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ON THE ASYMPTOTIC BEHAVIOUR OF SOLUTIONS OF
NONLINEAR SECOND ORDER DIFFERENTIAL EOQUATIONS

2k’

N. PARHI and 8 K. NAYAK*

1. In this paper, we study asymptotic behaviour of solutions of

(1 (r(t) 3') =plt} ¥*=1(1),

where p, v and f are real-valued continuous functions on [0, ) such that
r(f) =0 and « =0 is a ratio of odd integers. We also prove a result for solu-
tions of more general equations of the form

{ @ () ¥) -+ P —plt) 37=1(),

where ¢ 1s a real-valued conlinuous function on {0, ) and =0 is a ratio
of odd integers. LEvery solution v{f) of (1) or (2) that is considered here will
be assumed to cxist on some ray [7, 0}, 7,20. A solution 3(f) of (1) or
(2) 1s said to be nonoscillatory if there exists a 72 7, such that v(t)#0 for
2T it is said to be oscillatory if for every £,2 T, there exist 7., £, such that
tode M) 0 and a{t) =0 0 and it s sabd (o be weakly oscillatory if
it is not nonoscillatory, that is, v{t) is oscillatory or v(1)<0 or ()2 0. In
{3, 6], sufficient conditions have been obtained for nonoscillation of solu-
tions of (1}. These results can easily be generalized to include (2).

Asymptotic behaviour of solutions of equations ol the type (1) with
p(f) <0 has been studied by many authors, viz., Hatvani [3], Chang
1. Teufel [10], Spikes {8] and Gracf and Spikes [2]. It
seerns that not much work has been done concerning asymptotic behaviour of
solutions of equations of the type (1) or (2) with p()20. Marini and
Zezza [4] studied the asvmptotic behaviour of solutions of (1) with a=1,
=0 and p(t}>0. Taliaferro [9] studied the asvmptotic behaviour
o solutions of (1) with »{)=1, f()=0, «=>1 and p()=0. In [7], the first
author studied the asvmpiotic behaviour of selutions of differential ine-
‘qualities of the tvpe

() v = pll) 4720,

Where 4, 7 and = are the same as in (1) with p()20. Clearly, these results
hold good for (1) with p(f)>0 and f{f)>0.

2. Here we consider (1} or (2) with (/)20. and f(/20. In some of
he resulis, we allow f(#) to change sign. For 2=1, (1} reduces to
._-—__-‘_-'——n—-—-—-
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(3) (r{) ) —p(0) y=f{t). From the preceding remark and the choice of 4(f), it follows that 7{2) %' (t)—o0
. Ce as {—»20. So, using I'Hospital's rule, we have
The corresponding homogencous equation is gIven by R f(t
Y . i v(f) o= —lim =0T e i

(4) (r(t) x')y —=p{) ¥=0. i “ e (r(1) 3 (0)' = p(l)

Remark. From a result due to Marini and Zezza [4, Theorem This completes the proofl of the theorem.
5, p. 107 it follows that for every solution o(f) of {4) 7{t) %'(¢) is unbounded as Remart. From Theorem 3 due to Marini and Zezza [4, p. 5] it
t—ac if and only if ' " follows that a solution =(f) of (1) is unbounded iff

s ! 5
3 lim [J(s)( -—) ds=o0, 62 0. ' '
() lim § 28 o) (6) lim { - ([ 4{0) d0) ds =z, 30,
If o(t) >0 for large 7, then lim #(0)p'(f) =0, iff (5) holds. fom o r(s) 5
Lson . Siitiin e & ; . . 5 P + -

Let off) be a solution of (4) with initial conditicns p(a)>0 and '(a)>0, A]so' .1‘{1:051t|\t, solution o{f) of (4) tends to infinity as f—ax if (3) holds and

a2 0. So, »() >0 for tza. Clearly, Him _(-5_35 a2 0.
L ds o5 0(s
V=50 ——= . =4 The following example illustrates the above theorem.
o 7(s} %) 3 Example : Consider

g o f ! 1 > Hine "
is a solution of (4) and {p{f), U()} forms a basis for the linear space of solu 7 (2/3) £ ¥y 2ty —(1f3) (2 cos (1) 12 (sin Ot 120,

tions of (4). It is casy to verily that
t [
) =00 [ 15) 2S)ds=2() L) 9ls) s, (2 a,
is a particular solution of (3}. So any solution ¥{f) of (3) is given by y{f)=

— 2,(f) +2D(0) (), where 2 and u arc reals.
Theorem 2.1. Let p(t)>0 and (5) hold. If 5(t) is unbounded such that
!

and
(2/3) (82 2"y —21xy=0, =0,

We take o) =1 Clearly, all the conditions of Theorem 2.1 are satisfied.
Hence all bounded solutions of (7) tend to zero as t—oc. In particular,
y(tye= — 1/(885)(t°—8 cos ) 1s a bounded nonoscillatory solution of (7) which
tends to zero as {—x.

tim § /() o(s) ds=00 o> a Theorem 2.2. Let p(t) > 0 and (3) hold. If »(t) 15 wnbounded such that

- oo a - ‘
lim { f(s) 9(s) ds <0,  o>a,
{

o g

then cvery bounded solution of (3) fends to zero as f— if and only if lim

[fit)/{1)]=:0. g

Proof. Let »{t) be a bounded solution of (3). So it can be written as
MO = 3ul8) -0 Splt) =

then cuer v bounded solution of (3) tends to zero as Lo,
Pioof. We proceed as in Theorem 2.1 to obtain

{
p tds ! r+{f(s) o{s) ds
—5) [0+ /) 20 9§ g e §100 400 &) WP _
j TR A lim 3= —lim — =0
i T d 11 N=oo, W jude that . .
Since y(f) is bounded and um p{f)=oc, we conclude tha Example. Consider
' {8) (13y") —3¢ y==—(1/14) (#* sin { +7¢ cost—12 sinf), (z26>0,

tim 6+ 5109 705 9§ } - § 109 315) dsy1=0. i

ds
PR w r(s) o%s anG
Thus, () 2%(s) (7x") —3Mae==0, (2620,
We take off)={. Clearly,all the conditions of Theorem 2.2 are satisfied.
Hence all bounded solutions of (8) tend to zero as f—oc. In particular,
y{f)=1"sin ¢ is a bounded oscillatory solution of (8) which tends to zero
as f—or,

Corollary 2.3, If p(t)>>0 and f(t)> U such that lim [f{)[p(1))=0 and ()
A 1= w
and (6) hold, then all bounded solutions of (3) tend to zero as t—m.

(1060 2090 o (§ s e §6) 46 )

i r{s) w*(s) B
!

e

hm v{f}=lim
[ {=ra

j
L) wls) ds
== I —u
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DProof. Let »(f) be a solution of {4) with initial conditions (a)>0
and p'(@)20, a20. So ¢() >0 for > a. ' '
Since f(t)=0, then

lim ;’f(x) a(s) 5= hmjf( (s) ds<or. o=
=g .

In the former casc the conclusion is obtained from Theorem 2;1 and in:the
latter case the result follows from Theorem 2.2.

Example. ((1/t) ') —y=1jt — 3ji1, {z2.
y{t)=—~1ftis a bounded solution of the cquation which tends to zero as

{—00.

dt

Theorem 2.4. Lctj—:oc g plt) dt=os and { | ft) | dt <o, If ¥(t)

is a bownded r:o;zosu![u!o;) whn'wn oj (1), then y{t)—sUOas t—x.

Proof. Since y(f) is nonescitlutery, from the assumption on f(4) it
follows that there is no loss of generality if we take  y(#) ultimately positive,
Let 3(f) >0 for £24,=0. To complete the proof of the Theorem it is enough
to show that ]1m V(0=0. T possible, let Hm y{f)==£, £>0. We consider

[
three cases, \u ( ) ¥'{(f) is ultimately positive, (u) V'{t) is weakly oscillatory
and (i) ¥'{#) is ultimately negative and derive a “contradiction in cach of
these cases. :

Let 3'(f) >0 for t31,>1,. Integrating (1) from £, to {, we get

! ! ¢
r(t) vz 5/) ) ¥ (s) ds - (f(s) dsz 57{) § pls)ds— {1 fls) | ds
f T th
So, () y'{t}>1 for large . This in {urn implies that y(f)—w as -0,
a contradiction. \
If possible, let V() be weakly oscillatory. So the re exists a scqiience
<t,> of zeros of y'(f) such that f—oc as n—soc. Let =4, Integrating (1)

{from ¢ to £, we obtam
§ 200 570 dt=—r(e) -0

From the first mean value thecrem of integral calculus it follows that

’ﬁ !“
Sf’(t) yx(d) di = y*(E,) SP(I') di,
g [+1
where
o< (,<t,. So, oglim¥,<0 and

n—+x

i y(2,)= —lim [ (0 1) (o) 3'(e) + {110 a1=0.

H~ o norw g

But lim y{f)==k >0 implies that 0<lim »*(,) <cc. Hence a cont:adlctlo

[ H @
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Finally, Iet 3'(#) be ultimately negative. So there exists #,24, such
that V(1) =0 'for t‘>f, Now integrating (1) from ¢, lo ! viclds

jp ViI(s) ds< —r(t,) V' (6)— Sf 5
that 1s, ) ‘
Y= Ej p(s) ds]™ [—7(t) y'(h)+f§t f(s) | ds].
an _!-*;.:li—'lﬁq_\'(t)go, a contradiction,

for
Hence the theorem is proved.

- o =+ si cost . 6(2+sin
[ 2l Lsint) dcos L (2-+ -)--, 10, v{t)=
[ b A
2-bsinf . ! .
-is a bounded nonoscillatory solution which goes to zero
{'.‘
as [—oc,

Theorem 2.5. Lct f{tyz 0 and O<axg7. If
HS —]- (fp(s) ds) di <oc and }——I—- (_('f(s) ds

then all ultimatel v f)osmut solutioits of (2) wztf: q(6)= O are hornded.
Proof. Let y(t) be an ultimately positive solution of (2) such that
V(1) =0 for #24,>0. Let ¥'(f) be oscillatory with consecutive zeros at @ and
b( g ~lB) such that y (t) <0 for t<(a, b). Integrating (2) from a to b, we

obtain
b

0=:[r(t) y'(O)Ja= s-‘f()ép() VO —a(t) (0" (1)°] dE=0.

a contradiction. So ¥'()>0or y'(f)<0 for large & If ¥'(£)<0, then () is boun-
ded. If ¥'(£)>0 for 12,3 {,, then 1ntcgratmg (2} from t1 1o ¢, we obtain '

() y(O<rit) Y t:)+§fs ) ds +y*(1) SP(S) ds,

that is,
V()< R(t) + P(t) y*(f),
where ,
R{)= ’(”({)(‘*) 7 gslf(s) 45l and p(f)—f—)'g' ds.
vty ¥ ) R +PO)<s ¥ *(1) R +P{0).

If 0<a=1, then
U ()

o | —a

+ 5 2(t)§ Rs) ds+{ P(s) ds
f x=1, then l" .
log y(t)<log ¥(t,) +y~'(ts) § Ris

3
) ds 4§ P{s) ds.
N &
Let c ey, t} be fixed. Then
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¢ ! [ | a
'51-;(_5 (!,P(B) A0y ds=L +§?(-§ (gp(e) d8) ds>

' ds\ ¢
2L | (57(5) (!S‘p((]) d9),

where L= ‘5 %({; £(6) 48) ds. Hence j’%(g (s) ds) dt <o
= dt ' ' '
)

implies that
—-- <00,

il

im y(t) <oo.

| Y

This in turn implies that f R(f)dt< . As a -consequence,
a T 5

Hence the theorem is proved.

- f
Theorem 2.6. If f(t)> 0, Ox<? and 57‘5(5 pls) ds) dt <,
[ 0
all ultimately negative solutions of (1) are bounded.

For the proof sec [71. _
Corollary 2.7. Supposc that the conditions of Theorem 2.5 are satisfied.
Then all non-oscillator y' solutions of (1) with O<x<! are bowundcd. 3

Example. (£23') —1/tr y=1[i* — 113 {1,
M=1/t*—1, t=1, is a bounded nonoscillatory solution of the equation,
Remark. Corollary 2.7 does not hold good for x>1. This is clear from
the equation

then

(iay')’—(Sﬂs--f"t’) _}'-'=]/f-"‘, =1,

which admits an unbounded nonoscillatory solution y{f)=¢ cven though the
conditions of Theorem 2.5 are satisfied.
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SUR LE PROBLEME DE DARBOUX POUR L'EQL’ATIOI\'
; e L, v 1)

s

CAC )

FAR
GEORGETA TEODORU

Avant pour point de départ le cas classique (1], p. 149, [2], p. 209)
dans les travaux 37, /4] nous avons défini le probléme de Darhoux pour
I'équation

bk

(h sl(r, v, 2, (x, MeD={{y, v) 0<r<ga, 0< ¥y<b),

cxXey

comme le probléme de la détermination d'une solution de cette équation,
qui satisfasse aux conditions

{2} 2(x, O =a(x), (0, ¥)==(3), ¢(0)=<(0), (xr, VD, e,
cn admettant les hyvpothéses suivantes
(Hy)  F:DxQ—2"" cst une application multivoque 2 valeurs compactes

convexes et non vides de R*, of1 £} est un ensemble ouvert dans R,
(He)  Pour tout (1, y)sD, lapplication —F(x, v, z} est semi-continue
supéricurcment sur £,
(Hs)  Pour tout reQ, l'application (v, y)—=F(x, J,3)
rapport a la mesure de Lebesgue sur D,
(Hy) Il existe une fonction g:D-R., gD : R.), telle que |
<gly, ), YusF(x, v,3), Y(x, WeD, v:e,
(H;) Il existe un ensemble convexe, compact, M <) et un point (x,, y,) =
€]0,x2]:x]0,b], tels que

{1205 n) didrd(M, Cy),
ol (M, Cy) est la distance de M 4 Cp=R"--Q,
(Hs)  Les fonctions o= AC([0, a] ; R*), ==4C([0, 5] ; R" satisfont A
la condition a(0)==7(0),
(H:)  Les valeurs de la fonction = : D—R",

définic par w(x, y)=o(x) -
+3(¥}—a(0), (v, ¥) €D, appartiecnnent i I'ensemble M, lorsque(x, y) e
EA:""{O, .1:‘] X {0, y,]ED.

est mesurable par



