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ON STABILITY OF PERTURBED NONLINEAR PULSE SYSTEMS
BY
PAVEL TALPALARL

1. Introduction. The object of this paper is to establish criteria for
the stability and asymptotic stability as well as for the uniqueness of a
colution of the nonlincar lime-varying differential system with pulse effect
of the form

(1.0 Ve f(t, V) gt a), tE G Axfees T,

where x, f, ¢ are n-dimensionul vectors, 1.2 is, for cach 1@ N*.=N" 0}, an
a-dimensional vector, the meaning of Ax/e. == 1i(v) is that Av/,-,, =
At -0y~ x(t) == L (x(t)), i€N¥, the moments of pulse actions /; being
such that #,— as 1~voc and x==x(f) is a solution of {1.1).

The stability problem of (1.1) has been investigated by few authors
(e.g. see [1], [6], [7], 8], (9]

The study of pulse differential systems taking into accowmit their con-
nection with the discrete systems and’ with the theory of distributions
in the sense of L. Schwartz has been done in the book [6]. One of the {re-
quently used method in studying stability problems is the Lyapunov direct
method but there is no a systematic technique for the construction of
Lyapunov functions. B. P. Demidovich [f] and later ¢, V. Pao (3]
have considered a different approach, motived by the concept of an equiva-
lent inner product and a dissipalive operator, which not only maintains
the advantage of the Lyapunov direct method in the study of the stability
but also offers a direct technique in estimating the stability region without
relying on the construction of the Lyapunov function.

In this paper we will extend the results from [10] to the pulse diffe-
rential system of the form {1.1) by using the method of B. P. Demidovich.

2. Preliminary results. Lct R* be the n-dimensional Euclidean space.
For any two column vectors x={x,, ¥z, .., )l y={30n Yo, o 3a)T in R?,
the inner product is defined by

(2.1) <K, Y= F N S
i=1

The norm induced by the inner produci <., .= is given by [xi=
=(<x, x>)¥2 Throughout this paper, we shall resesve <. , .> as the inner

product defined by (2.1) and ||| as the norm of the Hilbert space (R®,
<.,.>). To establish our results, we need the following three lemmas.
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Lemma 2.1. ([5]). Let V' be w real symmetyic positive definite matrix,
Then, the tuner product <. = defined by

(2.2) N, Ve

s equivalent fo <=, .. =,

Lemma 2.2 ((5]). Let <., . be the inner product defined by (2.2).

If- () #s differentiable in the interval U, o) then | 2(8) §2 is differentiable and
d 4 )

2.3 () 13222 = 2(8), () >,

(2.3} PR \dt(} (#) =

where || 1S the norm enduced by <. o

A more gencral formulation of Lemma 2.2 has been given by T. Kato [4].
Lemma 2.3 ([17). Assume that xe R* QSR and fit, )={filt, ¥),

Lt v}, fll, ) S CU{[ £, 00) X Q). Let us denote Wi, x). and "Alt, %) respecti-

vel ' the smallest and the largest eigenvalue of the symmelrised  Jacobi's matrix

Jdt )_%[_f_ _f_]

cxy; o dyy

e, e, v, vae R

L‘E{tn_ w),

(2.4)

Then, for any two points (¢, x} and (¢, x +-h) such that i=-x+<heQ with
O< <1, an inequality

(2.3) Pull, X) AP fll xR f(t, ), R g Ay{t A) U,

18 fulfiled, where 3,(, ¥)== min {3{¢, £), rel07
AL E), z=0,7]) .

With respect to the system (1.1), we note that its solutions are, in general,
piece-wise continuous, with the possible discontinuity points #,. For that
reason the definitions of various kinds of stability differ from their analo-
gous from the case of the differential equations. :

Definition 2.1 ([81). A solution x==x(t) of the pulsc system (1.1} is
satd lo be stable, if given any ¢<0, 4= 0, there exists 3=3(e, 4) > 0 such that
Jor any solution y=y(t) of the system (1.1) for which | x(ts)~— Mt} | < 3 we
have | x(t)— Y1) | <z for all {21, such that {—i; j>.

Definition 2.2, ([8]). A solution x==x(!) of the pulse system (71.7) 13
said lo be asympiotically stable if 11 is stable {as above) and, in addition, if
there cxists 8,2 U such that for any solution y== y(t) of (1.7) for which || x(te)—
— Yo} | <8y we have Ilim P x(t)—3(t) '=0. '

(U!l’i ,:\_1’(3’, ,1:) = Hla X

3. Main results. In this section we shall investigate the nonlinear
pulse system of differential equations (1.1) under suitable regularity condi-
tions, namely, we suppose that for f<4, o) and y< R,

A eC ([ 00) % RY), glt, 1) =C N [ty, 0) % RY),
I(Y)€CR"), ieN*.

With respect to the moments of pulse actions 7, we assume that
(3.2)

0 <01€t‘+1""t‘£ 9;.
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Because of its relationship with the stability problem we first state a uni-
Lc;ioc,s result by weakening the Lipschitz C()Il(!l!.lOlL] .

o Theorem 3.1. Assume that the following conditions hold -
i) there exists a continions function ~Af) on_ [fs, %), such L

eest characteristic nunber At x) of the symomelric Jacobi matrix ALY, green
v (2.4) satisfies N

(3.3) AL, ¥)g(), for any tE fy, x) and X ER‘ : N
i) for any 1=N*, the largest characteristic numbers U(x) of the matrices
[E-+Fi(x)]7 [E L)) satisfy

(3.4) Fdngar, a0, <)

f ' "'
iif) there cxisls a continuous function k{f) on [ts, %) sich that for any x,

va R, L€, )
(3.5) <glt, ¥y —g(t, ¥), x—y= ki) L ¥=YIE 5
” hiti ' g e solufion xa=x{t
ivein any tnilial valie xo, therd r,.ulst‘s s zunq‘uo $0 078 J=
f (7 7];7:5:;}1 é;'!((;:)=\'o) Morcover, for any two solutions x=:x({) and with x{fo)=
0 . 5y 4 y .

= Xo, V{fo)=D2n . ,
1§ 2{t)— 30} < K | xo Yo | €XP [5 (:-’ Inzsiv(z) .gk(f)) d—_]

; ‘ =B, <1, and K2 T a constant. ‘

ifan1 and 00, 0 <= e anv iwo solutions of (I.1} rmth
Then, for t#t, we have z'{f)=
Lemma 2.2 and

(3.6)

ke ?’mg}. Let x==x(¢) and Y= ¥(6) ¥
${t)= Yo, Yito)=3, and let z{t)==x(f)— v()- It it
SR i, ) bel, W—glt, 3) and (g =re= e By
(3.3) onc obtains

L =2 <6 D=t 3), ) > +22glt. W —glt 9. =) >
‘ <2< fit, )=fit, ¥). 2()> +2k(0) [ 2(0) |

. By Lemma 2.3 we have | |
2<fit, D)—f{t, ¥, 2(t)> <AL #) {20 [P<2el) | () I,

and therefore,

(1) <20 RO [ 2 1

dt
From here, for ¢, <f <ty We get .
(3.7) | 2(d) o< 2{te+0) | exp [2 { (x(7) +—(2) A5

From the jump condition Axfe.,=x{t +0) — x{t;)=1,{x{t;)) we get
(te +0) = 2t +0) — Pl HO) =2{t3) +1i(E) (1) = [E HLE) 2.
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Thercfore, _
Eo(t R0) fre ol HO), Bt -H0) > = < [EHT(E)] ),
ELLEEY] o) e <UD ety g et a{f) R
The inequality (3.7) together with .

(3.8) L st 0) ot | ) 17
vield

) .
L) rgar s{t) 13 exp 2 (4(7) R(R)) de], fo<t Kt

from which by induction one obtains

(19) e e oxp [ (o{2) FA(=) AT 3(l) s te<t <t

From 0<8,<tisi—14;<0, it follows (f-~1o)/0,—1<i€({—4,)/0, and thercfore
. t,
dgx ® mexp [1/0) Ina) (E—1,)! if %21,
or, .
te.?,
PN

A I lexp [((1/0,) In &) (f—4) " if O],
x  x :
Thus, (3.9) becomes .

(10) 20 1<K [ 2(t) i exp [ § (1/0) Inat(s) (=) 421, 1o, cc),

where K3 1 is a constant depending on . This relation is equivalent to (3.6).
To show the uniqueness of a solution, Jet x,= Va. Sincc both +(t) and
k(#) are bounded on any finite interval [t, T3, it follows from (3.6) that
| x(t)— y{1) ||=0 for all = [f,, T']. Since T can be arbitrarily chosen, it follows
that || 2{f)— v(f) =0 for all & Tf,, oc). Hence the theorem is proved: A
Remarks 1. When I(x) =0, i==1,2, ...,i.e. (1.1) is an ordinary diffe-
rential system, then Dy(x) =1, 1==1,2, .., a=1, K=1, B==8, and Theorem
3.1 reduces to Theorem 3.1 [101 - 4
2. When f{t, x}=A(t) x, where A(f) is a continyous matrix on the in-
terval [f,, o}, v(f} from condition (3.3) is the largest characteristic number
of (A1) +A7()/2.
8. I g{t, x) is Lipschitz continuous with respect to » with a nof-
negative Lipschitz function () on [f, »), then (3.5) is satisfied sinc

<glt, )—glt, ¥), x—y> <fglt, H—glt, ) | §x—g <kl | &3P
4. Yrom the inequality (3.6) it follows that, if

[

him ; [(1/8) In ety (7} +k(7)] dv <o0 {or = —co)‘,

rr—
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e

{hen any solution of (1.1} is stable (asymptotically stuble). Thai happens i,
jor example, (1/8) In x+4(0) +k(f) <0, fe[!u,.:o).. N } e

In order to give some results concerning the stability of t.:c z?jtrilc §
(1.1} besides the mentioned regularity conditions on f(t. x) and g{t, \)1 \\_;. :.O;:L
“csume that an equilibrium solution of {1.1) is x==0, what happens fit, 0)==

A The stabilitv and asvmptotic siabi-

ot 0)=0 and J{0}=:0, j==1,2, ... . LThe stability d \ Labi

l—itz-(g{ 3 solution in(tl)le following theorems are in the sense of global stability,
3 . A " .

..., the stability region 15 the whole space R™. N o

" Theorem 3.2. Assuwme that the following comditivns  are  satisfiad:
i) there exisls a contintos function k{f) on {ta, x) such that

{3.11) <g(t, %), x> k() W ts, for any xR’ and ts g, o) ;'

ii) for any i€N¥, the largest characteristic 1fumbc=rs ) s:v!zs_f;:}{i;’);
i) there exist non-negative continuous functions B(f) and (&) such tha
Jor some T=t

{3.12) Alt, W)y (), forteb, T), x& k",

(3.13) Alf, ©)€ —B(), for t= [T,x), xR,

ik sz k@ +(1j0) 1In e or i< T, «}) N _ i
w é’}‘}reﬂ f(k)c ::::Src/r s)ohrtfo}i of {?.IF) is stable. In addition, if we have

lim i (B{=) —k(7)—(1/8) In %) dr=m,

$o

(3.14)

it isas vmptoticall y stable. . ‘ o |

Proof. By the regularity conditions, given anyv mu,ml ml;xe .xtu, tlhf;l:c:}
exists a solution of (1.1), x==x{f), such that x(ta) ==X Then, for t#4;,
have x'()==fit, x(1)) H-g(t, x(t)} and therefore

(3.13) 5‘;- (¢ x(t) =2 <l x(B) s> 42 glt, A(0), (B =
it

e <f{t, x(1)), s{y>= < f{t, xt) -1t 0), x(t) o,
according to Lemma 2.3 and (3.13), (3.14), we have
<flt. x{), (&)= <), for L=t 1),
_ < f{t, x(t). x> < —8(f), for t=iT, x),
and hyv (3.11) .
—elt, A(), ¥ <A L ¥0 1% | _
We put «{t) =+(t), for telty, 1) and x{f)= —3(t) for t&{T, ). Then (3.13)

becomes

L ) <2 (alt) +RO) 30 5 st ), 1A
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From here, lor £<t<t..,, we olidain

¢
(3.16) a(t) b At -0) 2 exp (2 § (2(7) -HR(7)) d=].
Inasmuchas "
*lts +0)=x(() +1i(2) x{t) = [E T2 =),
we have !

cx(t 0y e Ty o xlt) it oafe) |

land by an argument similar to thatl from the proof of Theorem 3.1 it fol
ow's ' [

‘ i
LX) s K x| exp [ § U0 Inx 4x(z) -Hh(x)) d7]
or still '

T
Gx(t) S K x| exp [ §((1/0) In & 4v(7) +&(7)) d=].
. tq
t
exp [— a[“(B('r)- Kz} = (1/0) In a) dt], t[t,, 00), Kz 1.
Since v{f) +A{t) +(1/6) In « is bounded on [¢,, T] we bave

T
exp [ § ({1/0) In 2 4-(=) +A(z)) d=]=M,, and therefore

(3.17) fxtd s bw, |, te]t, T)
and
: _ ,
(3.18) [ ffy «Mexp [— § (8(z) k() (1[0} In 2) d=] i 7 |, 1T, x),
i

where W= KA.
I',rom (3.17) and (3.18) it follows the conclusicn of our theorem.
_ Remark. The inequality (3.13) implies that the matrix — J,(f, ) i
g(()’s)xlll\{e definite 1(or scmt—dﬁfmile} on [T, o) with the smallest eigenvalue
B(¢). 1t is scen that a sufficient condition for (3.14) t i
inf {B(1)~A(t) st [T, »)j - (In 2)/0, (3:14) to hold s g
In this case the zero solution js exponentially asymptotically stable.
Corolla_t:y. Assume, under the same regularily conditions on Fit, x) an
fg—;)' U;a! (.}.TAQ()’)I:G;’-;IS fo_;_'ltt: 2], xR If(3.77) occurs for any x e )8
v&fy, ) and KOS O on [T, x) with w()g —EOH—(18) Inx -
Hieit the oro selution is stuble. £ 0= (118) In for t< [T, 4

) ‘g o P T T .
if, o addation, lim { {8(=) -+-k{=) (1[0} ln o) dv=—2c, then il is asympl
ton -

ticall y stahle.
Indeed, from the same proof as in Theorem 3.2 it follows
]

x{f) <K exp | S (y(zh =k{=}-(1/0) In a) d=] [ a1, teft,, )
fa
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where, {rom
t

(3.19) 1 x{) <M exp £ § (v(5) Th(z) A1) Inx) ds) | xolh ([T, %),
T

From (3.19) the conclusion of the theorem immediately follows.
Remark. Condition (3.11) in Theorem 3.1 is a weakeness of condition
in Theorem 3.1.
1f (¢, x) satisfies a Lipschitz condition w ith respect 1o 1, then we have
the following theorem which ensure not only the stability of the null solu-
tion but also that of any solution.

Theorem 3.3. Assume that the following conditions are satisfied

i) there exist non-negative fuitctions 8(1) and (1) such that for some
T2ty (3.72) and (3.73) hold ; '

ii) for any 1eN*¥, the largest characleristic numbers Dy{x) satisfy (3.4);

iii) there exists a continuous Sunction k(ty on [, w0} such that

(3.20) <=glt, x}—g(, ), vy < k(1)

with 802 k() +(1/0) In « on [T, ).
Then any solution x—x(t) of (1.7) is slable. If, in addition,

lim j (8(=) -~ k{5) — (1/0) In a) d5 =20,

t-r= T

(3.5)

v x|t for any x, v2 R, 1St %)

(3.21)

it is asyvmploticall y stable. In particular, if inf {a(0)-~k(t); te[T, 00) = (1/0)
Ina, then x=x(t) is cxponentially asym ploticall v stable.

Proof. By the hypothesis of the Lipschitz condition
for anv v, ye R®

~glt, ) glt, ), X v <A

It follows from Theorem 3.1 that for any two solutions v=x(l), y=y{)
with x(fg)=xy,  A({fa)== e

X)) = ¥{t) LER L xg— My | eXP .‘3 (/0 I 2 () k(=) d0, f =t ).

ta

(3.205} we have

Mt 4 { = [fu. 30)

Since (t), A(f) are bounded on [¢, 1] there exists a number M =0 such
that

Palfy—a{t) tg M oexp - 3 (B(z)—F(=)—(1/0) In x) d=] Xp—=Yo 1, [ [T, ),

I

where 8{f) k() —(1/0) In 20,

It follows by the same arguments as in the proof of Theorem 3.2 the
stability and asymptotic stability of anv solution x=x{t).

Kemark, When J{f, ¥}-=A(f) x. where A{f) is a continuous mafrix on
[fe, 2c), () from (3.12) is the largest characteristic number of (1{¢) -=AT({1))/2,
and {3.13) means that this matrix is negative definite on [T, cc) with the
smatlest characteristic number - B(f). .

\We return again {o the system (1.1) under the same regularity hypo-
theses and the assumption that it has the null solution, i.c., f{¢, 0)=g(f, 0}=0
and f,{0)=0, ieN".

H
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In {lic following, ihe condition (3.11) in Theorem 3.2 will be weakened
to some extent, using the concept of an equivalent inner product {5 We
ohserve that if 7 is a constant matrix then there exist two positive constants
5, & such that

(3.22) 3 xltel y = sy V< A
Theorem 3.4. Assume that the following conditions hold :
1) there exists a continuous furiction k{t) on {to. o) :szrrk that
{3.23) -a(t, ¥), Vo s k(g oy is ve R teit,, w),

where V==(a;), 1€1, i<, 15 a positive definite matriy _ .
ii) for any ieN*, the larcest characteristic numbers T (x) satisfy (3.4) ;
~ : . .
iii) the largest characteristic mumber A{f, x) of the generalized symmelric
Jacobi matrix [t v)y==(ay &fifdx; A ag Efifc )2 18 such that

(3.24) Al v)s 5, ve R tely, %), |
where 3z 0 and k==sup Rty te (T, )} =8 for some T =t Then,if (—4)[8—
— (1/8) In 2 =0, the wll solution of (7.1} 18 asymptoticall ¥ §fq§{le. .

Proof. Let x=x{f) be any solution of (1.1) with the initial condition
x(l)=ne Let | x(f) = << (), Ix(f) >be. By lLemma 2.2 for t#£#; we
have

A( x(t) [Bdt=2<f{1, (), Val{fy= 42 -ig(f, )y, Valt)>.

On ihe other hand, by 1emma 2.3 and (3.24), one obtains

2t w@)), V) > =2 <V ()= VU 0), 20 ><

<AL 0 1 xylre—0l X B

From herc and iaking into account (3.23) we get
{3.25) A0 x(t) 1 Djdtg 25—k | x(t) 1, L, tE T, €).
According to (3.22) and by hypotilicsis i) it follows '

d0 x{l) ‘Bt =2 (B—4) Te) g =20 () telT,x), t#

where 7,5+ (8—k){3. By the same argument as in the proofs of Theorems 3.1
and 3.2 woe get

(3.26) L afy) <K x(T) 1, exp [ (23— (1/0) In 2} (t—T)1, t=[T, =}

On the other hand, for { €[4, T7 from (3.25) it follows
‘ =
(3.27) | x() LK faexp i ((A(=)—3)8" + (1/0) ln &) d7]<

£ - H )
<M, %, v, where M=K sup § ({(k(=z)—2)/8"+1/0 Inx)ds; tsta T} and
ke 2

9 PERTURBED NONLINEAR PULSE SYSTEMS a3

3'=3" for those f=t,, T] for which k{t)> 3 and 3"=3 for those te(l, T]
for which A(t) <3. From (3.26) and (3.27) it follows the conclusion of the
theorem,

Remark. When 0<x<! the incquality (3—#4)/8 — (1/6)Ina>0 is
obviously satisfied.

Corollary. L'ider the same assumptions as in Theorem 3.4, except with
(3-23) replaced by

3.28) glt. =) <3y | %,
where =(t)y 1s a continuous function on [t x), if for some T >t; we have ky=
—sup {o(t); telty, %)< 3/ and (3—k3){8 — (1/0) In a>0, then the

pull solution is asymptoticall y stable.
Indecd, by (3.22) and (3.28) wec have

rae R el o),

<glt, x), Ve>=<glt, x), x>.<|glt, %) . Exfes
<81 x . hglt, ) i=3pll) fu
i.c., the inequality (3.23) with A{f)=39(f).

’
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