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the set of n-balls of I Thercfore, hecause 7, | 15 a pscudomanifold, cach S
belongs 1o the boundary of two clements of 7" at most, in such way that
those 5, which belong to onlyv one Biare in 1 correspondence with
the n-balls of 1. Then, becanse (N, v,) is commutative, it s casy to
show that the restriction, f, of I to $7 is nul]—homotopic. So,[fl=1exr)(X, Xo)-
Remarks. 1) We have just proved Hurewicz's Theorem for all #3 .
In the I-dimensional case there is another way to show that 6 is 11, The
proofl is based on the classical surfaces classification and the fact that a
2-pseudomanifold is a surface with finite manv point identifications {[4)).
For more details sec [5].
2) If we define pscudobordism without orientations we get a geome-
tric interpretation of Singular Homology with cocfficients in 2/27 {sce
(2)). Let SN, (—) be this bordism theory. The Bo ¢ kstein sequence
associated to the the sefjuence

O—ZsZ—Z270
leads us to prove that the forgetful morphism
D2 SN SNL(Y)
is onto and its kernel is 2580,(X). This fact shows that the composition
DO 7 (X, x) = SN (X 2 o)

is onto and its kernel is the subgroup genecrated by the clements a2 and
aba=b-1; 4 bem (X, x,).

As in 1) we can prove the above fact in a geometric way (see [5]
{or details).
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ON A HORIZONTAL LIFT OF A LINEAR CONNECTION INTO
LINEARIZED TANGENT BUNDLE OF SECOND ORDER
BY
JAN KURER

H
The purpose of this paper is to investigate a horizontgl lift v of a
lincar connection I' on a manifold M into the total space of lincarized tan-
gent bundle of second order §=: *M—3. A connection T in the tangent

bundle g= : 7M— M induces a pure-linear connection I'=(I"', T') in theAlineari-

3 En M MT :)ction I in the
zed tangent bundle of second order 3x - M—a. The conmec ‘
bundle Eﬁ’n :*M—AM allows to introduce a honzpntal_hft X" and vertical
lifts X"v and XV of type I, and 17, of a vector field .\ on M, into the total
space W, M . ] )

v We define a horizontal lift V on *M of a lincar connection 'on M
similarly as in [2]. We find a torsion tensor and curvature tensor of the
¥ a5 in.f

connection V. We describe a geodesic curve on 237 JHand a parallel displace-

ment of : X¥ XV X7 on 23/ with respect to V.

We state that il T'is a Riemannian conncction with respect to a me-
' H

tric tensor ¢ on M, then a horizontal lift V is a metric connection for the
diagonal lift G of ». ' B
¢ 1. Let M be an #-dimensional Hausdorff manifold of clas:s C= LetT
be a linear connection on M and V its covariant derivative. \:\C consider a
linear connection I on M as a connection in the tangent bundle fz: T M.
Then I' is a left splitting of the cxact sequence of vector bundles
over T/ - -

(rn 0= V(T My - T(TM)y=>TMx 1310, Cov=idy pa.
' ! " al
A connection map for T' is of the form -
D T(TM)~TM, D=p,ouryel,
where oo (TM)—7TM % TM is a canonical isomorphism of a vertical
= “! “pe &S Al . - "

subbundle into the Whitney sum and p,: 7°)/ X I'M—TA is a projection
n the second component, : L '
' \L\'CL( onsider a tangent bundle of sccond order aw M= 1, where -

{1,2) M dd e T(TM) Hin A=T A} jr=lnchm 1y
The map (=, : 7(¥M)—~7TA is a differential of the natural projection
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o TM—M and T, : I'('M)—TM is the natural projection for the tan-
gent bundle over 7M.

A vector bundle structure for the bundle = : 7"TM— A, where =
=grol’z, is defined by a diffeomorphism :

(1,3) Toxm, XD T(TM)—= TMx TM X TM
M M

and it induces a vector bundle structure for the tangent bundle of second
order by the diffeomorphism [1]:
(1,4) I, D M TM % M,
A
Alocal chart (U, x*') on M induces alocal chart (3o~ (U), 2%, x*)on TM
and a local chart (3= 1({J), »°', x1' x2%) on =M. A local chart for the vector
tangent bundle of seccond order 2M is of the form (§r~1(U), 2%, 21, 2%}, where :

(1,5) poam g0t sV gt a1V gk

The vector tangent bundle of second order gm: :M—M is the Whitney
sum M =2{"x2MV of a horizontal subbundlec *M# and a vertical sub-
bundle 2Af¥. M
A basis of local sections of 2Af cons_ist of
g J ins @ ) d
(i ,6) Eui(x"l S _Fij 8:‘ . ’ 24, 5% — ] .
axv! Ax1t|ix%, 8, axv (1, o

0 0

The sections E,; and E,; span the subbundles *M# and 2M" respectively.
A linear connection I' in the tangent bundle §=: TM—M induces

a pure-linear connection I'=(I', T') in the linearized tangent bundle of

second order §m::M—AM. The pure-linear connection T'=(I", I") induced
by a linear connection I mayv be regarded as a left splitting of the exact
sequence of veetor bundles over A7 :

A

I

M
0= VA=~ T(2M)—2M X TM—0,

2o 2, M
(1,7) | L
0= 17(IM) ~— TTM)»TM=xTM=0,
A/ M
T
Tov= ld v{aan,
f‘(:uf’ 216, 22yl i g (pef 21 et g 4 Thgtkyer gt
(1,8) FThztiyed)
P(xoi‘ Kt ot yu'):(xoi’ X0, yu_l_‘_[\;‘,kxlkyoJ)_

A
A connection map for the conncction T' is of the form :

(1,9) D: TEM)—M, D= p,oupuyol,
where trpay @ V(*M)—~2M 2} is an isomorphism of a vertical subbundle
W
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into the Whitney sum and p, : M XM —3 is a projection on the sccond
M

component. o . . .

Then for any .l €M we have a decomposition into the direct sum:

(1,10) T (eMY=H ,(:My@ T (M),
where : H,(2M)=Ker ) and 17,{:M)=Ker(n,). _ y

Morcover, for the cotangent bundle 77(237) we defline a decomposition
into the direct sum corresponding to (1,10):
(1,11) T (M) =H(EMA@ V(M)
where :  HEM)L={oe 7"(2M) : 0(X}=0, N€H(M)},

VML ={we 1"(*M) : o(X)=0, X s I"(*A]}}.

A svstem of 3n-vectors (Dy) and (D,,, D,;) that spans H(*M) and
(=) respectively and locally is defined by :
d D= d

< a . a
(1,12) ])“‘=-(-:_{,¢—F?j:11-3—.-7k—r?jz-jgz—ff’ D= pwr

is called an a&'apted frame on M with respect to the induced connection

T I, T in the bundle jr:2M—2M. ) _ .

: A s.)ystem of 3n 1-forms (0'%) and (&', w*') that spans FF(zM)L and
H(M)L respectively and locally is defined by :
{1,13) wti=dsot oVi=drtt 4T bdsd, wrie=det T dzY

is called an adapted coframe on M.
For adapted frames, adapted coframes and the natural frames on

gt

=1/ with respect to the coordinates (0, v 2ty and {zof, 27, 22F), where
. L L gt
(1,14} ol =poi(z0f) = Al s =l A PR
we have : _ .
A0 0
(Dl]h Dy, Dzi)‘-:(l)ui'- Dy, D:i'} 0 .l: 0 :
0o 0 A
W’ A0 0 w?
(1,15) o] =l0 AV 0 wtf].
wt 0 0 .'li-" Wt
, . R -1 0 0
(Der, Dye D)) ( ¢ ;) M 80
ir i 27 B . ) G e H
40 1 a:U} az‘l.f O':"l { ) ?k:g].' 0 83

Definition 1. .1 horizontal lift of a vector fivld X on M dnto the total
space M is a section X*e H(2M) such that :

(1,16) i (XM =X, D(xM=o.
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Definition 2. A weriical lift of iype V, or V, of a vector Jield X on M
inlo the total space *M is a section XVieV(*M) or X< V(*M) respectively
such that:

(1.17) s (A =0, n (D(X"))=4X, DDX")=

3, (X =0, Ir, (D(X"))=0, D(D(X"))=X.

For a vectlor field Y=X! ~()— the horizontal Lift X# and the vertical

lifts X" \'": in the adapted (ﬁamc arc of the form:
(1,18) XHe XDy, X'=X'Dy,, X"==X'Dy,
and in the natural frame have the form :
Xt 0 0
(1,19} Xt=1_pi x|, AN=|xi|, AV=| o
—THX e 0 Xt

Proposition 1. For the horizontal lift X" and the vertical lifts X",
XV into 2M of vector fields X, Y on M we have the relations :

X, Y* =[N, Y} —y R(X, Y)—v.R(X, Y),
(1L20) [X", YH=[X, YT'—(Vx¥)¥, [X", Y7]=[X, Y]"—(VaY)",
[X¥, YV ]=0, [X", Y¥:]=0, [X", Y":]=0,
where + R(X, Y) and v, R(X, Y) are vertical fields of type V, and V, res-
pectively of the form :
RN, Yy= R, XY Dy,, v RN, Y)= R, XY 22D,

2. Let I" be a linear connection on M and V its covariant derivative.
Definition 3 [2). A horizontal lift of a linear connection V on M into
H

the total space *M is a linear connection V defined bv the formulas :

i H
(2 l) V\'”Y” (V:(Y)" Vx”YV"—(V\ )V“

VX' Y7=0, V\'aS‘u—O for a, —1 2.

»

Thus the components of the horizontal lift V of a linear connection
V with components T in the adapted frame (D,)=(Dy, Dy, Dy) are
of the form

H H
Vo, D3=l";fBDY,
(2,2) F(h {1}t Pu;
F ,=0, for other =«, B, v=0i, 17, 2.
Moreover we have the relations {1, 13): (Dg)=(8,)[Ba] between the

& %
)ll;"‘_rw rOi 23 '_ri_i,
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a
azos’
H

,i”, 31) Thus the components of the linear connection V in the na-
iz 7

tural frame (8,) arc of the form: vajak=FfKaL

adapted frame (D)={(Dy;, Dii, Dai) and the natural frame (d,)= (

Mo H L . o~ -
P fy— BTGB BY— Do BEIF BY, BLES — 8%
H H i H
IO?I:JR—'F'L 0_} l!u IlJiJk_Iﬂu ]OJ"k_-r"JDL ij;
H

(2:3) IV LR PR KRS YRy B
Imme 31Fk« o fk”"‘”sr’"'

F#=0 for other J, K, L=0j, 17, 2;.

H
A torsion tensor I of the connection V is of the form :

2.4) T(X”. Y#)=(T(X, YN +7 R(X, V) 4. R(X, Y},

H
T(X%, Y =(T(X, Y))'s, T(X%, Y")=0, a,b=1,2.
H
A curvature tensor R of the horizontal lift V is of the form :

" i
) R(XM, YHZP—=(R(X, Y)Z)", R(X¥, YM\ZVee (R(X, Y)Z)¥o
(2,5

H i
R(XVe, YN ZU=0, R(Xs, YMZ¥,=0, R(X"e, Y'9)ZH=0,

Thus, we have

Proposxtmn 2. Ij a linear connection V on M is iorswnless ie. T=0,
H
then the horizontal Lift V on -U has nonzero torswn tensor T with 1 (,\ H YH)=

= R(X, V). R(X, Y), (\"a YTe=0, ](‘\" YV)=0. I} a linear con-
neetion Voo M s locally flaf (i.c. torsion tensor 1'=0 and curvature tensor
H

R=0), then the horizontal Lift V on M is forsionless.
Proposition 3. If the curvafure tensor R of a linear conncction V on M
H

H
vanishes, then the curvature fensor R of the horizontal Iift V on *M vanishes
too.

3. Let C be a geodesic curve on the total space M with respect to
3

the horizontal lift V. In local coordinates (:9%, =%, z2%) the equations of a

geodesic curve C: Ral—:M, € t—Cl)={z*{1), 225, 22'(t)) are of the
form :

ok "K
(3,1) Fix == =0, L=0i, 1i, 2.

L — Matermaticd
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#H
Thus, using the formulas (2, 3) for I'kx, we get:

2ot .=’ dzok

diz Jk? dl'»_

dt . . . dztd dzo®
i HOT AT ThT —
zo:f dzlk dzﬂ zlz""
3,2 4L S P =0
(3.2) aoa o Tar odt
dzzzl 04 dz“'"
Ef'; + (3 T +T5 he— T2 LTe)z™ i dt
. dzo! dzt* dz¥! dz°F
T——— i — — =0,
e T
We denote :
Dzt dnt dz®! Dzt dr® dz®!
33 D i g o= T Tt —
%) a a7 @t a0 a
Then, if we assume that:
201 ol Jo0k
Ih=Ths, %‘ -I-Fﬁx%— ;— =0,
“ {
we obtain :
Dt D (D! dzt dz% dzv?
D' Doz N _ % a0, T8 D —THIT )Y ——— =
= dt( 7y ) s AT AT —Taelh) T +

dz* dz®! dzoF dzV?
SRR y R
e w T w

Thus, we have N
Proposition 4. A geodesic curve C on M with respect to the horizontal

o
lift V of a linear connection ¥V on M with torsion fensor T==0, has, in coordi-
nates (2%, zt', z*"), cquations of the form:

204 dzv dzoF i ol
e Vi i ] Lot I 4 o B
di? at di dt\ di d\ dt
Proposition 5. A curve C on the total space *M 1is a geodesic curve with
H ~ ~

respect to the horizontal lift ¥V, if its projection C=gn(C) on M is a geodesic
curve with respect to a connection T' on A and if C is horizontal curve with
respect to the induced connection I'=(T, ') in the tangent bundle of second
orderin . tM—M.

Proposition 6. If C is a geodesic curve ont a manifold M with respect

to a comnection V, then its canonical lift C into =M s a geodesic curve with
-]

respect to the horizontal lift V.
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]

. I}.zct });ch aJvcctor ficld defined along a curve C on *M. The vector
ie =X7(3]0z g : € / 1 |y

| (a/8 ) alc.}r:b the curve C(}=(2"(t)) is parallel with respect
to the horizontal lift ¥V on ®M if the cquations are satisfied :

(3,5) QX;J § de¥ &,
dt i dt a0
Thus, using the formulas (2, 3) fo f ;
5 ) r the compo o i i
nates (2!, 2%, z2'), we get equations of tﬁ)c r;?)?frsl‘ :I‘”, oY n focal coordi-

dXo ~  dzed

—— T X0k
at ik 7 0,
dX1 . o
PRRACU SRRV AV AR G
(3,6) om0 g L pe For Y
kT +F -Xok =0
df i dt
dxs
+(3,F,§,—I‘§J‘;—k —]—]_‘;J‘L)zzr}z‘ok _‘i_zf +
dt
Cdet? .
+I";L Z_ sz +F;kX°k dzzf _o.
df dt
For the vertical lifts X%« oy .
the equations (3.6) reddczf tt%pe Va, a=1, 2 of a vector field X=X 3/9x",
(3.7) axX' i yed
pr ik & =0,

For the horizontal lift X¥ of a vector field X=X

(3, 6) reduce to: d/dx' the equations

ax' dz0}
dt +T% i 0,
; dxX’ dzo!
(3.8) ot 1 z”(—- x5 0)
s i +T% 2 =0,
i dXr d=v!
— Tl e x4 =
Ut (dt +I5: 7 0.

Thus, we bave :

ﬂmécal:r;)%osjlgn 7. A parallel displacement of the horizontal Iift AT or the
ifls A¥s, a= y 5

t . .a 1, 2 ojHa vector A €T, M along the curve C on *M with

respect to the horvizontal lift V is equal to the horizontal lift or the wertical lifis

¥ .
(t){; type 'I w 4= 1, 2 respectively of the parallel displacement of a vector A along
1e ctrve C=Gr(C) on M with respect fo a linear connection V

(3,9) ClAT)=(C(A), C(AY)=(C(AY)"s, a=1, 2.
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4, Let g be a metric tensor on M.
Definition 4. 7he tensor G on the total space *M anduced by the metric
tensor g oon M oand dofined dn the following way :

(4,1)  G(X, V) =23n, X, 30, V) +elin, DX, 3n, OY) +g(DDX, DDY)

is called a diagonal Iifl of g. .
In the adapted coframe (1,13) on *3/ the diagonal lift G of g is of
the form ;

(4,2) C =g ' Q0% 480" ' ®u g n'@u’.
The covariant derivative of the tensor G with respect to the connection

H
V on %A is defined by the formula :

ol 7 Y e % ¥ el Sy ] T o i
(4,3) (VIGHY, Zy=N(G(Y, 2)) - G(VxY, Z) -G(}Y, ViZ).
Thus, we have the formulas for the covariant derivative of the diagonal

i
Iift G of g with respect to the horizontal lift V of Vv
H H
(Vxt YY", Z0) = (Vg Y, Z), (Vi GHY Ve, Z) =0,

iz H v
( ) (VXu G)(Y"", ZV")— (V\-g)(l', Z)’ (V_\-” (r}(x Va Z;“)_“.
4,4 .,

(}V{’x"a(;)(}'”, Z”)z:-.(), (V_\.ra(;)llryl’:.’ Z”)—ﬂ.

H
(V"G)(Y"s, 2% =0,

Thus, we have :

Proposition 8. Jf V is the Riemannian connection with respect {0 a
1

metric tensor g on M, then the horizontal Lift V of a connection V into *M is a
metric connection for the diagonal lift G of the metric tensor g.

a, b, c=1, 2.
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CONNECTIONS OF ORDER &+ ON M AND ASSOCIATED
POLYNOMIAL STRUCTURES ON 793/

BY

MANUEL DE LEDN, 1SABEL MENDEZ awd MODESTO SALGADO

0. Introduction. The differential geometry of the tangent bundles
of highuer ovdor has been extensively studied by many authors, for example
Morimoto MO, Yano and Ishihara [Y127, Catz [C1] [C2], Tulczvjew
[TUH) [TU2), de Leon and Villaverde [DLVI] [DLV2], de Leon and Ro
drigucs [DLR2], Crampin, Sarlet and Cantrijn [CSC). Recently, the study
of higher order mechanics in the framework of the theory of higher order
tangent bundles has been undertaken by a number of authors (sec [131.2],
(DL3}, [DLR1], 'DLR2, [CSC}). On the other hand, it is well known the
construction by Dombrowski (DO] of an almost complex structure on the
tangent bundle 77 of a Riemannian manifold M. Dombrowski construction
has been gencralized by Grifone [GR] for manifolds with a non homoge-
neous connection. Grifone shows that the corresponding almost complex
structure on 773 plays an important role in the developping of Classical
Mechanics, The construction of Grifone has heen extended in [DILL1] to
the tangent bundle of order 2, 7237, by showing that there exists a

f-structure on 7=M associated to ecach connection of order 2 on Al

Our aim in this paper is {o generalize the constructions of Grifone
and de Ledn for the general case. In fact, we show that there exists an Appro-
plate polvnomial structure (said a @(k--1, £~ [)-structure} on the tangent
bunele /73 of order & of M associated to cach conncetion of order & on M.
This sort of polvnomial structure has been studied in [DL4]). Here, we apply
the results of that paper to obtain a sufficient condition for the partial
integrability of the ®(k+1, k—I)-structure on T%A (Theorem 4.2) in such
a wayv that for k=1, 2 the results of [DO], [GR] and [DLIT arc reob-
tatned.

t. The tangent bundle of order k. Let M be an n-dimensional manifold.
The tangent bundle of order 2 of M is the (A4-1)-dimensional manifold
["M of k-jets at 0= R of differentiable mappings ¢ : K—3. We denote
by of 1 7%= the canonical projection defined by g*(j%o) =g{0). Then
"M has a bundle 0 structure over M. If k=1, 790 =7M is the tangent
bundle of M. However, if £=1, ¢*: T"A{— M is not a vector bundle. As
well as being fibred over M, 7%/ is fibred over 773, 0<<r<k. A projection
map gf : U771 is defined by jis—jia.

These projection maps salisfy o} =gJo¥ for cach r, s with 0<s<r<k:
here g} is to be interpreted as *.



