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NATURAL CONTINUITY OF A H-MAP
By

ELGEN POPA

. Introduction. In o fundamental paper 4, . Cartan disco-
vered the so-called gquasi-continuity property of a superharmonic {function,
namely that for each positive superharmonic functien s on N, and 20,
there exists an open set @€\, ol capacity = g, such that sty 16 continuous.
Fuglede (e also Brelot [37) proposes axiomatisations of
this property. [n 60 it is shown that, on harmonic spaces, 1he fact that
cvery positive, superharmonic [unction is quasi-continuous, is equivalent
with the axiom of domination.
in the setting of a /f-cone, the notion of quasi-continuous clement was
introduced recently 1], and onlv as a technical tool.
One defines 3 the harmonic morphisnts between harmouic spaces, as
a candintons map, which preserves (super-)harmonicity. However, hetween
ihe fine structures considered by Fuglede [3] or between H-cones, one
is naturally led to abandone the condition of continuity (see (97, (22, {13]).
In this paper, we analysesthe continuity property of the morphisms
between H-conus of functions. The main result is containud in th. 1, which
is an adaptation, to the frame of H-cones, of the results of Fuglede {90
All the notions and notations about f{-concs are as in (2], H & is an
F-cone of functions on the set X and A4S X, then by cl A, int A4, &4 we
<hall denote respectively s the fine cosioe, the fine mlerior, the flne bouendary
of the set . IS and 7 are H-concs of functions on the sets X and Y,
then the function 21 Y »X is called /l-map if, for any bounded se3,
som e fsee (13
y!. Quasi-continuous elements in a H-come. Let S be a standard
Il-cone of functions on the set X, For cach 5= & we denote
dis) = iKE X K naturally compact, sig  wabwrally confuntous
s€ S is called guasi-contonnous if, for cach p< S, we have:
BANK p=0.
K eRis)
We denote by O the set of all quasi-continuous clements of S. Then, the
same proof as in 6 shows:
Proposition 1. a} ¢) s « min-stable, convex subcone of 8.
b) Q is u specific band,
¢y Let Fes be an increasing fomily, such that :
sup{f(Mi€ Fj="42V¥, y<JX.

Its€ S is such that SNt€(Q, VtEF, then s=0.
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}‘\-L' um'zl the following :
emma ({1, prop. 1.2V, Let (A, o7 e a decreasine ] ]
v {1{ ”_\'pﬁ”ﬁl)s ELS(:A doer be a decreasing family of finely closed

A . i

N Brs(v)=inl 5 “s(x),

such fl;:a(;p?fzift}zonxé )I(: O\r;‘ladj .SEQ there

KE@(S) . s a
Proof. Lct us denote :

A=X\ ) intK.

K eRly

YreEXN\ N4d.

iel
exists a polar, finely closed set A= X,
naturally compact, fine neighbourhood

Since : BYNK =BeltX\X)  the lemm:
Rt emma shows that Bip=0, ¥pe
Let us supposc that Q# @f. This fact i i e
B t _ . is £ : ith :
So= QC i'nl(]ler t]:;ls assumption, prop. 1 shou?gl'm wlent with : 0.2Q or with :
orollary 3. Awny nearly continnons element Jrom S i ) )
rly s quasi-

Co;ol!l:}ry 4. 1/ S satisfies the axiom of nearly coutii-n?z'ty Zt}:g;tg@g N
comee §0 2 unl:t:ioqnl'laa?-cct)ﬁtmmty of a H-map. Let S and T be standard f-
i s on the sets X and Y. Let ¢ : Y—=X be a H-map. We

lﬁgi) -={Kif—:Y[K naturally compact, oly naturally continuous}.

heorem 1 [9]. a) The following propertics are equivalent :

(1) $SS,=>s0p 15 quasi-continuous ; -

(i) VieT,: '

A BINK;—Q
KeRiw)

1;),456;]&;{! the pr?perties (#) or (i1) above implies
= ola '
m.-z'{;kbourboodKEr,Q (scpzf)ca that cach y YN A has a naturally compact, fine
" AR Al
Proof. a) i=ii. We shall prove that : Vs inf u(BYKH=0.
. Kepis
et e=0 and {s,/n&aN} be a countab J ' J
K‘e cand find KﬂEI\’(s,,}o?) and u;i](lg‘-"}fi'j)t.:]-sf R)a—lnt-:Of Su For cach »<N,
o Ko =R ) seL 27,
enote : K nQ.\' K,, then K is naturally compact, and K eR(3).
Moreover : |
(B™NEN g T (BYNK) <.
fi=i s immediate. <
Let =N} be ;
cuch tlZat : {s./nE N} bea countable, dense part of §,. There exists o, >0,
g= z G,,'S,;ES“.
Applying prop. 1.2 to the { t:'eN
/ - 1.2 to the function gog, we find A< Y polar, such that
jssz .!\-_A has avngturally compact, fine neighbourhogd K E@(qo:p)a Selflli}c:
n 5 o:.,Pq, V;zel\) 1%11;0110\\-'5 that K =®(s,00), hence K = R(o) .
- Remarks. a ¢ property (i) holds T CXe i T satisti
axiom of ety contimﬁtyl.)u v (i) holds, for exemple, if 7 satisfics the

3 NATURAL CONTINUITY OF A H-MAD 1M

b If § satisfies the axiom of ncarly continuity and 0=S is quasi-
continuous, then (i) is equivalent to:

s=5 quasi-continuous=soo quasi-continuous.

This result allows a reformulation of the theorem on fane openess of a
H-map [14], by replacing the hypotheses : LolY) Borel” or o naturally
continuous”. More preciscly

Corollary. 7f the following hold :

(i) X and Y arc nearly saturatcd and Suslin ;

(ii) the points of N are totally thin

(iii) Vs €5, sop 15 quasi-coniinnous

(iv) for any naturally open sct UeX and any bounded fES5(U) we
have : fop €T (v '(U)).

Then, the following are cquivalent .

1) 3ACY semi-polar, such that i~ 15 a finely apen map ;

2) VASX lotally thin=3"'{A) s fotally thin ;

3) VaeX, o (i) ds nowhere jinely dense i Y. _

Proof. There exists a polar set 4’ Y such thateach y=1Y" A’ has a
naturally compact, {ine neighbourhood K, =% (9}. Hence 2{K,) is naturally

compact. Since:
N A = U int Ky,
vEY
the Doob propurty shows that there exists a semi-polar set A=Y and a
countable part {v,=Y|reN} such that:
YN A= int Ky,
nEN

Hence (Y™ A') = | 9(K,,) is Borel. FFrom now on, the proof follows [ 141
HEN

Remark. 1f morcover, 1 satisfies the axiom of nearly continuity,
fhen we can abandon the condition (iii), and the set A is polar.

§ 3. Remarks on the continuity of 2 H-map. Let S and 7' be standard
H-cones of functions on the sets X and Y. We recall {wo known results.

Proposition 1. [12] I/ Y is com plefely metrisable in the natural topology,
then the set of points of discontinuity of any H-map o Y= X is of the first
category.

Proposition 2 [157. Suppose that:

vreX YV natural neighbourhood of x, 3s<€8 such thal:

sup, s(y) <s(x).
RN

Then, any H-map w»:Y—>X 1s naturally continious.
Remark. This condition is fulfilled, for instance, when X is a harmonic
space, for which therc exists g: X % X—R,, with the properties :
(i) VyeX, a'>gx, ") is in S and 1is continuous on X /{a};
(i) g(x, ) =400, Yx=X |
(i) VX, lim g(v, ') =0.
.

Strengthening the conditions on 7, one gets:
Corollary 3. Let us suppose that 1T satisfies axiom D, and Y is sa-
turated. If YA€ X YV naturally neighbowrhood of x, IseS such that:

sup s{v) <s{x),
yeav
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then wuy Homap Y >N is nabwrallv conthutons.
_ Proof. Let us fix v, =Y and ket P he a naturallv open neighbourhood
for (v, Let s=5 be the function such that ¢

sup sfuf - siz(vg)).
w gl

If w=(sup s{n), s(z(v,)), we denote - B fve Y (sozp(v) .
e ’

=
H 1 a naturallv open neighbourhood of v Let 17 hie a naturally: connected
component of 11 2{11") is fnely connected, contained in oo 1),
Hence: or o(W= 1 or 2(H)a X o T 1t follows that w'(1) i= naturally
open, as w union of naturally open connected components of T jef. 12, cor.
5.0.167).
Remard. The above result covers [1F th, 2.1.3, 106, lemme 2 as
well as the fact that the /f-maps between Riemannian varietics are naturally
continucus 10 . .
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A CHARACTERIZATION OF THE MEAN VALUE EQUALITY
IN CONVEN ANALYSIS
BY

SEBASTIAN ANITA

§0. It is well known that for vector valued functions the mean value
theorem docs not hold generally equality, the theorem being usuallv expre-
ssed with incqualitics. From mean value inequalitics we especiallv remark
ihe form given by Dicudonné [3] and its extension by Flett 5,

For the vectorial case, as we can see in (8, the perturbation of the
cquality arises because generally the differential of a vector valued function
does not conserve the convexity, Thus, McLeo d [8 had obtained various
extensious of the mean value theorem in the equality form replacing the
vatue of the differential al a point by an clement of the closed convex hull
of the values of the differential on the considered segment.

On the other hand, in the case of real-valued convex funclions one
may obtain natural extensions replacing the differential by the subdifferen-
tial. The first result obtained in this way was established, for the fiaite
dimensional case, by Wegge {127 later on this result was extended by
Gwinner 6 for the topological lincar spaces.

A detaited discussion of the mean value theorems in non-smooth
convex analysis was presented by Hiriar t-Urruty [7. cspecially
for Lipschitzian {unctions.

In the present paper we consider convex {functions with values in a
separated topological vector space which at the samc time is completely
ordered [9] by a closed convex cone and we ¢stablish a simple necessary
and sufficient condition such that the mean value theorem can be expressed
in cquality form with the aid of a single clement of the subdifferential.

The proof is based on the theorem of Elster-Ne hse (4] con-
cerning the separation of sets in a product space.

§l. Let .Y be a real lincar space and let Y be a topological linear
space. We suppose that ¥ is an ordered complete [10] topological lincar
space (i.e. every subset which is majorized in Y has a supremum belon-
ging to Y) such that its positive cone is convex and closed. Let E be a con-
vex set in X and let f: E-»Y, be a convex function. A lincar operator T X~
—Y is called an algebraic subgradient of f at the point xoekif

T{x—x)gflx)y—FHxa), Vx e,

The set of all such 7' is called the algebraic subdifferential {10], [11]
of f al x,, written &,f(vo). If X is a lincar topological space, the set



