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A LAGRANGIAN THEORY OF RELATIVITY. 11V
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RADU MIRON

IIL Invariant form of Einstein’s Equations. The canonical form of the
metric of a generalized Lagrange space M® and the local pseudo-orthogonal
frames with respect to which one realizes the canonical form lead to the
invariance group of the metric. Using these frames, we can obtain the inva-
riant components of the geometrical objects of the space M*. The cquations
of the motion of the pscudo-orthogonal frames and their futegrability con-
ditions give the fundamental ¢ juations of M™ and of course the canonical
form of Einstein’s Equations.

§ 1. The invariance group of the metric of a generalized Lagrange
space. In every point (v, v) = '{U)C TM we consider the quadratic dif-
ferential form &=g,(x, ¥) dx'dy’, associated to the generalized Lagrange
spiace M'=(M, gi;{v, 3}). Then & has a global character on the tangent bun-
Jle TM.

Supposing that & has the canonical {form

(1.1) B (@) 4 o LB (@Y — L — (87

we denote by a', b', ... indices with the values {, ..., p
with the values p-+!, .., n and by a, B, .., 1, ., 00
We use, in the sequel, the Vrdnceanu symbols [66] :

e

; by 2", b, ... indices

5, , fo1 a=a', b=0"

(1.2) Cas= 0 , for a=a’', b=:b" or a=a", h=b'
=8, fOr a=a', b=b'\

If ¢® are given by

(1.3) £ant i =3,

then the canonical form (1.1) can be written:

(1.1)" & = £5,37@

Let @=({x, 3} 1 ¢f) be the local frames in which the canonical form
{1.1)* holds. It results:

(L.4) guehel= e,

le. @ is a pseudo-orthogonal local frame. Denoting by @*= ({x, »); &)}
the dual of @ we get :

¥) The first part of {his paper Las been publishied in the same journal, f. 2 of
T. XXXIL
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(1.5) aa=28, (=c=4))
and the pseudo-orthogonality of 2% is expressed by:
(1.4)" e =g"efe}.
It follows from (1.4) and (1.4)" :
(1.6) Bu=careie], g7 =ccle], e, =g,

The transformations of the local pseudo-orthogonal frames 2—2 are
given by

(1.7) ei=clef , det | (x, v) j#0

and the transformations @*—@* are given by

(1.7y e=cgel, det | 8 (x, y) | £0.
Then

(1.8) de=8t, =3,

But (1.7) or (1.7)" are the transformations of the pseudoorthogonal
frames. This means :

(1.9) Eab?:%_scd- EﬂbC:Cg—‘E 5“,
which imply :
(1.18)

Consequently, we have :

Theorem 1.1, The transformations of the pseudo-orthogonal  frames
R—R, which prescrve the canonical Jorm (1.7) of the metric g.(x, ¥), together
with the product of transformations is a group, isomorphic {o the myultipli-
cative group of the pseudo-orthogonal matrix : | @ |, (1.9).

We use the pseudo-orthogonal frames @ — {{x, ¥} ; ¢) in order to re-
present the geometrical objects of the gencralized Lagrange space M* by
their invariant components in 2.

A distinguished tensor field 7!} (v, 1} is represented in 2 by its
invariant components :

p==gy.c5e"".

Ty .00l L T R PR ar f i
Tz, V=T 05 e et i

Indeed, for a transformation (1.1), I, T3 h(x, ) are not changed. Conver-
sely, when 7% "3/(x, v} are given, the components 73,7, (v, &) arc uni;juely
determined by :

r i1

T, Yy=Tae e o

For example, from (1.6) we sec that the Invariant components of the
fundamental tensor g,,(x, Y) are g, and those of g''(x, v) are €®. A transfor-
mation (1.7), 2—~R, has as cffect the transformation of the invariant com-
ponents by the law:

NC © RELATIVITY (1)
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i S A b Ll A -
For example f_].q;' hSl\:ﬁ\\ ”‘]-é tranrsfn_mmti(m.1a.ll\lr of the invariant com-
onents g, of the fundamental tensor field g (v, v). .
' let {3 be a fixed non-linear connuliop on the tdng_c'ntt"blun((liiie-trﬁj.-u-
and -ISdI.FS.t’., ?__-@_1.-(-‘ L be the local adapted basis to the h(_)r.lfon a ; "
t' v and to the vertical distribution l',_rcnpca‘ti\'cl_\_. I'he vector ficlds
‘{lsojr;t' 2,-'&\"_ there are represented in @ in thc“fnrm.
' 3 ;B ¢
(1.11) v B

2 L L
“Sv ' et &y ) |

s [de, By s distributions N and V' 1s
The dual adapted basis {di', 8v|to the dis

represented in @ by

(r.aty : . i

So that for a transformation (1.7) we have

) 30 A ]
I ds" =} ds®, 8q% =380,

i g A% .4
dste=ctdxt. 36" =3,

-~ ol -,
(1.12) | K SLIN.
35" 35" d6® Fo

non- 010“01“ VO il.(_l 11 '6 0 t OnN-N010T 10MIC CoO0T !1ate
rhe h -'f e t.b I( t hf.,- 5

(s*, 6") In = YUY TM are defined by

H 1 ek ael
AT Syl e ] et B
(113) AR ¥ YO ca’ (o

obev the transformation

R 1 ]
To a transformation @—®@ (1.7), (1.9} @i, 5
laws :

|
|

Bt . ¥
e e =wid — | 1
wblc.cb [ beler 8.\' 85”
L =2 ' ) €ch 56?) .
A L _ ety i :
W epe el e
gy ca éa’
not d-tensor ficlds on M.

it means Hhat o A antions f the pseudo-orthogonal frames 2. Let us

§ 2. The motion equations o e o
| A Y A L2 » Lagrange conticction which 1s metrica
ider LI{N)y=(L%, C%), the Lagrang o which s metnc
(\:\?ilzl?dr?spcct (to)s.f,-((_\‘il.\'), Jh;l\'ing k- and v- given torsions, expr
the Theorem 22, 1:

=8 i . ; o o
Ii‘ﬁ—l‘}r +—g"(gﬂ.1";k—g;hl e T8 ! ;r),
AN

(2.1)

0 ' . . -l o -.h
C}e:C:-k —’rlg"(gm-" n”‘ —g1n5hrt Ty ;x-),
2

O H - T ", wEl .
where C‘I:‘(A\c‘i) is the N-canonical connection {cf. “-K(-)t]unfiii(l-l:; I)r‘l(“== o
The - and v- covariant derivatives of the vector S ¢y ,

a. v faalele . 1]1 '
f the frames @, with respect to LT(N), are d-tensor ficlds of type (1,1)
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They are represented in @ by their invariant components : . . . . .
(2.2) . . ‘ in which R%,., D%, and Cj. arc the invariant componenis of the d-tensor
. R © | Y il . . o
oL Ab ggie, bt . . . . ; ' e
The 1 R ficlds K7y, 'y and Ciy, torsions of the d-conncction LI(N).
1e last equations give fhe motion cquations < . . . = . .
frames 2 on the coordinate néi‘,m,f)‘;rli ()1{;:]”“{’1‘(5[9; illheypf}cu%p-mthOgonal [he tensorial character of Ry or £6%er and 8,9, can be proved by a
frames @% the motion cjuations are or the dual str_mghtfon\ ard computation. In the following paragraph we W ill prove
{his character in another way.
(2.2)' tpee — L3 e, & A'—"'E'z'.cfi'e’i- Pulting 1%, and 5% a8 {he invariant components of the torsons
s . Q
Then Loty Lo A et T o ller . . (oQr 4N we have a first i . -
hen Ly, V), Ciofy, v) will be called the invariunt components of d-connee. o ST of FT{N), e have a first impurtant esult: .

Theorem 2.1, Befween the fuvariani {orsivd LCHSOrs T S of lhe

O
{neariant form LT and the torsion lensors Ty, S' of the d-comnection LI(N)
there cxists the relations

. - 0_ - H LA
tion LI(N), (2.1) at;d LI#==(Lg,, Ct) will be called the invariant form of
the connection LT'(N).
From (2.2) we get: :
a 8¢} P e
(27)) ng_' [8\,{ T L:lﬁi) B:L’T, C;c— (
Proposition 2.1. 1Vith respect to a fransformalion BB given by

(1.7) the ineariant components iz (e oo , crtgond ] -
transformation law poncnts L, Clo of the  d-coucction  LT(N) obey the

i f

£ i
AL J';-[
(v

e _..” AT ‘n . a
e (2.7) e e, 50"
[l ) ' - —
: Indeed, (1.13), (2.3) and (2.5) have as conscquence (2.7}.
Lol us denole by Rl e and 8,4, the invariant com sonenls of
o [ 1
Q

{he curvature tensor ficlds Ry, 14 and Sy of the connection LT{N).
In the next paragraph we prove ¢imilat cqualitics to (2.7) for the curvatures.
§ 3. The algorithm of - and v-invariant derivatives. 1hc invariant

e a
Lgxtncg'f:;'_(:][z;'c“‘ S'Lb s o . . . 8 .
(2.4) 3s® form L™= (L3, ‘f.jc) of the d-connection LI (V) allows 1o define F- and w-
- . o invariunt derivatives for the tensor ficlds given by their un;'aru'mt compo-
CE o omcti=c Cry— <, nents in the pscudo-orlhogonal frames 2. For cxample, if K¢ {x,y}isa
(s {ensor field, we introducce its e and p- invariant derivatives, respectively, by

i g ,'. L4 . .
Proposition 2.2. 1%, and S%,,, given by Ky, = 3KG +ii} ch—-i-g I
rcT B l’ 34 € ]
2.5 e '___,_.x £, = - * .4 i 3s°
( ) 1 flﬂ'"L!:c Lr}b 'wgc’ ‘bdbc";cg«.'—cgb““‘vubc | (‘; ])
. . = Tt =
are d-invartant fensor fields. Ry e o - e K- CRRG
¢a’

Indeed, (1.14) and (2.4) show that 17, and .f;"‘bc have a transformation

» bes Sabe ¢ an }1 etric in the

But this rule is general, for an arbifrary tensor ficld.

I'his definition is satisfactory, because we have:

Proposition 3.1. K¢, . and Ki;, @/ the invariant componenls of
fhe covariant derivatives Kije and Kile: '

We define the invariant curvature tensor ficlds of LT(Y) by : (3.2) K, =K§ e K3 =Ki; eldies
. i r k] 1) L 3 e
L4 *
. SLe 310, x, s On O Indeed, { Kl—Koeiet applying the k- and o- covariant derivativ
e se _OLba 3/ 1 PRI . deed, from Aj vieseh, applying the 4-and v fant de es
b L4 Lja—LjaL5.—Lwla +C5s R ca, and faking into account (2.2),1(2.2)' and {3.1) we get (3.2).

8s¢ Bs¢ .
Proposition 3.2. The Srwariant com ponents €4 of the fundamental
"4 s, e Es L. . . tensor o, (v, 8) of Ihe generalized Lagrange space M have the propertics .
= . e —( a _J& s ' - ;
+L5Lha—Clalje L3 Cly+C4L. Cgf-pfcd ‘}‘LSIC (3.3) ot = Sup ! =0

Corollary 3.1. The invariant componcnis I’.”;‘, 6‘3. of the d-connection

» L)
o o
< a cC%; - cC%a

2ot 30° T(N) verify the equalions:

. "f .a i‘j L3 .
T(’btcjd'_cbd(/?c_(;gjvzd,

» - *
i £ [ J— - 1 TN 1
(3‘1) EudL' ¢ 'u ‘J.ndLu-.— 0, ‘au!f- be '."'-MC as ™ 0.
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The equations (3.4) show that some i;c, -;, vanish,
In the following, we consider the brackets :

[ a SJ 5 3 & 3
— — = —_— = _Z -, etc.
st 3¢ 8s? 85 85" 3%

Proposition 3.3. These brackets satsfy-

s s o
[::’ ?T]z“’gd = R, =
(3.5) a5 48 as co
' . D TR é & F
= 2 (Ce, (LA P ) — | =, =t =
P 85‘”] (Cla—Ca) 5o —hs P [60" ;m'] ? 4o

The proof is a straightforward computation. Also, we have :

Theorem 3.1. T'he Ricei formulas or the h- and v- invariant deriva-
tves are givem by

» -
i - @ 4 -
Ag-rd _I\;n d, czR;rdhb'_Rb rdKaf_RfedK;: 1= chckg,f.
L] »
(3‘6) bea—KE g, c=Pf"chi;—Pbchh;' - Cdes,f*' P’caK;.'f,
"6 >q & a i & £ ) i &
b era—RKEa . S edhb_Sb :dhf —57 K5 1

These formulas are written for a tensor field K%(x, v)
character.

Theorem 3.2. The invariant curvature tensor ficlds have the properties

. but they have a general

(3 7) eafkbfcd +€beﬂfﬂt_'—0;

- " -
- ! 3 f e - b -
2ar P2 ca e Pyl =0, Sar Sy eq ErpSs =0

In this theory a very important result is the following :

Theorem 3.3. Befween the tensors l'é’b"c.,, I"b"ca, 5},”,4 and RSz Pl
Su"ea the following the relations hold : '

(3'8) [‘)bncd’ '_'Ifbu o I)&(‘rd 2 I)bntd: ‘S‘bard —Sbard-

Proof. By the first integrability conditions of the system (2.2) w
have o ‘ . R .. o
calis i _:[rl'hfa‘,r ~ N enealy {Rnfbd_rngl‘wcd --L",,,["b,,.j_w‘ﬂ’gef, i
or o8
. = L] » » - »
€{ffggf;[\’r'm : L{arﬂbd' ria 1\"’,,,,_- Rafm CiyRFM-‘I—'iﬂ' 17

Using (2.7) and the invariant components of the curvature tensor R/fawe of
tain the first relation (3.8), etc.

£

pa——
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Theorem 3.4. The integrabilily conditions of the '4"3“07; ;quat»z;ms
do-¢ o5 1 Y (3.8) wnd by the h- and ©-
(2.2) of the ps,--mio—ortl;ogonul f;’t”!!(;‘(@s’t;f(’ given by (3.8) und by the
) Y ] v g 2 of (Day) )
pariant derivatives of any order of (2.5 _ N , .
10T § 4. Invariant form of Einstein’s equations. It is our goal too!\]\el;:i;
Einstein’s e juations in an invariant {form, using their invariant comp .

with respect to the pscudo-orthogonal frames 2.

Let Ll"(.\o") be the d-connection (2.1) and LT*=(L3., C3.) 'it:j. invariant
form with respect to ®@. From the theorems 2.1 and 3.3 it follows :

- £

’I‘abc=’[nhc- _‘3‘“0‘:---5‘“‘".
(4.1) - . “
Ruaca—'Raacd, I)bacd_'Pbacdn "’oacd=soacd-
1 2 , .
In the frames @ the Ricci tensors Ry, Py, Py and Sy are given by their
invariant components :

1 2 .
(4 2) Rbc—l‘)b‘cu- Pbc=pbacan Pbr:= Pbﬂac: Sbr=sa o
and the scalar curvatures Eand S:
{4 3) R=¢"R,, S=¢"S,.
We put : .

2 - » » . - o .S =.S‘ o )
R, = Ry car Poo=P, Poe=Placs Spe=3p car )
Proposition“t.l. The invariant components of the Ricei tensors have

the properties :

1 2

. 1 . 2 .

kbeszc- Po.= Py, Poe= Py, Soe=S5sc,

(4.4)

»

;{: R= E“b 'na, 5‘—5‘:—'—- sabs.‘ab.

Theorem 4.1. Einstein's equations, with respect to the d-connection

(2.1) have in the psendo-orthogonal frames R the invariant form :

1
. 1 . 3
}!‘)nb_‘ “1‘ (R +S) tav=%Tar, Par=2Tay,
2
{4.5)

» 1 - ) 2 z ‘
Snb“" — (S +R) subzy-]ah Pab"—: _Zraa»

2

; ¥ I y
where 1oy, ... are the invariant form of the components of energy-momentum

tensor fields T, ..., respectively. ‘ ) o o )
\:{'e{sav ‘tjlmt (4.5% is the canonical form of Einstein’s equations, with
. o

respect to the d-comnection LI(N), (2.1). N
pecCoi"(c;llalr(;' 4.1, The Einstein equations for the vacuum have the invariant
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.

We are interested in the fnvarianl form of the conservation law, To e
this purposc we remark: -
1 1 2 2
. L] [} S - » - * e
Riy=e% Ry, §%=e"5,, Ply=e™ P, Ply="P,,. 2>

Using the Theorems 5.2, IT and 4.1 we get:
Theorem 4.2, The invariant form of the conservation law 1s:

1

. 27,
- ] = i - . 1 &+ o .
(i (3] im0, [ (R$pa]iam i amo.

28

Theorczn 4.3, The divergence of the cncrgy, momenhunm has the inva- . 29

: 4 ¥ -

riail jorm 13, a+ 18 a=0, T3, +152=0. 30
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VECTOR BUNDLES. EINSTEIN EQUATIONS

ny
MIHAL ANASTASIEL

In the last years a Finslerian theory of relativity was built from various
standpoints [2], [4], 7). Recently, R. Miron has completed a more
eneralized version of this theory, which was called a Lagrangian theory
of relativity in [6]. Some physical aspects of this theory were considered
by S. Ikeda in [3]. His considerations show that the geometry of the
total space of a vector bundle is useful from a physical viewpoint.

In this paper the Einstein equations and the conservation law on the
fotal space of a vector bundle are written. If the vector bundle is just the
tangent bundle to the base manifold we recover the glnstqm equations
established by R. M iron in [6]as well as a new kind of Einstein’s equations
whose physical meaning remains to be found. If the vector bundle has 1-
Jimensional fibres, we obtain a geometrical framework for an unitary pro-
jective theory. _ )

The author is indebted to Prof. Radu Miron who suggested him
the subject of this work.-

1. Vector bundles. Let E=(E, p, M), p: E—M, be a vector bundle
of paracompact base M and finite dimensional type fibre F. We set 5=
—dim M and m=dim F. Let us denote by (x*, 1°) the local coordinates on
s (Uyc E, where U< M. In what follows we use 7,4,k k.. =1,2, ... 0

and a, b, ¢, ... = 1,2, ..., 9. ) ' )
The law of transformation of the local coordinates is the following :

{1.1) W=at(at, ., ¥, W e=ST(RY, L A7) 80

If the vector bundle is endowed with a nonlinear ¢ onnection, then, for every
wel, we have T E=H,E®V.E, where V LE is the vertical part an.d|H..tE
is the horizontal part. A basis of T.E adapted to this decompositin is
(8;, &), where §,=&,—N(x, ) &. Here (N4(x, »)) are the local coefficients
of the nonlinear connection and &; and &, stand for o/éx* and ¢fdy°, respec-
tively. The basis dual to it is (4¥', 3)%), where 337 =dx® +Nodat.
Definition 1.1. A linear connection D on the manifold E is said to be @
~conicction if it preserves by parallel displacement the horizontal distribution
w— H, E and vertical distribution u—1 E.
Ii we set:

{DB*S;:_FEK'("’! .T) 3” I)a,\ab ':Lgk (‘.» .l") ?a!

1.2) D, 8,=Mia(x, 3) 8, Dyde=Ciix, ).
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