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4, Let g be a metric tensor on A,
Definition 4, T/he tensor G on the toltal space *Al Induced by the melric
tensor g o M oand defined 4 the following way -

(4,1)  G(Y, V)—g@n, X, 3, V) e(in, DX, In, DY) g(DDX, DDY)

s called a diagonal lift of g. .
In the adapted coframe (1,13) on 24/ the diagonal lift G of g is of
the form ;

(4,2) ngijm"’@m“’ +g”m”®w”-}—g“w“®w”.
The covariant derivative of the tensor G with respect to the connection

H
V on %A is defined by the formula :

i ~ PP LA ot H,_:"
{4,3) (VIGUY, Z)=X{(G(Y, Z)) ~G(VxY, Z) —G{Y, VxZ).
Thus, we have the formulas for the covariant derivative of the diagonal

ft
lift G of g with respect to the horizontal lift V of V;
H H ) .
(Vxrn YY", ZH) =(Vgl Y, Z), (Vx? GHY7Vs, ZM) =0,

il M o
(4.4) (Vi GY(YTe, ZVa) = (Vag) (Y, Z), (Vxn G)(YVe, Z7)=0,
4,4

; A
(Vi'x"ﬂ(;) (Y”, Z”) =0, (V'\.m(;) (Ypf. ZH) —0,

H
(V"G)(Y", 27 =0, a, b, c=1,2.

Thus, we have : ' ‘ _
Proposition 8. Jf V is the Riemannian connection with respect to a
1
metric tensor g on M, then the horizontal lift V of a connection V inio *M is a

metric connection for the diagonal lift G of the wmetric tensor g.
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CONNECTIONS OF ORDER &+ ON M AND ASSOCIATED
POLYNOMIAL STRUCTURES ON 7%/
BY

MANUEL DE LEON, TSABEL MENDEZ awl MODESTO SALGATIO

0. Introduction. The differential geometry of the tangent bundles
of higher ord r has been extensively studied by manyv authors, for example
Morimoto [MO7, Yane and Ishihara [YI2], Catz [C1] [C2], Tulczyvjew
TUIT [TU2, de Leon and Villaverde DLV (DILV2 , de Leon and Ro
drigues 'DLR2 ), Crampin, Sarlet and Cantrijn [CSCT. Recently, the study
of higher order mechanics in the framework of the theory of higher order
tangent bundles has been undertaken by a number sf authors (see [DDL2],

DL3L IDLRT], DLR2), [CSC). On the other hand, it is well knowa the
construction by Dombrowski 'DO] of an almost complex structure on the
tangent bundle 7 of a Riemannian manifold M. Dombrowski construction
has been gencralized by Grifone [GR] for manifoids with a non homoge-
neous connection. Grifone shows that the corresponding almost complex
structure on /°M plays an important role in the developping of Classical
Mechanics, The construction of Grifone has been extended in [DL1] ta
the tangent bundle of order 2, 7-1, by showing that there exists a
f-structure on 7= associaled to cach connction of order 2 on A.

Our aim in this paper is fo generalize the constructions of Grifone
and de Ledn for the general case. In fact, we show that there exists an appro-
prate polynomial structure (said a ®{k--1, k—[)-structurc) on the tangent
bundle 790 of order & of M associated to cach connection of order & on M.
This sort of polvnomial structure has been studied in [DL4]. Here, we apply
the results of that paper to obtain a sufficient condition for the partial
integrability of the ®(k+1, k—1)-structure on 7#A (Theorem 4.2) in such
a way that for k=1, 2 the resutts of [DO], [GR] and [DIL1] are reob-
tuined.

!. The tangent bundle of order k. Let M be an n-dimensional manifold.
The tangent bundle of order 2 of M is the (h4-1)-dimensional manifold
[*M of k-jets at 0=R of differentiable mappings ¢ : K—M. We denote
by of "M the canonical projection defined by ¢*(j*6) =o{0). Then
%M has a bundle 0 structure over M. If k=1, 710 =TM is the tangent
bundle of M. However, if 2=, &*: T¥3[—3{ is not a vector bundle. As
well as being fibred over M, 7%/ is fibred over 170, 0<r<k. A projection
map gf : 1 U =17 is defined by jis—iis.

These projection maps satisfy of =g]ok, for cach 7, s with 0<s<r<Fk :
here gk is to be interpreted as o,
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Notice that T*A! is associated with the principal bundle F*M of the
frames of order & on M (see [GA)). In fact, 7%M is the tangent bundle of
the p*-velocitics of M, p=1, introduced by Ehresman (sece [EH], [MO],
‘TU2)).

Remark 1. The fibration TEIM S TR k21, plays an important
role in the Gencralized Classical Mcchanics. We remit to the reader to
[DLR1] and [DLR27.

Let (U, x') be a coordinate neighborhood of M and denote by (=4,
z{, ..., z}) the induced system of coordinates in (o*yY{U)=T*U. We can
define a canonical map T : TIM—T(T*M) by j#te—sji =, where ©: R—
—=T*M, t—><(l) =jlo,, and ois) =c(s--f). It is convenient to describc 7'
in local coordinates. A simple computation (sec (DLR2]) shows that T is
locally given by

(20, 2 s v Bhed) > (2, ., 2h o 2, 224, L, R

We use the map 7 to construct a differehtial operator dy which
maps each function on T*M to a function on T*"'M (sce [TU1], [CSC]).
If f is a function on T*M then dpf is the function an 7%9M defined by

(@) o) =d/(j§ o) (T(A o).
Then df is locally expressed by

(@ef)(@ oo, Zhar) = M oy +1)28y, Off 0
So, we have
(1.1) dr(z) =(r+1)i;, and (1.2)
with 0<r<k.
From (1.1) and (1.2), we deduce o
Proposition 1.1. Let X and Y be vector fields on T*M. Then X =Y
tf and only if X{(e}ydnf) =Y ({p*)d%hf), for every function f on M, 0<r<
<0. (Here pf is to be interpreted as the identily map.)

Now, we shall describe a lifting operation which generalises the vertical
lift in tangent bundle geometry, as described in [YI2] for example.

Definition 1.1. Let X be a wector ficld on TTM, 0<r <k. The vertical
lift of X to T*M (with vespect to o,y T*M—>T""\M) 4s the unigue
vector field X* on T*M defined

0, #f 0<s<h—r—1

+23 RYy+ 73 e

X ((Ps) Tf) N —SI___ X((Psk--'k-r:)‘ di" ik r:f)‘ 7f k-—?SSSk
(s—(£—m))!

for every function f on M.

(We remark that the case »=0 was considered by Crampin, Sarlet
and Cantrijn [CSC].)

I X =31 06X} d/df, then we deduce from (1.1} and (1.2) that X*
is locally cxpressed by

dip(zd) =» 1 2,
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(1.3) N =Yoo X dferd .

Using the vertical lift and the map 77 7¥M—» (1% M} we construct
a canonical vector ficld €, on T*AM as follows -

. B
Cilis o) =(T(j3 a))".
So, € is locally expresed by
(1.4) Co= Y omy szt &féizl.
The vector field €, is a generali ion of the Liouville vector ficld {or dilation
ficld) on 7°M (sce [CSC], [DLR2]).
We may also use the vertical lift construction 1o define £ tensor ficlds

of type (1.1) (or vector I-forms) on T*M (sec [CSCT). In fact, for cvery 7,
Isr<k wecan define a linear endomorphism [, of the tangent space 7,( FRRY

of THA at = as follows :
(Sl =((a8_,). X"
From (1.3), onc casily deduces that [, is locally expressed biv
(1.5) ((Xo, N, X =(0,..,0, XE, ..., Xi_,).
So, we have
Proposition 1.2. [, has constant rank (k—r4-1)n and salisfies
(Jr) =0, ifrsz k41 and J,. if rs<<h4 1.

Morcover, [, determines on T*M an almost tangent siructure of order k.
Remark 2. An alternative definition of J., 1<r<#, has been given bv
de Ledn and Villaverde ([DILVI]) and de Leén and Rodrigucs ([DLR2])
following work by Catz ([C]) on the case £ =2.
Ii we denote by Cr=/,.,C,, 2<r<k, we have the following identitics
(sce [DLV1], [DLK2)}:

(1.6) JCe=0, il rdszb41 and C,., if rbs<hd-1,
{t.7) Cn Jo] =0, 1F rbs>fp- 1 and —s] vy, if rbs<hal,
{1.8) [Jr. J:]=0.

A dircet consequence of (1.8} is the vanishing of the Nijenhuis tensor Ny, =
=1/2[/,, /] of J.. Therefore, the tangent complex structure of order £
on "M determined by J, is alwayvs integrable (sce [DLVI], [DLRR2]).

2. Homogeneous and semibasic forms. Let us introduce the following
definitions (see [DLV2], [DLR2)).

{a) Homogeneous forms

Definition 2.1. A function 7 on T*M is said to be homogeneous of
degree o if and only {f ,,Qr{:cr..f. Always, £ denotes the Lie derivative.

Let &, : R—R be the homothetia of ratio ¢! and let H, : T%M s T*Af
denote the fibre-prescrving transformation deduced from %, Since C, ge-
nerates the I-parameter group of transformations H, (see [DLV2], [DLR2}),
then the condition in Definition 2.1 is equivalent to JoH =&Y,
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Definition 2.2. A differentiable scalar p-form o on 1M is said to be
homogeneous of degree o if Lew =,

Definition 2.3. A differentiable wector I-form L on T*M is said fo be
homogencons of degree « if [Cy, L] =(a—1)L.

(bh) Semibasic forms

Definition 2.4. A wvector I-form L on T*M, with 121, is said fo be
semibasic if fiL =0 and 1, xL =0, for cvery wector ficld X on 1*A.

3. Connections of order k. Our aim in this scction is to get a charac-
terization of the connections on tangent bundles of higher order by means
of the canonical almost tangent structures of higher order and develop a
similar study to the onc claborated by Grifone [GR] in the case & —=1.

Let Ve (T*A) denote the vector bundle over T5M of those vectors of
T(T*M) which arc projected to 0 by (p"),.

Definition 3.1. By a connection of order & on M we wmcan a veclor
bundle I over TM such that

T(T*M) =V (T*M)@H.

H is usually called the horizontal bundle. The tangent weclors to T*M
which belong to H will be called the horizontal tangent veclors.

Then a connection of order £ on M defines two projection operators
b T(T*M)—H and v: T{T*M)— Ve (T¥M) which will be called the hori-
zontal and wertical projectors, respectively.

Since Im J,=V"(T*M), we have

Proposition 3.1. The correspondence h=1J2(I+T) determines a bi-
jection between the connections of order k on M and the wector T-forms
I' on T*M such that

Il =Je, TJi=—/u

In the sequel, a connection of order £ on M will be denoted by the corres
ponding wvector 1-form T

Remark 1. We may also consider connections on the fibration g}, :

TAM =TT, 1<y<hk Since Im Jior Pk (T#M), a connection on
ekt T*M - T* "M is given by a vector 1-form I on T%M such that /,.I'=/,,
I'Ji re1=—J& r.1. A connection on gk, : 7*M—T%"M is called a connection
on M of order & and tvpe r (sce [DLR2)).

Let I’ be a connecction of order & on M. Then a simple computation
shows that I' can be locally represented by the matrix

I 0 O: + + + « +« « « 20
2y ], O- « « « + « « « 0
— 2) — e e e e e e
(3.1) 2 0 1, ol
—2Ti® 0 0- - « « = « -. 7,

with respect to the induced coordinates.
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Now, we shall express the non-homogencity of a connection of order £
on 1. ‘ .

Definition 3.2. Let 1" be a comncction of order k on Al 1l shall call
tension of I the vector t-form on THM given by H=1/2[C, Il

A simple computation frow (3.1) shows that / can be locally repre-
sented by the matrix

0 0- - « - « 0
L Pl LY Gyt IOV 0. - - -8B . .0

(3.2) = / :
N sz AU an kT 0 - o 0 0

From (3.2), we easily deduce

Proposition 3.2. H is a semibusic veclor 1-form. .

Definition 3.3. .1 connection 1" of order k on M 1s satd fo be lomo-
seneous if s tension vanishes, that is. I is an homogencous veclor L-form
of degree L. ‘ o '

From (3.2), we¢ deduce that a connection I' is homogencous if and
only if the functions (["7){ are also homogeneous of degree r, 1<r<h.

Remark 2. An homogencous connection of order | on M is a lincar
connection on M (see [GR]). ) )

Remark 3. Since T%M is an associate fiber bundle to FRAL, \\-n.easu]_\'
deduce that a connection of order & on M is associated to a conncecilon on
the principal bundle F*A (sec [NO], [LL}). .

To end this scction, we introduce the curvature of a connection of
order & on M. _

Definition 3.4. Lot ' be a connection of order koon M. The curvature

1 ‘
of T is the vector 2-form R ou TRM defined by I\’z-_——i [, h], b berng th
horizontal projection of 1. ) .

From a dircct computation, we easily deduce.
Proposition 3.3. 1'he curvature R of a connection U of order k on M
is a semibasic form.

Proposition 3.4. (Biauchi’s identities}. Let T be a connection of order
E on M. Then we have

1) [Jr, R1=lk, [Jr B3], 1Sr<h, 2) b, R]=0.

Proof. Let us recall Jacobi’s identity for vector 1-forms L, L, L,
{see [ENT):

Ly, [La LoV [Ley (Lo, EA]i4[Ls, [Ey, L:]]=0.
If we put L,=],, L.=Ly=h, we obtain
[T U, 01 [h, [, Je) 4 TR LT v R1T =0,

that is, [Jr K1=[k[Js #]]. Analogously, if we put Li=L,=L;=h then
we have |h,[k, £]1=0, and thus [k, R]=0.
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Proposition 3.5, | ; 1
3.9, Let ' obe a comnec rder y

MBS C o o T cclion of order k on M. Then we
o i j::)?_/_ ZBF\ using the general Jacobi's identity (sce [FN ), we obtain
(€14, k] U 1[Gy, b But, sinee [€, A =M, we deduce[C,, J4 h, H'

Corollary 3.1. /17 ' is ]
1. s homoge OH Uy r N ois
e Loy /‘érm. gencons then ils curvature R ois also an
)V el o) .-‘ I3
. 1in¢i\:mtfm. If] 15 an homogcnc(mﬁ connection of order 1, then 17 defines
LU connection v on M and its curvature form & determines the
curvature tensor of ¢ (see [GR]). o
T 4O.ntl"(;t' } fl"i:itl Y sltl;uctures o]r; T2 associated to connections of or-
: Ao rrstly, et us recall the i ) 3
imtroduncd in sy, he notion of G(h41t, b— 1)-structurcs
Suppose that there is given i i
. - s gven in a (& Du-dimensions ant .
tensor field @ of type (1, 1) satisf\_'ing( ) el
2n, if k=1

. crank B =2n 2<y<h
b, i k=22 . 2srsh

We call such a structure ® g O{k4-1, k—1)-structure on V. If we put
[ ={—1)*=p¥, ==l — (=D 2DE ik oeven
N l : l__(_ I):k |).'.:(bf.- 1, " =1_(_ I)lk 1l _'(I)k--e, if £ oodd
€n fand m are projection operators which determi " con
€1 L an ators mine on I complementary
?}:strll;))tlt&?nl? [%, atlld\{),,,, respectively s D) s 2n-dimensional Etnglcfgtdli{;
— 1)~ enstonal. Morcover, © acts on D, as an al tc ruc-
R ver, : almost complex struc-
. fz and on [, as an operator of almost tangent structure of
Accordingly with [Y1t 1[CG ing i
introd cordi %f)[,r# : and [CG], the following terminology has been
() The DA+ 1, h—)mstructr s sai /
. ol B -structure O 4y said fo be c-partially ind
. 5 S 8 € ; é
1f the dz.str.zbzttmn Dy s integrable and ihe almost romﬁm stfrwtzrrcg&)a’bz—b
TN as integrable,
‘t'"”lb}:’l)o:? 7{2 csau; fo [bctf—pm'!r'u!!_v integrable if the distribution D, s in-
Y i aimost langeid  slvuctire e fine -
K on s imeran g ctire of order k—2 defined by ®' =
(iii} ® is said fo be partially int ] ] ‘
: s v oadegrable if B s - ©oindeg
and !-(j_)fz)rtzgll}' tntegrable sz'mulimwott-slﬁ'. . O
. W) @ 4s said to be integrable if there oxi ' S I
wich © has the constant contf)ot;mz-z‘s 4 e R

0—-1,

q)R'l'i i =0 rank ¢ =

7, 0 0
0O 0 - - - 00
['r 0o - - .0 0
0 0 7, 00
0 Q- +« + & 'I,.O j.

b
=1
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Let us remark that the structure is triviaily ¢-partially integrable for
k=1, 2, and has a non-trivial geomectrical significance for #2 3 , actually,
a ®(2, 0)-structure is an almost complex structure and a ®(3, 1)-structurc
is a ®-structure of rank 21 in the sensc of Yano and Ishihara ([Y11] [YI2))

The following thcorcm {[DL4]) summarizes the integrability condi-
tions for a ®{k+1, &—1)-structure.

Theorem 4.1. Let @ a O(k-+1, k—)-structure on V7 and let Ng denote
the Nijenhuis tensor of ®. Theu

(i) @ is c-partially integrable (rvesp., [-partially integrable) if and only
if No(IX,IY)=0 (resp., No(mX, mY)=0) for any lwo wveclor Jlelds X
and A on V

(ii) @ is partially integrable if and only if

No(X, Y)=Ng(IX, mY)+ Np(mX, 1Y} for any two wveclor ficlds X
and A on V.

(iii) @ is integrable if and only if Ng vanishes identically. -

After this brief summary of definitions and results about ®(k+-1,
k—1) structures, we shall pass again to the consideration of conncctions
of order % on a manifold M.

Proposition 4.1. Let T' be a connection of order k on M, with horizon-
tal projector h. Then there exists an wrique vector t-form ® on T*AL such
that

O =h, Gh=—]", Ofr=Jr,, 2€r<k—1, ®Jp =0,
where [’ =]t

Obviously, @ is well-defined from thesc identitics and it is uniquely
determined by its action on vertical and horizontal vector fields. A direct
computation from (2.1) and Proposition 4.1 shows that ® can be repre-
sented by thc matrix

( o I, 0 -00
— T — I 0 -00
O e — =) 0O -00

2 — D@ e [ — M I, - 00

2T-0_ PO[® L PG-2  _ [¥4 - Q- 0 f" 0
Then we have
Proposition 4.2, The wector 1-form ® defines on T5M a O(k+1,
k—1)-structure, which is said to be associated to the connection I'.

In order to study the intcgrability of @, let us remark, first of all,
that the distribution D, defincd from @ is alwavs completely integrable

because Dm=VPI(T*M).
Furthermore, we can state the following
Proposition 4.3. The ©{k+1, k—1)-struciure © associated to T is

always t-partially integrable.
Proof. Once more, remark that the result is trivially true for k=1, 2.

If 223, we have
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NalJoX, JX)=[LN, [ =01 LN, LY = 0[N, [V 40N, 1
Now, if X and YV are coordinates P ¥
: , ; are ates frames, we obiain N, (/.\ ’
dl]{l', because the tensorial character of Ny and [, we i';llz‘l!l.]{:j"i:} ' "/\%\()/' \f')'
{911)—.-?0 for cvery (wo vector fields N and ¥ oon 7. The i 1 f
ollows from Theorem 4.1 (1) amd the identity ITm [..=I)‘ . e M

Corollary 4.1. D iy fdiy Diteorable 1 oo
initegratle. S partially Integrable if and onlv if it is ¢ partially

Before proceeding further, we shall ili
-ding , shall prove two auxiliary lemmas,
Ii,emmaI 4.1. .[k’. c'fr'lfru' 2-forms [ [, ) and Ny bath are .51‘}:1?11:115:('
| roof. Let X, Y arbitrarv vector fields on 7517 I'hen, we have
S RN, Y) < N Y= UL Y = [N, Yo Y] =
=X, 2Y =0,
Sel X Y)Y =[N RY [ [N, JY = [ )X, Y j— J, 0
IYV=JX YT LN, VIO, Y=Y, Yy =
=[N, 2Y ]~ [, [N, J'¥ ] =0,
This implics_that J, i) is semibasic.
Now, since [J,.X, /Y] is a vertical vector field, we have
Np{LhX, Yy =—J[],.X, J'Y) =0.
JeNp (X, VY=Y, J'Y] =0,

and then N} is also proved to be semibasic.
Lemma 4.2. I¥e Jawe

(S AD(Y, ¥) =N, Y)+ /o hX, hY)
Jor evcr)y two vector ficlds X and A on TF), |
Proof. Since [J', k] is semibasic, we have
[J RN, Y)Y =[], RJ(hY, WY)=[]'X BY - (AN, J'Y - J AN, Y j—
=X, RY ) —R{RX, J'Y).

Moreover,

Then
(L BN, Y) =L)X, Y 4 LR, 'Y )= JohihN, hY | —
—J PN Y= ] [BX, PY. ‘
Since J, is integrable, we have

(O=NR(RX, RY) =[N, JY 1= Ji N, WY 1= /BN, J'Y 14 LN Y],

50,
STX, BY 4+, [hY, J'Y]I=[]'X, 'Y 4 J.[hN, Y.
On the other hand,
(X, Y)=NL(hX, BY) =[]'X, JYI=JJX, kY] —J[hX, J'Yl,
and, now, the result follows immediately.

Theorem 4.2, Let I be a connection of o ;
Lo el ‘ vder R oon M, wit) 2 .
Sorm R. If the distribution D, is completely tntegrable, R =0 an:i tI_Jcrm];]a;uBc
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then the W{k4-1, k—1)-structure 0 associaled o I is c-partially integrable,
or, cquivalently, parltally integrable.
I'roof. Since [[', k] is semibasic, we have
lRUN, Yy =0 RIRN, RY) = Y AY )-[AN, JY 1= 0N, hY
—h[JN,RY =X, Y
Thereflore,
(O, DN, Y) =0 X, LY BRI ANE AR NE VAW A BES
+ LN Y SR, Y
On the other hand,
CAYSTAVR SE WA AR E S WA Y |+ @[AX, 'Y+ @ 0N, hY ],
NN, V) =NLN LAY =[N Y ] = JIJN, WY —JhN, 'YL
Now, K =0 implies A[AN, 2Y AN, hY), and  then N, MY
——h hX,hY)
Thus, we can write
NI (X, Y) =(DL], DX, YN (X, 1),
that is /"Ny =®[f', h]+ Ny, and, then, by using Lemma 4.2, we deduce
N g =0. We also have
(J) NN, Y)y=[hY, AY]— DY, JYI—-O[ N, Y@ [N, JY],
and, on the other hand, N, =0 implics [J'X, J'Yielm J'. Therclore,

() NN, V) =[hX, BY]—® [N, PY =@ N, AY - [J'X, Y] =
= ("N}, V),

that is, (J')' Ny =—"Ng=0. Finally,
NolJ'N, Yy =—[hX, J'YT-®AX, MY 00N, Y oY, hY]
and, on the other hand, since ‘the distribution D, is integrable, we have

(DA Ng) (X, Y) =L, JY DN, hY 40 [bY, JY]— @AY, Y] -
LGN, YT N, AY] =[N, Y] 00X, AY].

Then, we deduce
Nl PN Yy =(Di N )(X. V) =0,

which ends the proof. .
Remark. For k=1, ® is an almost complex structure on TM (scc

Grifone (GR]). In particular, il T' is the homogenous connection defined
bv a Riecmannian metric on M, we reobtain the well-known result of
Dombrowski [DO]. The case =2 has been considered by de Leon [DL1].
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