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VECTOR BUNDLES. EINSTEIN EQUATIONS

ny
MIHAL ANASTASIE!L

In the last vears a Finslerian theory of relativity was built from various
standpoints [2], [43, (7} Recently, R, Miron has completed a more
eneralized version of this theory, which was called a Lagrangian theory
of relativity in [6]. Some physical aspects of this theory were considered
bv S. Ikeda in [3]. lis considerations show that the geometry of the
total space of a vector bundle is useful from a physical viewpoint.

In this paper the Einstein cquations and the conservation law on the
fotal space of a vector bundle are written. If the vector bundle is just the
tangent bundle to the base manifold we recover the Einstein equations
established by R. Miron in [6]aswellasanew kind of Einstein’s equations
whose physical meaning remains to be found. If the vector bundle has 1-
dimensional fibres, we obtain a geometrical framework for an unitary pro-
jective theory. ) _

The author is indebted to Prof. Radu Miron who suggested him
the subject of this work.-

1. Vector bundles. Let Z=(E,p, M), p: E=M, be a vector bundle
of paracompact base M and finite dimensional type fibre F. We set =
—dim M and m=dim F. Tet us denote by (¥, 17} the local coordinates on
pH{U) < E, where U< M. In what follows we¢ use 4,7, 0 A =1,2,...98

and o, 0, ¢, ... = 1,2, ..., m. ) ) ]
The law of transformation of the local coordinates is the following :

{1.1) A=A, o, 8, YTe=ST( L a) 0

If the vector bundle is endowed with a nonlinear c onnection, then, for every
wel, we have 1,E=H,E®V,E, where V,E is the \'ert}cal part an_d'H..gE
is the horizontal part. A basis of T.E adapted to this decompositin is
(8, &), where §;=&;—Ni(x, ) &. Here (Ni(x, 1)) are the lOC:ll coefficients
of the nonlinear conneclion and &, and &, stand for ofex' and 5:!3 »9, respec-
ively. The basis dual to it is (d¥', 3}, where §)"=da® +E\";‘_dx‘.'
Definition 1.1. A linear conncction D on the manifold E is said to be @
sconnection 1f il prescruves by parallel displacement the horizontal distribution
~HE and vertical distribution u—VE.
If we set:

Da3i=Fis(v. ) & Dade=Ls (3, 1) i,
Dagsi"""-‘[;':(xn }) 3, Dacab*c;o(x: .-V)aa»

1.2)

= Matematicu
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then Fi (x, v) and L§ (v, ¥} change like the local coefficients of a connection
on M, respectively on &, and M (x, ¥), Ci.(x, ¥) are tensor fields on E
A d-connection is completely determined by FI'==(F},, L{, M3a, C5.). (See
alse [5]).

There exist «-connections on E. For instance, if Fj.(x) are the loca]
coefficients of a lincar connection on Al (there exists such a connection
because M is paracompact), then (F!. (x), 8,N?, 0, 0) is a d-conncction
on .

A pair of linear connections on M and & defines a d-connection on E,
Indeed, if Lj,(x) are the local coefficients of a linear connection on &, then
Ne(x, y)=1IL}5(x) ¥* are the local coefficients of a nonlinear connection
on £ and (FiJx), Liy(x), 0, 0) is a d-conneclion.

A d-connection I'T" is called a Berwald connection if

L3==a,Ni(x, v), M(x, v)=0.

The d-connections showed above are Berwald connections.

We shall denote by | and | the /- and v-covariant derivative, respec-
tively, associated to the d-connection D.

The Ricci identities introduce five torsions :

) ) ) 3 .
f:"k":'l'}k'“F}s. Ri=8&NT—8,N%, Py= c‘o«\}—f-?;,
2

P.?Dzﬁ'[.::bl

and six curvatures :

(1.3)

a __ a4 0
se=Cle—Cle,

ij-‘—"sn "j‘I; +I:jlk1:§h Rk '-”}a]\)':n.
Rg‘.hz SRL?DL' +LS;_I.§A""‘JI\' : ;i +Cg,—_ R:p“

1
2 N a T
Pukc- "Ocl’zk" CEf;k ’I"CM Pﬁm
2 H .
. R . ‘ "
Plio= C"cF;x'—'i‘I;‘c!k o -‘Uja Py,

.11:;,,;:3‘,1”;,, +l‘1;‘lb."rf;umb : (', :':
{ Sgrd:ingc '}'C;,:C‘:,g—f d

for a d-connection FI'. Here and in the following - /% | # means the subs
traction of the previous teims after having changed the indices one
another one. '3
2. Metrical structures on E. Metr ca’ d-connections,” A metrical stru
ture on I is a tensor ficld G on E of type (0, 2), svmmetric and nondege
nerate. If such a metrical structure G is given, then there exists a canonic
nonlincar conneclion on % defined by the orthogonal distribution to &
vertical distribution with respect to . In what follows we shall refer 0
to this nonlinear connection. 1t is obvious that, with respect to the adapt
frame to this nonlinear connection, G can he written as follows :

(2.1) G=zi (v, Vydr@dx! Hl,(x, v) 319@384°
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Definition 2.1. A d-comiection on L is said to be metrical if
(2-2) _1,'uu.==0. g:;!u'--'- 0, hab;k: 0, hgte=0,
hold.

=] o o =] =]
t i o i agi ]
There exist metrical d-connections. Indn_:cd, i FU=(Fj, L, :'Uja, 2
is any d-connection on E, then the d-conncction whose local coefficients are
given below is metrical.

T
R d iy s
w=FhF '2-.' &nkis

3 l
LgI:—I-g} i ‘ihachgcb'fn

(2.3) i oy
.ﬁf}b-—' M;,+ Eg”‘gm‘ib

] i
] Cgc_ gc+-ihu¢hdh‘|’v

where ; and | denotes the k- and w-covariant derivative, respectively,

associted to FT. o
The formulas (2.3) can be thought of as a process of metrization of
anv d-connection. This process will be called Kawaguchi metrization.
" \Ve say that a d-conncction is h-p-metrical with respect to G given
by (2.1), if éf,-m._=0 and hgl.=0. We remmjk_tlmt there exist k-v-metrical
connections which are not metrical. Indeed, it s casy to check that the follo-
wing Berwald connection

~i ki [ . .
fhy=-x ":.&gh,- 0,8 Sugin)

-

12=2,\9
.ﬁ}bﬂ 0

| o= % 199Dy +Boltar— Dl

is f-v-metrical but it is not metrical. ‘ ' - )
Theorem 2.1, If fwo skcw-s_\'n;mcinml tensor ficlds T and Sy, are

given, then there exisis an unique  Berwald connection wlm{: 15 h-v metric

and has h{hi)- and a(vv)-lorsions the tensor fields Ty and S, respectivel y.

Its local cocfficients are as follows:

A’::L —Fi -+ . M (@ Tl The H2ae Th)
Aa
(2.5) ‘ P8\
1t,=0
Cao=CE, +% 39 S5o—oeSTe heeSta)-
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Proof. All Berwald conneclions have {he form (Fi 41t &N 0,
Ci.--73.), where 1!, and %}, are arbitrary tensor fields. Imposing that such
a connection be  A-v metrical and its h{ih)-and w(er) -- torsions to be
just T and S, respectively, one obtains that <4 and %, are uniquely
determined and thev have the expressions from (2.5), q.e.d.

Theorem 2.2. There exists an wunigue melrical d-connection with h{lh)-
and vlvv)-torsions T, and S5, prescribed obiained by Kawaguchi mclrization
of a h-v metrical Berwald connection. Its local cocfficients are as follows :

e
(YL Jp— )
Fy=Fj

ny d - P oG 4
Ly=2uNi+ 3 1 [8xgpe— (0N D) ke — (8N har ]
(2.6) <

Miy= = £"0sg

M

a e
be™ e

Proof. By the Kawaguchi metrization of the unique Berwald k-¢
metrical conneclion given by (2.5) one obtains (2.6), q.e.d.

3. Einstein equations on E. Let £ be the total space of the vector
bundle (I, p, M). Suppose that X is furnished with a metrical structure G
and denote by [ the metrical d-connection having k{hh)-and @(vv)-torsions
prescribed, given locally by (2.6).

We associate to D the following Einstein equation

(3.1) Ric (D)~ (1/2) RG==2T,

where Ric (D) and Rdenote the Riecl tensor and the scalar curvature of D,
respectively, = is a constant and T is a tensor ficld of type (0,2) called the
energy-momenium tensor.

Remark 3.7. The tensor field from the left hand of ihe eq. (3.1)
is not symmetric nor free divergence since I has torsion.

To express {3.1) by using the curvature of the J/-connection I3, let
us put A,={3,, d.}.
Then we have:

(3.2) Dy Xy=T%X,, 8,0 8., = 7,2, ., n-bm,
(3.3) Ti, =T%, —~T% -1V, where [X,, Xp]=WiY,
(3.9) R, =N, 03, T8 —y | 8 +TE, 11,
{3.5) Rie (D)= Rg,==Rin,

(3.6) R==G*R,,,

and the ¢q. {(3.1) becomes :

(“17) ltxﬁ—' %RGJ.';:}’.T:;

-~
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It results that it is cquivalent to the following equations

2
!".II § % (]c —I_‘q) gU"' V'T-"r ]'(ll' -ZTHI" [)fd= '_:"'-Tfrl
(3.8)

S G

Sop— -;—(R L8) hap==uTgs, where : Pyyes Pl

1 1
RI‘).'_'st."J IJﬂi__Pn';’br b‘db‘:‘s:“lwl R--;gURij- b;jt'absab'

All tensor fields from (3.8) arc distingueshed tensor fields on L 1.c.
in their laws of transformatious te a chapge of local coordinates 37 does
not appear explicitely.

The conservation law Dy (R —(1/2) R33) =0, where RE=—=G"Ry3 can be
written as follows :

1
[’3‘ = ;'U\‘ +5) SJJ +1j1.=0,
(3.9) 1 o
[53 (1 15) sz]',,—-P;IFo,
where Rj==g""Ry,,
1 1 2 2
St=g"S ., Pi=g" Py, Vi=g" Py

Generally, the eqs. (3.9) arc not identically satisfied; so it appears
{hat the cnergy-momentum tensor is now conservatif. )

Definition 3.1. The egs. (3.5) will be called the Einstein cqutatioiis on
the total space E of the vector bundle &.

4. Some particular cases. a) Let us take £==(7M, x, M), where M
is a generalized Lagrange space i.e. M=(M", g,(x, v)) {ef. RO Miron [6]).
1{ some additional conditions on g,(x, 3) are {ullfiled {scc R. Miron
167) then g (x, v) determines an unique nonlinear connection on (M,
=, M), Let (Ni(y, ) be its local coefficients, ik ee=1,2, n,
and Iet (3,, 6,) be the frame adapted to it The following Riemannian metric
on TM appears as natural:

(4.1) G=gylx, ¥) dv@dx Lg,(x, ¥) 3y®8), where
Syl=dy! - Nidx'.

As in the general case, a linear d-connection on TM is completcly
determined by a set of functions on 7'M, let say

FP'=(Fi, Ly, Mi, Clo).
Let J be the natural almost tangent structure on TAM ie.
J(8)=2ay J(@)=0.

] Definition 4.1. A linear d-comnection D on TM is said to be normal
if D J-=0.
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It is casy to sce that a normal lincar d-conncction is characterized by
Li=F}, and M}, ==C};, so a normal lincar d-connection is completely deter-
mined by FI'=(Fj, C}), where Fi, and Ci; have the laws of transforma-
tion like a linear connection and a tensor on I, respectively, i the local
coordinates arc changed. '

Theorem 4.1. Givent lwo skew-symmetvical tensor fields T, and S,
there exists an unique metrical normal linear d-connection en TM which has
TS and S as h(hie)-and  w(vo)-torsions, respectivel v, Its local cocfficicnts are
as follows :

o) 1 3 1 r Ay 1 r
Ele= Eg“(sjg“ +8ign— gt Sae L k=80 Thn v8he Tn),
(4.2) 1
Ch= Eg”‘(afgm.- T0x8ns— Enar TEneSTe— L5 Shr FLShH)

\

Proof. Taking any lincar d-connection FT=(F}%, €%} and imposing

the conditions g.,=0, gyli=0, Fj,—Fl;=T} and Ch—C},=Si, one
gets that Fj, and C3; are uniquely determined as in (4.2), q.e.d.

_ Einstein equations associated to the metrical, normal, linear d-con-
nection given by the Theorem 4.1 are just the Einstein equations obtained
by R. Miron in [6].

b} Prescrving the hypothesis from a) we only change the metric
G as follows :

(4.3) G=gy(x, y) dx'Qdx'—g;(x, ¥) 3¥' @38y

This G is nondegencrate but it is nondefinite. However, the Theorem 4.1
is still true. The Einstein equations associated to the metrical, normal,
linear d-connection staled by it, written with respect to the adapted frame
(3:, 8;) are as follows :

i 1
l Ry— - (R—S) gu=xTy, Sy—= (R"“S) gu=7’-T(nu)
(4.4) 2 2

1 2
PU-_KTH_U, PUZ —"‘/..T((j)

Where R;}=R?jh RﬂguRu,

Sy=8%:, S=g'’S,; and in the right hand appear the components of
the energy-momentum tensor with respect to the adapted frame.

Remark 4.1. The eqs. (4.4) could be also interesting for physicists
because G is nondefinite. Its signature is allways (i, n).

Remark 4.2. Setting P{(8,)==—38;, P(¢;)= —3§; onc obtains an almost
product structure on TAf which satisfies G(PX, PY)==—G(X, Y) for any
vector fields X and Y on TM and G given by (4.3). Therefore, (TM, P,G)
15 an almost hy perbolic manifold.

c) Now, let us take £=(E, p, M) with dim F=7, If (U, ») is a local
chart on M, let (43, ..., &, 4%) be the local coordinates of a point u e p 1 (U)-
These coordinates change as follows {cf. (1.1)):
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B

(4.3) R ol SN I € T o I

where £ is a real function locally defined on M, f#£

The formulas (4.5} show that the manifold £ is the most general fra-
mework for an unitary projective theory (cf. [8], p. 233).

A nonlinear connection on £ will be defined by a set of functions
(V) on E such that 8;=d;—Nd, verify 3,=(&; x'} §;, where c¢,=dfax°
anel &, =88y, _

A linear d-connection will be completely determined by the following
cct of functions on E, FL=(F, Ly, M}, C) where Lp=Ly;, M; =M},
(=
such a conncction has four torsions:

1 2 .
(4.6) Ta=Fh—Fl, Ria=8,N,— 8N, P,=&N,—L; Pj=23;

1 and four curvatures:

Rip=x8,Fjx +F4Fi—hlk +MRia
?\;m:' BpLy— 8Ly +C Ry

By toL— &€ +2(CN)

Py 2o Fly— &M -+ Eo(N MY +MiF) — MIF,

The /- and g-covariant derivaiives are defined as in the general casc.
Let be G = gy(x", ... 2", %) da'@dx' + goo(x?, ... A", 2% (3x°), where
Sxt—=dx" 4N dx', a Riemannian metric on FE.
) There exists a metrical d-connection with T}, prescribed. Its local
coefficients are as follows:

- l v r 1 T
o= Eg‘"(&gm +8cang— g FEm Tox—&nThe & Tin)
(4.8 1 1 {
Ly= Egu—oisirgoo, ﬂfj‘: Eé’ikaogkh C== ‘i&?ﬂlaoguu-

Einstein's equations associated to the metrical d-connection given by
{4.8), written with respect to the adapted frame, are as {ollows:

1
I’ -..—.-_I? i.ﬁ‘/_T
(4.9) l Vi 2 8i; i)

o

1
Py=uxTy, Phy=-—2Ty, Rguw=—-12Ty

here R—4"/R,,.
The conservation law looks as follows :
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i 1 L .
(4.10) Rie— 5 Ry +8u(gw' Pr) g3 M} Pi=0,

2
EQR +gupj|¢“—=0.

9 [

i

Remark 4.3. If (M, g, (x)) i i
B Rem . M, gy 15 a Lorentz manifold and e
_g,,(.ﬂf, 22, 22, 8 dU'@da’ g {2, ..., 1) (Bx)e, £, F==1, ., 4, tl‘:gl tshe: f(;r;
g_'rr}?upf l;on-l' eqs. (4.9) are just the Einstein equations for (M, g, (x))
equi ti%n:“”lll"l}g t\}'o groups can be thought of or interpreted as .;\I?l‘vj;weli
. ere v g a1 r ityer ¢ i . i o th =
he oo o ore, a way for developping an unitary projective theory
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ON STABILITY OF PERTURBED NONLINEAR PULSE SYSTEMS
BY

PAVEL TALPALARU

1. Introduction. The object of this paper is to establish criteria for
the stability and asymptotic’ stability as well as for the uniqueness of a
colution of the nonlincar time-varying differential system with pulse effect
of the form

(1.1) e, ) gl ), 1 Ax] =T,

where x, f, ¢ are n-dimensional vectors, Ti{v) 1y, for cach fe N*=N" {0}, an
a-dimensional vector, the meaning of Axfr.y, = I;(¥) is that Av/-,; =
At 40y —x(t) == L (x(t)), 1= N¥, the moments of pulse actions f; being
cuch that f,—2 as t—2¢ and x==x(f) is a solution of (1.1).

The stability problem of (1.1) has been investigated by few authors
(c.g. sec [1], [6], [7], (8], [9]L

The study of pulse differential systems taking into accowit their con-
nection with the discrete systems and with the theory of distributions
in the scnse of L. Schwartz has been done in the book [6]. One of the {re-
quently used method in studying stahility problems is the Lyapunov direct
method but there is no a systematic technique for the construction of
Lyapunov functions. B. P. Demidovich [] and later C, V. Pao [3]
have considered a different approach, motived by the concept of an equiva-
lent inner product and a dissipalive operator, which not only maintains
the advantage of the Lyapunov direct method in the study of the stability
but also offers a direct technique in estimating the stability region without
relying on the construction of the Lyapunov funciion.

In this paper we will extend the results from [10] to the pulse diffe-
rential system of the form (1.1) by using the methodof B.P. Demidovich.

2. Preliminary results. Lct R* be the n-dimensional Euclidean space.
For any t{wo column vectors ¥==(x;, ¥s, .., )T, y={M, Yo, v 3)T in R?,
the inner product is defined by

Xy Yo

e

(2.1) <x, Y=

i=1

The norm induced by the inmer product <., .> is given by | x[=
=(<x, x>)V2 Throughout this paper, wc shall resesve <., .> as the inner
product defined by (2.1) and j. | as the norm of the Hilbert space (R®,
<.,.>). To establish our results, we need the following three lemmas.



