.
If xo(¢) is taken as the place x* occupicd by the center of mass of 3
at the time ¢#, then (5) reduces to

(6) K*=E*D —DE* —E*W —WE*,

K* and E* being the rotational momentum and the Euler tensor of B
relative to center of mass, respectively.

Theorem 1; I'or a quasirigid body, any threeof the following four pro-
perlies of a line imply the fourth

(i) It ds a principal axis of incrtia al x* corresponding to a simple pro-
per number.

(1) It is a principal axis of sirciching associaled loan cxiveme proper
number.

(iif) J¢ is the axis of spin.

(iv) It is the axis of rotational momentum relativ fo x*.

Proof. Every principal axis of inertia at x* is a principal axis of the
tensor E* and conversely, .-

Let p be a proper vector of the tensors D and E*. Then Dp—=ip, E¥p=
=upp and from (6) it follows that K*p= —(E*-{ ul)Wp, where | is the unit
tensor. Since the tensor E*4ul is invertible (being positive-definite), the
equality (E*-ul)Wp=0 holds if and only if Wp=0.

Let us suppose now that p, is a proper vector of the tcnsors K* and
W, i.e. we have K*p,=0, Wp,=0. In this case, the relation (6) yields

(a) E*(Dp,) —D(E'p,) —W(Ep,)=0.

If p, is a unit proper vector of the tensor E*, then there is at least
one orthonormal basis {p;}. cach member of which is a proper vector of E*,
such that

3
E*_' E P-:pi®Pi: I-Ll?éilz: P~:|-
il

The representation of D relative to the basis [p;! is of the form D=D,p.®p/
D;;=D,,. Hence, and by (a), we obtain Dp, =D, p,. :

In a similar way, if p, is a unit proper vector of D, there exists an
orthonormal basis of proper vectors of D, denoted {p,}, such that
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2w .. E*=E.®p,. E =F
(M 3] ,5‘. 2pi®pi. W-- T‘ APy E¥=E;@p;. Ej=1.
holds, where %, is the least or greatest proper numb.cr of D'_ and W[ 15 the
norm of the tensor W. The relations (a) and (b} vield the svstem

V0 r ) B (WG =0, W Er 1 V20 g Eyest)

having the determinant 2z, -2} {2~ n,) = W It fellows that £,=£,,=0,
hence E*p, —E,p,. except in. the nonsignificant case when W.-0 and 7,
is a multiple proper number of N. T R

This. theorem. represents :an. extension for.the quasirigid- bodies of «
result. known for the rigid bodics 2, 45 —46,. In the.case of a rigid body,
D vanishes and the restrictive condition p,# .. @y 18 0 DOCE NCCEssary,

2. As it is well known. a rigid body in oeneral may be acted on by a
ferce system vonsisting in a resultant force @ & @ and a resultant moment
M= relative to x, at cach /. Analogously. we suppose that a svstem of
forces acting on the quasirigid body 78" consists of two parts: a resultant
force e and a generalized resultant moment M e L(@) with respect

b s . . . as
to X,, at anv time of the motion. If there is a body force density b, we have

) @ = §idm, = (x —x,)@bdm.

In order that @ and .# mayx be related to certain Kinematical quan
titics, i.c. in order to deduce thc equations of motion of -a quasirigid hody,
we shall use D’Alembert’s principle. Let us consider a smooth one-para-
meter family of mappings of the reférence configuration | «(8) onto regions
ol & o ’

(8) - x =X, {5} +F(s)(X —X,). detF#£0, s= 5..5.7,

Si_ﬁc,e s need riot be the time, such a family is called a homogencous virtual
motion, The expression ' o

o) B TORS HB) (U LlCo AT

is called wirtual velocity of a particle of the quasirigid body.

Theorem 2. .1 unconstrained guasivigid bod v obeys IV Alcibert's prin-
ciple if and onl v if relative to an inerti al frameit salisfies lic foflowing equar
tions of molion . - GRCE
(1)~ Mxo-+-MFF(x* —x) =R, M(x* —x)@x,+E(F") "F = 4.

Proof. D’Alembert’s principle asserts that the virtual power of the
applied forces and of the inertial forces is zero, which is cquivalent to the
verification of the condition

(1) § X" (b —x)dm =0
¥
for any virtual velocity x'. ) '
Bv substituing x' from (9) into (11), we obtain
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xy. § (b =—-X)dm Lir B'F J(x —%)® (b~ xjdm | =0,
¥ i

where # denotes the trace of the corresponding tensor. In view of (2)z, (3)
and (7), the preceding relation is equivalent to

%o Mx,+ MFF1{x* —x) ~R & (FF )7 M(x* X YD Ky i
CE(FT)'FT - M =0

and since x4(s), F'(s)F(s)' are arbitrary, it follows that the equality (12)
is equivalent to equations (10). :

Remarks. 1° If we chose x,(f) to coincide to x*, then the motions of a
quasirigid body arc governed by the system of differential equations

(10" Mx*—@, E*(F') ¥V %,

M* heing the generalized resultant moment with respect to x¥,

2% In the case of a uniform field beconst. the equations of motion
(10) and (10°) come to X,==h, F=0 and x*=b, F=0, respectively. One
obtains, in this way, the same result as for a homogeneous simple body
subject to a homogencous deformation history from a homogencous refe-
rence (2, 182183 .

3" In order to determine the motion of a quasirigid bodv to the equa-
tions of motion (10}, we must add the initial conditions:

(h X(to) =X, X({fo) =Vo, Fity) =Fo, Fli)=:Fo, detFo0.

£ Also, the equations of motions of a constrained quasirigid body
may be deduced from 1VAlembert's principle in a standard way.

5° The idea of considering the quasirigid body model has been sugges-
ted by Harley Cohen’s paper 3. \We had not access to this paper, but only
to a short author’s summary (MR 83 c:70003), where it is pointed out
that he generalizes the equations of motion of a rigid body with a fixed
point to bodies undergoing homogeneous deformation with a fixed point.
This is obtained by a generalization of Fuler's second law (the principle
of balance of rotational momentum).

(12)
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A BORFEL : Ocurres — Collected Paperz, Volume 1 1948-1838, Volume 2:
19591968, Volume 3 : 19391982 Springer-Verlag, Berlin, Heidelbery, New York,
Tokyo, 1983, XVI 42226 p, § 13510

Areste trer volume coatin arti-olele publicate de A, Borel singur sau in co-
laborare intre anli 1948 si 1982, Nu sint incluse artizolele expozitive de mai mare
Intindere publicate in Semisarul Bourbdgki sau in Lefture Notes in Mathematios.
Se gases: astfel puse la vz oo rezultatele corcetaritor unuia dia oel mai mard
matematicieni, cersetari care au umpulsionat st jatenat dezvoltarea geometrien
diferentiale, topologiel si geometrici alpgebrice peste 30 de ani. Majoritatea arti-
colelor sint reproduse prin fotoropiere. Corecturile ce au fost necesare s-au dat
intr-un paragraf final. Volumul ! se desthide cu un Jourriculum vitaer al auto-
rului. In fiaalul velwmului I se di o lista completd a lucrariler lui A, Borel
Publicarea acestor volume constituie o contributie remarcabild la dezvoltarea
matematizii

M. Anastasiei

\ 5. KECHRIS, D, A. MARTIN and Y, N. MISKEVAKILS (Editors) s Pro-
ceedings, Caltech-U'CLA Logic Seminar 1979—1981, lLecture Notes in Mathematics,
;0;:.5 1019, Springer-Verlag, Beslhin, Heideiberg, New York, Tokvo, 1983, V4284 p.,

Volumul contine lucrar prezentaie, in cadrul Seminarului de logiva de la
UCLA, in perioada 1979—198i. Dintre problemele zercetate mentionam : Masuri
supercompicte pe Pe()), rezultate privind teorta Wadge asupra multimilor Borel,
introdurere in Q-teocie si problemele axate pe diferite aspecte ale Szale-teoriet.
In partea finald, sint prezentate unele probleme des-hise, probleme interesaate
sugerate de studiul efectuat in cadrul mentionat mai sus,

. OGlga Costinescu

STEPHEN MC ADAM : Asymplotiz Prime Divisors, Lecture Notes in Mathe-
matics, vol. 1023, Spripger-Verlag, Berlin, Heidelberg, New York, ‘Tokvo, 1983
IX+118 p, LS § 7.70 '

In azeastd monografie, aulorn] prezinta in detaliy comportarea lui Ass {(R/10),
pentru n mare, in cazul unu inel comutativ noctherian R st a unwi ideal 1 al Jui R,
Dacd 1” noteazd inchiderea intreasd o hui I sirul Ass (RN, n=1,2,3, .. uneort
se stabilizeazd. Autorul da unele conditii peptru stabilizarea acestuy sir, ca si
conditii de stabilitate asimptotici peatru siruri de elemente, Lestura monografiei
prezentate neresitd numai cunostinge clastee de teoma inelelor romutative, astfel
mmt.t %oate fi fasutd de un absolvent al cursurilor de algebrd din primii dot ani
de studie

Wirela Stefdanescu



