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MAXTMUM PRINCIPLE FOR CONTROL PROBLEMS
GOVERNED BY A CLASS
OF FINITE DIMENSIONAL VARIATIONAL INEQUALITIES
BY

CATALINA NDAVIDEANU

Optimal control problems governed by parabolic and elliptic varia-
tional inequalities have been studied in [1]. Here we shall study with the
same method some specific cases not covered by the results established
there.

This paper is concerned with necessary opiimality conditions (maxi-
mum principle) for control problems governed by finite dimensional ine-
qualities. Problems of this tvpe appear by the discretization of parabolic
variational inequalities (sce Example 2.2 below) and in the modelisation
of n large class of phvsical problems.

1. Necessary optimality conditions. In this section, we consider the
conirol problem of the following tvpe:

Problem {#): Minimize

7
(1.1) §Tg(t, () +h(u(t) [dt+2(x(T)), 0T <o,
over the set of all functions v& 1120, T R*), us L¥0, T ; R™) subject to:
(1.2) Y AFY(O) A (v(6) 2 Bult) /() ace. t=]0, T
(1.3) (0) =1y

where R ={reR"; 0<x<a, ;i=1,2, ..., n}
Using the definition of the operator 81, the relations (1.2} and (1.3)
can be equivalently written as:

(1.4 Vi) (Fy(t))yi =(Bu(t));+-fi8), ae 0wt <a,l,
(L5)  wiOFEvO) e (Bul)tfil),  ae I vi(l) =0},
(1.6) a4 (Fy(t)y < (Bult)),+ 1), we v =al,
{L.7) 0y ()< ay ac, 1e]0, T,

{1.8) p0) =r, R,
where =1, 2, ..., .
Furiher on, we shall assume that:
@) £ :R">R"is a local Lipschitzian function and
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(v, v}z ~—Dillyii= D, for all ye k", where Dy, D= RS Knowing the expression of B, we calculate the two integrals from
(b) B: R"—R" is a lincar continuous operator. the formula of B* and we have:
¢} feW({0, TT;R"), go: K" R o ‘ .
(d) h: R*— R is a convex, lower semicontinuouns funciion and A(u)z e e

= b, uit—b, for all neR™, where bR, ek I;—--S{S,i(yi-—sﬂﬁ)p(ﬂ)dﬂ '-&{3::‘(}'.-‘—529)9(0)(113-}*Sﬁ.:()';"s'ﬁ)?(e)de'{‘
(¢j the functiong: [0, T R*— R is measurable in¢, g(¢, 0) e L={0, T)and R e -1y

for every 3=-0 there exists L, -0, independent of ¢, so that [g{/, v}— - 5 e .

—a(t, 24 o) —zule) i< Lgly =zl for all ({0, 7 and yattieSd s _ [ . 1

If e L2(0, 17 R™) then ihe finite dimensional variational inequality b\ Bl yi—=20) s (0)d 0 = " (.\‘-”5‘*ﬂi)?(0)d0‘|‘ =\ {(yi— £30)p(0)d0 =
(1.2) with the initial condition (1.3) has a unique solution » &[0, T']; 7y L .E--,'
R?) and the control problem (Px) has, at least, one optimal pair. R R etiyi—e1) -

The maximum principle is presented by the following result : Vi, 4%

Theorem 1.1, Let (v*, u) 17120, T3 R x L0, T : R™) be an ar- = Srf(ﬂ)d% ;Sp(ﬂ)dﬁ—sgep(ﬁ)dﬁ—asﬁp(ﬂ)dﬂ-
bitrary optimal pair of the problem (P ). Y iy s et

Then there exist p=BV{[0, T1; R*), the dual extremal arc, and e o
tel” (0,1 ; R") so that: : —— ' . 610 (617
(1.9) PO —((PEQO) pOYe=%dD),  ae. {15025 <ad, =~Sﬁu(—- Je(6)d6 --Sﬁm(-e 0)9(0)d0+8ﬂ.i(—-e )p(0)d6+
(1.10) s gl v () ae 110, TY : e e

L] [ A A H] =
(1) =0 e 0 =05 (BU ) A #FON, +{But— 000 = (= e0—ae(eraot - (- cponan -
(1.12) pilt) =0 aces § ) =ag s ( Bty +f{t) £ F (@), i € €
(1.13) T Hm((T)) 80, !
(1.14) BNO <o), ac. 1€30, T - _ES”-"(O)‘EB'
0

Proof. The idea of proof consists of approximaiing the control pro-
blem (P4} by a family of smooth problems (F%) for which the necessary
optimality conditions arc immediate, and then passing 1o limit in the approxi-
mating cquations (see [1]).

We consider the sequence of the approximative problems 2%(e>0).

Tn the calculation of he two given ahove integrals we have used the
definition of the function B, and the propertics of the function p. Moreover,
we have made the non-restricting supplementary hypothesis that a2 e
for 1+ =1,2,.., 1 Thus:

Problem (%) @ Minimize R . . sty .
£, 510)-+ )+ /20~ ORI+ 0 (T i = :n‘_Sf(O)dH L{_&f(o)d0+ E (S 09(0”0“,8,,9?(8)%15,? 0]
on all (v, n) subject to: L — A | By derivation we have :
o L TSE A — R 1 f E-V{Pi—Aai} @
{ \(((3 :-;\ e Bi(5) = fs-sp(e)dfwr igp(ﬁ)de-
—a ey

where +*: RP—R® is defined by %) =(B4(v,), .., BY(ya) and By =

B v etB) — B —e20)1p(0)d 0--8.(0), =12, 0 00 The funciion g* and »§ are defined by the relations:
R

Here 2 is a Co-mollifier function on R and g*(t-,g)*r-}}'g(t, y—e?0)z,(0)d8,

- _l.Ti ll _Tié 0
it 0 -‘:ﬁ_-*.',éa,.
l()'i'._agj if _"r'i:‘-"a‘

Bl = (3= P = #30) = 2aly= 02000,

@ T

Where « is a C¢-mollifier {funciion on R.

5= Matematies U



——

66 CATALINA DAVIDEANU
1

Let (y*, #*) be an optimal pair for (P%) and pte T):R®
corresponding dual extremal are, which sgtiggie:;nthf rf]ftﬁ)(:ig LR L
. ore :
1.15 Y] i € At 3 & ¢ ¢
0139 470~ (700 | OO =V 30 . 120,71,
(1.16) PHT)+Voi(y*(T)) =0,
(1.17) Bp{t) €dh(ns(t) + u()— () ace. 110, TY.

If #*— " strongly in 150 T B™) w : .
get the convcrgcncesb:' (0. 7: R™), we can show that, for s—0, we

(1.18)  y*—y* strongly C([0, T]; R") weakly in W»%((0,-T]: R?)
(1.19) Y (y)= Bu'4-f— 3" —F3" weakly in L2{0, T ; R"),
(1.20) Ve(t, y (1) — &) =9, y'(1}).

weak' in L=(0, T ; R") a.e. t=]0, T[ (see [1], p. 182)

(1.21) Voi(3(T))—E0 <da,(y*(T)) in R®,
OF®
(1.22) gf— (y*()—E1(1) =OF(3°(1),

\\'eakl%:hinIL'-’(O, T, R ae t=]0, T
¢ last convergence is obtained as a particular cas
: TEeN : ase of
oy R%:n}{?:z lrlz,ht f:‘s. RP—-:R‘? he a locally Lipschitzian map.We define
: Wby F2(z) =(Fi(e), F&z), ..., Fil2)) where Fi{(z) = [ F (= *0)9,(0)d0
Jor i=1,2, ..,y . h
] A A T A .
. mgt?lig’;;:cl_ (0. T RY} is a sequence of real functions which satisfies
(i) »*—y strongly in L1(0, T ; R?),
(i) VE*(y*(. )% weakly in LMo, T ; Rt79),
then E(t) =0F(y(f)) ae. ts]0, T,
(We note the Clarke's generalized devivative of I at y by OF( ¥).)

Proof. By substituting 1 =z— 226 i 3
f. s =g—z'f in G ' usi
the properties of ¢, we ohtt(:tin: the £ formula and by et

Fo) = ‘—:;'}'-'Sf«“(u)pp (%) o

et

B2
By derivation we get:

_— L{—1)» r—
VE:) () = ;-—e—;)—SF(-u)Vp, (%E) (w)du for every weRe

Ry

Substituting once again ¢~

fidcomes : *(r—u) =0, the above-mentioned relati
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VE(s) () - El Sﬁ(z—sro)p,,(o)(w)de for every we R,
Ry

formula:

Integrating by parts we get ihe
1

. . 1
VE(e) = L TesOF (= 0w — {verte—enzoio-
Rp

- SW-‘(:—E’O);,(G)dO.

Ry

Thus: )
VF(z) € co {yF(z—e* supp pa)} }[ o,(0)d 0 cco {VF(u) ; | u—z],< e},

Since a®—+y strongly in L0, T ; R*) there cxists a subsequence,

renoted {y¢}, such that y5{(t)— y(f) a.c. te]o, T/
Since VEFH(y¢(.))—E weakly in 10, T 5 RP*9) there exists a sequence
of—E strongly in L0, T ; R#"9) such that we(.) €co {VF*(3"()).: n=(0, e}

Analogously, there exists a subsequence, denoled of, with the pro-
perty wi{f)—E(f) a.c. 110, T

Let be t<[0, 71, so that y¥{f)—y() and o {t)— £(1).

Let be 30 arbitrary. There exists g,>0 so that e*+ V) — (D)< 3
for e (0, ¢, .

Ifce (0, g4], then

oty = co {VETHD) 1 = (0, c

©
-
n
.
2
-

4 !
.:3
=

=y (g < pt}) Sco (Uco fVF () 5 Tu— (Ol 52 Hiy( =30 1

neD !
c co (VF(u); lu—»{f)<3}
From the convergence of the subsequence {w®} and from the fact
that the right-side set is closed there results that
() co {VF(u), u—y({t}< 3} =0F(x(f)) aw. t=]0, T|

(sce [4)).
Taking the scala
on the interval [f, T']

r product of equation (1.15) with ), inicgrating
and using Gronwall’s lemma, we get [p%co, 73 im<
<C for every =0

Taking the scalar product of equation (1.13) with g —(sgn pf, ..., sgn %)

and integrating on the interval [0, 7] we obtain the incquality

an T,
>4 B VN) p) [t < C, for every € >0,

T
that is the sequence {Vy*(¥<)p%}s50 Is bounded in L0, T ; R").

(1.23)
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Since {he sequence {dp*de)e.o is in Lo, T
[y  wp e 0 s bounded in L0, 77 R and
ff:g;lence {pe} is boundejd in Le(0, T; R" we infer, i)y{ Helly's )thcorclxillc
1t there exists pe BI7([0, T]:R*) and a subsequence of e renoted
1gt, so that pf)— p(1) for cvery fe [0, 1. =
We may infer that -

(1.24) Pip strongly in 170, T RY, 1gr<m,
Thus,
' oI *

(1.22) (5; (v (f))] PO @F (A 0)*pl1) a.ct=(0, 7]

from rclaiions (1.22) and({1.24).
By (1.23) it follows that there exi
(! xists @ measure p=(u,, p. :
=((l~ ia _ p={r, Yo, oor, Ua) €
_{S}F( “'c(Ol.ta{')c) :) 50 that on a generalized subscquence of fet. denoted again

(1.25) Ef(_»\'f)pf—-»_ui weally® in (L=(0, T)* for =1, 2, ... =

»

Then, {ending ¢ to 0 in equations (1,15), (1.16 7).
. 1 ¥ 3 s LRy . ’ .1 I 3
# satislies equations (1.13), (1.14) and {1:13), (116) {1.17). it folows that

P~ LOF AN P~ S L0, T) e £&]0, T, i=1.2, .., n
P @FEON M) — =gl v ae. =10, 1.

In this case we can specify the measure o,
e I’t.we Inkv f=4 = {\!-‘3;(2, T 0=wift)=a} then there exists 3, =0
.;_u. " l.mt 28N ap - 28, Since At 230 uniformly for every fe 0 7
or &,0 there exisis z,(8,) 0 with ool e 8 dor all e (3,). B

Fhen we have the inequidities : kA

3 -8, <Aty i B <a, 28,48, =, —3,.

Thus, 8, =y5=a,—3, for all ¢ - go(8,). Tt results that g (vi—n;) «:—15‘985<

= —1 for all £2<8§, and €yt s ],
We note that 4= &= U8, <yi(t) <a,~8,}.
i : . ' !
Thus, on A we have, by the definii ~t By pt st i
o, 1) G g ’n.)'\ e delinition of +* B{y3) pim0) strongly in
Using the convergences {1.25) and (1.18) we have vidi =0 that is:
{1.26)  (pi(n) OGN A L= )30 =0, ae, (=)0, I, i=1,2, .., u,

where £=(2, Z,, .., L,)&L"(0, T ; R") satisfics th ion % '
2=(8y 2,0, € -0, 00 R7) satislies the equation (1) €dp(f v*(t
a.c tei0, T, From (l..26) i results (1.9) on the sgt A, A1) =0gt,0)
Using the expressions of +v¢ and V+* we obtain ;

e Y, 3 3 LT T S : 3_:’(.“5—";) !
EE=IBIODA - pII00) =167 e 0, § o(0)d0~ 2(F 05(0)d0—
— 0

(L.27) RIS

= I0e(000— §0:(0)d0, ac. 1=70, T7 - (f=1,2, .., ).
TSI : ! '
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[T

Mty =ite= 0, T vi(f) =0}, by the convergence (1.18) we can

write (1.27) as:

1 [ '
(L.27°) fifse pi S 02(0)d0— V02(0)0 =2 p3 T 0z(0}d0< eipf)
3 e u

T

Since the sequence {430 is bounded amd =0 it follows that

(1.28) =0, strongly Jor = and 7 -4, 2, .

From (1.18) and from the bounding of the scquence  [Vyi{(a®)ptl.

m L0, [ R") we get:

{1.29) .'f‘f;_l.-,-)pf—m stronglv e LUE), =1, 2, .
By (1.27), (1.28), (1.29) it results
{1.30) PRI vE—=0 strongly in LBy, (=1, 2, ..., i

Relations (1.19), (1.24) and (1.30} lead o
PO (Bu0) -0 —(F(0)] =0, 1=, 2, ..,
The last relation, for (Bu'(£)-=f{t)# (F(0)), implies (1.11).
Next, let bersC {0, T vi{t) —a,}
We have:

Fi=(yi—a) B pi—pIBHsT| =pili— < [ 5(0)d0—

- 9y)

1 w0
(1.3 — e 0a{0)d0— [ 0{0)d0— [ 0a(0)d0) =¢ pii [ 0z(0)d0—
4 - n . ,J.:‘_ u
r.-'[‘.e:—n"n
— [ 0a(06)d0ig 22 p3.
Similarly,
{1.32) Fi—0 strongly for i=C, i=t,2,..., n

By an uanalogous argument we obfain (1.12).
- This completes the proof.
Remark 1.1. We can study a more general case, such as:

Problem (£} : Minimize:

&t y () (O did-54(3(T))

V<l <w

O —

"]

over the set of all functions y € 1V#3([0, T]; R") solutions of the variational

inequality :

Y {OFLEOF () s Bult)+ £ ac 130, T,
{ y(0) =y,
written for all w<7v3([0, T']; R") solutions of the problem :
[ o’ (8) + G u{t) =v(t) _ae =10, T,
\ #(0) =1,
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Here G @ K"— R™ is a locally Lipschitzian function and {Gu, u),>
=2 —TluE—=F, tor all neR™, where Iy, FoeRL, x= Ry and 8 R"—R»
jia a maximal monolone operator.

If v=L20, T ; R™) there exists a unique solution w10, T ; R™)
for which we can prove in the hypothescs (a)—(¢) the uniqueness of a solu-
tion ye Wr2([0, T7,; R").

Moreover, the control problem (£) has, at least, one optimal pair.

Remark 1.2, The particular case, where K =={r€ R" ;#,20, =1, 2. ..., n],
A, B matrices of dimensions X it and n ¢ m respectivelv and f=(f,, fy.-. fa)
=L}0, T ; R") is solved one the whole (see 1], p. 198).

2. Examples. Example 2.1. Consider the following problem :

-
(P} Maximize | v()dt
0

over the sct of all functions yeWWr2([0, T']; R) and welU subject to:

o [ 74T 200, 2 10, T
(0} =y,20,

T
where U={u=sl0, T ; R); O<ul{t)<y; Vi<€[0, T1; |u{t)dt=3}, with <
0

<yl and K =R,

This problem represents’ a particular case of the problem (Py), for
n=m==1, F= B=1dp which is the identity function, f=3,20, g(¢, y(f)) =
=—y{f) on [0, T'] and A=T7,; — the indicator function — that is A(#) =0
if u=ll and M(u)=40 if usl.

If (y,u)sWr{{0,T); R)xL*0, T; R) is an optimal pair for the
problems (P,), then

(2.2 YO+ y(ty =ult) ae {te(0,T]; vt} =0}
(2.3) 1{l) =0 ac {{€[0,T]; »()=0}
(2.4) y({)=0 on [0, T]

(2.5) ¥{0) =2 0.

From the maximum principle (see theorem (1.1})) we have assured
the existence of an element peBV([0, T]; R) which satisfics the adjoint
state system:

(2.6) Py —pty+1=0 a.c. {t={0, T]; »{!)>0},

(2.7) p(t) =0 a.e. {t[0, T1; »y{t)=0, 1(t) £ 0}
(2.8) p(1)=0

(2.9 pt) =0T, (u(t)) a.e. JO, TH.

From (2.9), using the definition of the subdifferential of the indicator
function, there results the existence of an element p€ R so that:

u(t) =0, for te{t=[0, T); 1) <e}.
(2.10) 0 <ull) <v, for tefte(0, T]; pl)=:¢},
1(t) =y, fort efts[0, I ; p(f) >¢}

71
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Case 1. 1{ v{0) =v,>0, then oey=i0, T]; v{f) =03 t’md fro(l)n thii.
contiuuiiv of 1 there exists a maximal interval (0.7, 50 that y{f) >0 on 1t.
In this casc, the linecar differential equation

[ ' @O+x{0)=al), on [0.1],

b y(0) =

has the general solution: t
. () = vet -+ ety (s)ds for =0, 4]
(2.11) v(t) =yee " _oc (s) 1

e oge = for ¢=(0, {,].
hand, from (2.6) we get p(f) s Ce' 41 : [
gzsethle. l(.)tlif rC -21(]) then p have the following graph:

S

-z e
S

/iF

. St
e e e v —p - a ——

Tig. 1

From (2.10) therc results the cxistence of #, €0, ] so that :

. . G cpe g, 1
wlt) =+ for 1€[0, n,[, O<ulf) <y for t=mn u(t) =0 for 1€ Jrnhy

implies : .
Then (2.11) 1mphies [ Cye*y on [0, 7]

_3-([)""1 Ceet on Y, t. e
From the initial condition v(0) =y, and from the continuity of the
function y we get:

#
[ {yo—y)e™* -y on (0, %]

W T\ (pe—yyer)et on [an Bl b el

We note that ve+y{eh—1)>0 for every 4,0, 1;] which 1mplies

f,==T. ‘ L
""" In conclusion, the optimal pair is:
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v for 10, §/v],

4 ;{ 0 for £33y, T,

and
[ (o=t)ethy for ¢e:[0, 3]
| (Yo—y+ye®)et for ,ﬁe['sl'-'_' 1]

where ¥, was determined from the condition | u(f)dﬁle
v} ]

y(t) =

re (o, ;?fn (2.6) and (2.8) relation we have € =y ‘f,:t!}:us Ptt; .:1 —¢ Tfop
Case 1.2, If C>0, then the function p have the graph: |

£
ll R
el =
l,,--ﬁ"::f:—:: ; f
Py
0 L .
P 73 .

Fig. 2

There exists, v, <[0, ] so that:
(1) =<0 for 10, v,[, 0<u(t)<y for t=wy, u{t) ==y for L&y, t,[.

Ana]ogously, we Obtain ) =T “_hich iS ab d & - .
the (2.8) relation, P surd since 1t contradicts

Case 2. Let y(0) =y, =0 and 3{t)==0 on the closed interval [0, 7],

then y(¢) =0 and y{t) >0 in a neighborhood of the point {.
In this case, from the relation (2.3) it follows that :

u(t):{ 0 on [0,{]

' on J2,1].
Along with (2.11) we obtain : K e
0 on [0, ]

»(0) ={ =
Coet -y on J¢,
From the continuity of y we have:

0 on 0,1

y(r)—{ o neg

—ett+ on [¢1].
We note that the function yis increasing and concave on the closed in-
terval [¢, t] which implies i ==7". T
In conclusion the optimal pair is:

]
]
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0 oon 0, 7T—3/y]
w{f) 2l . /f'.'
l voon |8, T]
0 on 0, T'—8f]
3E) = s

To oot

~we T Ay o’ [F=3fy, T,

: o
where £ was determined from (he condition” § a{f)dl =:3.
5 4] '
FEyample 2.2. We consider the following optimal control problem:
Probiem (°,) : Minimize ) .
! b ! B '
Vda ¥ Telt;, v{f, o) y+-Ailule, 1)) _rl'H—oj' a,(x(7T, x))edx,
over the set of all functions veT (1)) and weL(D) subject to:
AL ——b”a-}.([' x) e (e{t, D= ol N), ae (G a)ED,
ot Jdad
where D ==[0, I']:<[0, L] and K-=0,ai, with the initial condition :

{2.13) {0, x) =00} for v=1{0, L],

(2.12)

and the boundary conditions :
(2.14) Vi, 0) =y {1, L) =0 for te[0, T].

Using the finite differences method this problem can be expressed
as a particular case of the (F;) problem.

Divide the space interval [0, 7] by the equidistance points 0 =y
Cxy e, =L in (n—1) cqual parts Av=Lj(n—1) in length ; 1c. x; =
=[(i—1L1[(n—1) for i=1,2, ..., n. _

In this wav, the y : D— K function is approximated by y() =3 ()i 17,
where v,(f) =v{4, xy) for 1=, 2, ..., .

Analogously, 1t} =(u{t))is.

With the finite differcnces of the sccond order, the -equation (2.12)
becomes !

d vt b =% 2
dalll, e [ye{t) = 20400 = 3o () O (i) 2i(D)
(2.12) ak (Ax)?
for t='0, 7 and =2, 3, .., n—1

The initial condition and the boundary condition become
ve{0) =y for i1, 2,.., 1.
respectively
¥a(f) =y4(t) =0 for t€[0, T'L

We obtain a first order linear differential system of # equations and »
unknown factors such as:
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(2.13) [ YO +Axt)y+odlx(yt)= n() for €0, [
l ¥{0) =1y,
where
| 21 0 o.. Do 0
—1 2 —1 0... 0 o 0
4 br 0 —1 2 —1... 0 0 0
£ =—-“—-——1 W s e e e e e e e e e e e e
AL 9 0 0 0.. 2—1 0
o0 0 0. —1 2 =1
i 0o o 0o o0.. 0 —1 2

The relation (2.1:”) can be written as:
VB4 Ay =u () on {0, T]; 0<y,(f) <a}

()< 0 on €0, T ; yi(t)=0}
(2.14) 1,(f)2 0 on t<{0, T1; yi()=a}
0< i) <a on [0, T

1i(0) =y(x) = [0, a]
for £==2,3,,.., n—1,
We approximate the cost functional by :
ji

ax [} et ) =Heat+ 524
e [

H(y, wysWr:(0, I']; R") is an optimal pair for the (.} problem then,

from the maximum principle (see theorem 1.1}, we have assured the exis-

tence of some clements p=BV([0, T]; R*)and §=L=(0, T ; R") satisfying:

BifE) = (Ap(0); =%

ae {{=(0, T); 0<y(t) <al

i{t) =ag(t, ¥(1) ]
215 ity =0 a.c. {0, TT; v ) =0, uff)#0}
(2.13) ) =0 ae {0, T1: ydt) =a, wdt)#0}
T +02.(9(T))> 0 -
Pty =0h(u(f)) ae fe=]0, T

where £ =2, #—1, A*=4 (4 is a symmetric matrix).
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ON THE EXISTENCE AND UNIQUENESS OF INSTATIONARY
CONVECTION IN POROUS MEDIA
1 BY
| DAN POLISENSHI

1. Preliminaries. Let © be an open connected bounded sct in R?
(1#==2 or 3) locally located on one side of the boundary &€, which is a Lipschitz
manifold composed of a finite number of comnected components | let real
8=0 be a fixed and let us denote with Q0 the eylinder Q32(0, 0).

] With the asswmptions and approximations which are frequently used

for the thermal convection in a homogencous porous medium saturated
with an incompressible fluid, the governing evolution system of the Darcy-
Boussinesq equations for the filtration velocity #, the pressure p and  the
{emperature " may be writien in a non-dimensional form as :

(£.1) div #=-0 in O

(1.2) vEste+ == —Vpale in Q (8,-»—- %)
¢

{1.3) é: T +—uvi =37 in (3,

where v >0 and >0 (the Rayleigh number) are two fixed real numbers,
while ¢ is the fixed versor of the gravitational acceleration, As we are in
the non-dimensional case, we can assume that Q can be included in a »-
cube of edge-length 1.

Let 1", be a subset of 88 with positive surface measure and let us deno-
te with I"y==¢Q* 1", ; the boundary conditions are :

(1.4) #.v=0 on ¢Q:(0, B),
(1.5) d—i =0 on I';«(0,0),
av
- (1.6) T=z on 1'3{0,0),

where v denotes the unit outward normal on dQ and <==7{x, 7} is the most
important datum of our problem.
Also, # and T have 1o obey in some sense {o the initial conditions

(L7) u(0)=u° in (1.8) T(0)=T° in Q.



