254 - V. OPROIU ' ' N 16
(47) VoKL, +V, K VKD =0
(48) VKV Ky 4V, <0,
(49) VK +V,KL, +VeKiy=0.
The Ricei tensor ficld is obtained casily according to its definition
(50) K=K — K%, =0,
. g b}
(51) K,'_,—=Kfm +Kh = = {jh_'"— ——Ma
ay!
. i
Ki =K K =~ 2 (Bim - nmr?}) -
(52) ayi Sx?
' \sx MY dy"*
3 d
(53) K = Kig; + Kip, =" o (BinHRsa)
Finally the scalar curvature is
. h.
(54) K=2K;gt'=—2g aq)i_f g
ay’
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A GEOMETRIC PROOF OF HUREWICZ'S THEOREM
BY

R. AYALA, E. DOMINGUEZ, A. QUINTERO

i ‘¢ consi 1y he bordism
1. Introduction. If we consider ‘the homology groups as t .
groups con;tructed with pseudomanifolds we obtain an ecasy geometric
interpretation of the singular cycles, This fact permits of more intuitive
proofs, from the geometric point of view, of manv results of Algebraic
: ] ; . - .
e '(I}%i aim of this note is, following the algebraic ideas developed in
Spanier’s book [7], to give a geometric proof of the well-known Hure-
wicz’s Theorem that relates the basic algebraic invariants of a topological
space : its homotopy and homology groups. n
e eThe referenccs for the results of Polyhedral [opology and Homotopy
Theory will be [6] and [7] respectively. A polyhedron is an Euclidean sub:
space covered by finite many simplices. Given the interval /=0, 13, we
denote by I* the ordinary #-cube with its canonical PL-structure and oricn-
tation. S$* is the quotienf I"{4I" with its canonical PL-structure and orien-
tation. As usually, =,(X, x,) is the n-th homotopy group of the pointed
topological space (X, x,), defined by the
ST M) —(X, x,),
and 7, (X, x,) is the quotient of m,(Y, x,) by its commutator subgroup.
is known that
s known tha Tl X, )= (X, ag) o w2,
In general, we regard =,(X, x,) as (X, v,) with its group operation made
: t. ! . .
[.Ommx:t?:ltl)‘s’gd n-pseudomanifold is an s-dimensional polyhedron P which
admits a subpolyhedron SP, called singular set of P, such that :
dim SP<n—2, . )
16:1))) P—SP is an oriented /’L-manifold without boundary.
An n-pscudomanifold P with boundary 8P is an #-dimensional poly-
ifying a) and the following conditions 3
hedrog'f%l-—}\;g izs an oriented FL-manifold with boundfuy aP—-SP.
b’) P is a closed (rn—1)-pseudomanifold such that S(gP) =JdPnSP.
A singular #-pseudomanifold on a topological pair (X, A) is a pair
(P, /) where P is an n-pseudomanifold with boundary 3P, possibly empty,
and
: (P, aP)— (X, A)

i i - do-
is ontinuos mapping. If (£, /,) and (P,, f.) are two singular 1-pseu
1I;llaanicfolds on (X, I:*F) \%C say tlhat1 they are pseudobordant if there exists a
pair (Q, F) such that:



206 R. AYALA, E. DOMINGUEZ, A, QU‘[NT‘ERO

1) ¢ is an (# 4-1) - pseudomanifold with boundary
EQ— (P — pz}'u Qo,

where the equalitvy means an oricntation-preserving  /°J-isomorphism,
JU™ s the disjoin union symbol, —J’, is the pseadomanifold P, with the
reversed orientation and (), is an s-pscudomanifold such that

8Qs= LW — dDy= 80w (P — 1),

2] F:{Q, Qo) (X, A} is a mapping which extends fi (1=1,2).

Pscudobordism relation is an equivalence relation and the set of
classes [, /] admils a structure of abelian group defining the sum of two
classes as the class of the disjoin union of their representatives. This group
is called the n-th pscudobordism group of (X, A) and it is denoted by
SQLX, A).

A mapping a: (X, A4)~(Y, B) defines a morphism «. : SQL(X, A)—
=30, (Y, B) given by «. [P, f]=[P, f2]. In this way SQ. (—) is a cova-
riant functor between the category of topological pairs and the category
of abelian groups. This functor is an ordinary homology theory naturally
equivalent to Singular Homologv with coefficients in the group of inte-
gers. For details see [1], (2] and [3].

A ball complex K is a finite sct of /’L-balls such that (we denote
K 7 the sct of g-balls) :

1) If o, pEK, on B=don 6.

2) lf 6eK? @ois an union of clements of K¢ 1.

Given a ball complex K, the faces of the balls of K915 a ball complex
which we will denote K¢, if there is not doubt. The ball complex K x [ is
the complex {o7, 6x0, oX1; s&K}. By [ K| we mcan the under-
Iving space of K.

We denote by I* the canonical ball complex structure on the s-cube I*.

If K is a ball complex it is casy to prove that | K | is an n-pseudoma-
nifold if and onlyv if :

a) Every ball is face of an n-ball.

b) Every {(#n—1}-ball is face of just two n-balls.

¢) There exists a compatible orientation on the n-balls of K.

Similarly, | K | is an #-pscudomanifold with boundary if and only
i the above conditions a) and c) are fulfilled and moreover -

b’} Every (#n—1) - ball is face of one or two n-balls.

¢’) The faces of the (#—1) -balls which lic in just an n-ball define
a closed {n--1)-pseudomanifold.

2. Proof of Hurewicz's theorem. In this proof we will use

Lemma ([8; 6.40)). Let K be a CW-complex, (X, x,) a g-connected space
and [: | K |=X a mapping. Let LcK a subcomplex such that j(| L)) = x,.
Then there exists a homotopy H: | K [xI—X, relative to | L'|, such that
Hy=f and H, (| K7 |)=x,. ’

Hurewicz’s Theorem. I'kerc exists a canonical morphism

0 7o (X, x)—=SQ(X, x0)
defined by O[f1=[I", f]. Moreover,if (X, x5} 4s (n—1)-connected 0 is bijective.

B
B
e}
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Proof. 1t is immediate the good definition of 0. In order to prove
that © is morphism, we consider the subcubes
I={(xy, %o o, 3y €I 112}, =i, 22 o vyt xz1/2}.

e

i i ‘hen we glue I*x [T

Let be the (ﬂ—l—l)—pseudomamfold obtamcdn w i )
to I”qui%'xI identifying in the natural way I"X1 to leOU'L_.>§0.
Then1 given [f,], [f.}€7m (X, x,) is obvious the existence of a mapping

F : 0—X showing that
(e, foxfl=0" ] 37 1]

in SQ, (X, x,), where fixf, is the prpclt(lct olf)jl and {g.l

Now we suppose that (X, xp) 18 n—1)-connccted. . .

a) We are 1g(l)ing to sec that 0 is onto. Let [I, f ]*—'E.SQ,,(A, Xa)-
We take P=PUcx(éP’) and [: P—X the extension of f such tha_t
Flex dP')=x,. It is casy to show that [P, fi=[P. /1. Then we can assu't_nﬁ
that every clement of SQ,(X, %) admits a representative (P, f) wit
dP= . Let K bean oriented triangulation of 1. By thcgboxﬁelcmm-a we ca,n
assume that f(|K* 1 |)=x,50 we get a quoticnt mapping f: |1\"|/|K."‘_1|h—~A.
The space | K™ | /| K" |is a wedge, S,V 5;2V...V.S ., of as rrfan;y' spheres
as #-balls of K. Let g, be the restriction of f to Sy (1<i<z). We will prove

e (P, f1=1S1, gl 4. +[Sh &)

For this we consider the pscudomanifold obtained gluing the quotient
»~1 1% 1 to each §;x I by §;x0. ) o _

PXIénIfhe other hand, bectausc the spheres Sy are oriented, 1:[. is po§?ﬂ)le

to choose based orientation-preserving PL-iscmorphisms #;: S -5 Then

£P, f]1=15" b4 HIS", gt

Now, if =: I"—S* is the canonical projection it is obvious that
[I*, gdhm]=1[S", g} (1<i<r). S0

0([z. /1] ... (o, =)=, /]

is injective. If [flemi(X, xy) with 0[f]=0 there exists a_pair
(Q. F};) v&t?hxlesrclrgmi:;1 an (n -fl]]-psc£1domanif01d \:ith bounda'ry cQ=1I Ui%o.
0, an n-pseudomanifold 51111ch tha.tt (_JQt?_- 3{(3:}5 g@fo and [’ is a mapping

{, x,) whose restriction s /.
from %%t %’?JE:S},]; b‘(ja) triangulations of I*=(Q5Q, and K the b:}ll corIrépleg
constructed substituting K'x1 by I" in K'XI. Idcntlfym_g K 20 ' X
we obtain a new ball complex L. It is casy to prove that }|1 is Caz
(% 4-1)-psendomanifold whose boundary is f3| L|=I"y| LDF, w f.re ; °|)—+
is subcomplex of K. Moreover we can extend F’ to a mapping . (l ,_xu <
-(X, %,} and by the above lemma we can aziumie t;at F(| }=1,.
ient mapping F: M=|L || L* =X,

v geieat qll"m—tl{%lf, B::pp %,} the projections of the (n +1)_—ball€, dof Li
Note that cach B, is an (s#-+1)-cell whose boundary, 2By 1s a “e.get}?e
n-spheres. Let Z={S,, S; ..., S x} the setﬁo.f fzaspheres which are in e
boundaries of the elements of 7. The set X is in 1—1 correspondence wi
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the set of n-balls of L. Therefore, because L 1 is a pscudomanifoldl, cach S,
belongs to the boundary of two vlements of 7" at most, in such wayv that
those S, which belong to onlv one B, are in 11 correspondence with
the n-balls of L. Then, because =, (X, x,) is commutative, it is casy to
show that the restriction, f, of I to $™ is null- homotopic. So,[fl=1 e (X, x,)-

Remarks. 1) We have just proved Hurewicz's Theorem for all u> |.
In the t-dimensional case there is another way to show that 0 is 1 — 1. The
proofl is based on the classical surfaces classification and the fact that a
2-pseudomanifold is a surface with finite many point identifications ([4]).
For more details sec [5].

2) I{ we define pscudobordism without orientations we get a geome-
tric interpretation of Singular Homology with coefficients in 227 (sec
[2]). Let SN. () be this bordism theory. The Bockstein sequence
associated to the the sequence

Ol —Z 72|27 -0
leads us to prove that the forgetful morphism
O SO (N)=SN,(X)
is onto and its kerncl is 250,(X). This fact shows that the composition
DO 7 (X, x) =S8N, )

is onto and its kernel is the subgroup generated by the elements g* and
aba 11 a4, ber,(X, X

As in 1). we can prove the above fact in a geometric way (see [5]
for details).
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ON A HORIZONTAL LIFT OF A LINEAR CONNECTION ‘INTO
LINEARIZED TANGENT BUNDLE OF SECOND ORDER
BY
JAN KUREK

H
The purpose of this paper is to investigate a horizontal lift V of a
linear connection I' on a manifold M into the total space of linearized tan-
gent bundle of sccond order 3= : *M—3M. A connection ' in the tangent
=]

bundle i : 73— M induces a pure-lincar connection I'= (T, I'} in theAlineari-

zed tangent bundle of second order jr @ *M—JM. The ‘conn?}"tion T in th‘i
bundle iz : *M— M allows to introducc a honz_ontal_llft X' and vertica
lifts X" and XV:of tvpe 17, and V', of a vector ficld X on M, into the total
space M. H ‘ ) .
s We define a horizontal lift ¥V on =M of a lincar connection I' on M
similarly as in [2]. We find a torsion tensor and curvature tensor of the

H . * ; A ~
connection V. We describe a geodesic curve on M Hand a parallel displace

¢ i N : il t to V.
ment of : X#, XV X': on M with respee _ .
We state that if T is a Riemannian connection with respect to a me-

H .
tric tensor g on M, then a horizontal lift ¥V is a metne connection for the

lae l lft (; Of e . o
dldbonl:.l Lét M be an n-dimensional Hausdorff manifold of class C=. Let T’

be a linear conntection on M and V its covariant derivative. \}'e cg)p\s;dcrua
lincar connection I on M as a conneciion in the tangent bundle gz @ 7. _;111 .
Then I' is a left splitting of the exact sequence of vector bundles
over "M :
by

(1.1 O 1 (TMYy =T (T My TM - TM—-0, o= id v iran.
B E ; B Y

A conncction map for ' is of the form:
D:T{TMy—=TM, D=pyourryel,
where v o F{TM) = TM < TM is a canonical isomorphism of a vertical
e . o N epa 7y - . .

subbundle into the Whitnev sum and p,: TM (’ M — T is a projection

the second component. : L .
o ‘t\'tt('onsidcr ;1ptangcnl bundle of second order = : M —M, where:
{1,2) M ={AeT{TM): ix d="T 4} jr=imoyr, 2y
The map Y=, @ T(TM)—7TM 15 a differential of the natural projection



