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then aiy H-pap Y N ds nahrally continuons.
_ Proof. Let us fix v,=Y and et F be a naturally open neighbourtiood
for o(v.p. Let =5 be the function such that e

sup s{u) szl va))

X0
If w=(supsin), s(s(v,)). we denote : B {ve ) (sop)(v) =a.
- i .

H 1s a naturally open neighbourbiood of v, Let 17 e a naturally connected
component of . 2{117) is finely connected, contained in 17 (N b )
Hence: or 21 1 or (H7g XN el T 1t follows that »7'(17) is naturally
open, as w nion of naturally open connected components of 117 (¢f. 12, cor.
5.6.167}.

Remard. The above result covers [EE the 203, 16, lemme 20 as
well as the fact that the //-maps between Riemannian varietics are naturally
continuous 10 . -
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A CHARACTERIZATION OF THE MEAN VALUE EQUALITY
IN CONVEN ANALYSIS
BY

SEBASTIAN ANITA

§0. It is well known that for vector valued functions the mean value
theorem docs not hold generally equality, the theorem being usually expre-
ssed with incqualitics. From mean value inequalitics we espeeially remark
the form given by Dicudonné 3 and its extension by Flett 35,

For the vectorial case, as we can sce in (8, the perturbation of the
cquality arises because generally the differential of a vector valued function
does not conserve the convexity., Thus, McLeo d /8 had obtained various
extensious of the mean value theorem in the equality form replacing the
value of the differential at a point by an element of the closed convex hull
of the values of the diffcrential on the considered segment.

On the other hand, in the case of real-valued convex functions one
may obtain natural extensions replacing the differential by the subdifferen-
tial. The first result obtained in this wav was established, for the finite
dimensional case, by Wegge 127 later on this result was extended by
Gwinncer 6 for the topological lincar spaces.

A detailed discussion of the mean value theorems in non-smooth
convex analysis was presented by Hiriart-Urruty |7, especially
for Lipschitzian {functions.

In the present paper we consider convex {unctions with values in a
separated topological vector space which at the same time is completely
ordered [9] by a closed convex cone and we gstablish a simple necessary
and sufficient condition such that the mean value theorem can be expressed
in cquality form with the aid of a single clement of the subdifferential.

The proof is based on the theorem of Elster-Ne¢hse [4] con-
cerning the separation of sets in a product space.

§l. Let .Y be a real lincar space and let ¥ be a topological linear
space. We suppose that Y is an ordered complete [10] topological lincar
space (i.c. every subset which is majorized in Y has a supremum belon-
ging to Y) such that its positive cone is convex and closed. Let E be a con
vex set in X and let f: E=+Y, be a convex function. A lincar operator T:X—~»
—Y is called an algebraic subgradient of f at the point ek if

T(v—x,)sf(x) =Ky, Yrek.

The set of all such 7" is called the algebraic subdifferential {10], [11]
of f at x,, written &,f(¥g). Il X is a lincar topological space, the sct
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iy ef(xa) =& ()N LYY,

where L{.X, Y} is the space of all lincar continuous operators from X into
Y, is called the {fopological) subdifferential of fat v, If 1=X 4 denotes
the relative algebraic interior of A(47). .

Theorem 1.1. Let [ LY be a convex function such that f| a, b] is
continuons, where a, b are twe clements of the vonvex sel I with a, bl
Then, there cxist c€la, bl und T =&, f(¢) such that

(2) S0y~ fa) =T(b—u)
if and only If for any ¢, 1,0, 17 there exsts (=0, 1] such that
(3) Sutthb—a) L f6)—f()] < flat-tib—al) —LUB) —f(@)], =1, 2.
I'roof. Comsider the function 5 : [0, 1]=Y defined by
o(t) —fla--t(b—a)) L[]} —f(a)), (=[O, 11,

Using the property (3) it follows that »{[0, 1]} is a (left) directed set in Y.
Also, the family of level sets A, ={u<{0, 17, 20u)< ()}, (=70, 1], is di-
rected. Since the positive cone of Y is closed and the function 3 is continuous,
the sets A, are compact. Therefore (} . L# @, and so, there exists ¢, €

te 01}
= [0, 17 such that
(4) alt)<o(l), W10, 1],
Moreover, £, can be taken in |0, I since by convexity of 2 we have
o(u) =o(1t . 1+(1+u) . 0y up()+{1—u)p(0) =5(0) = 2(1} VYue 0, 1]
Now, Iet us consider the following two convex sets of X Y o
A=z, v}, sk, v2f(x)—f{x)]
B —{(atb—a), ((—t)[ /) —/la))) 5 1=[0, 1]},
where xg==a--fy{b—a)sk. It is clear that
PN P(B)# D,

since a--t(b—a)e' Py(B), vi<]0, H{and Py(d) =E£. Further, if (v, y)=4
and (x, z) € B then there exists 1 €[0, 1] such that x=a4-{(b—a), :=({—1)
(f(b)—f(a)) and v=f(a--H{b—a))—f(x,).By (4) we obtain v>:. Applving the
separation theorem of Elster-Nehse [4] we find 7, =L(X, Y) and yv,=Y
such that

Tox) =3 €yos Th(va) —xe, V(v vy sd, (v, v} sl

Since {x,, 0) €4 B one may take v, =1(x,). Also, (x, f{x) —f(x )=
=4 implies that
L) — () — /()€ 3o =T(x)
T(x—x) < flx)—f(x,), Va<€ E.

and so
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From (a4-t{b—a), ({—t)[J{0)—Ha)]) =5 it follows that
Tox) € vo T{a-FE(b—a)) —(t—L)[ (V) —f(a}]

(=t )Y = f ()} {f—1) T (b—a}, Vi[O, 1].
Consequently, we have T,(b—a)</(b) —/(a).
Let X =X ,@®R(h—a), where X is an algebraic complement of R(b—a}
in X. We define the lincar operator T X=> 1Y by
13 = aa HLU ) =], x = 4Hb—a), wEX, (=R
It is obvious that
(b —da) —f(B)—f(a) and T(xy—y)<f(v) flx), VvEL,

i.e. T&é,f(x,). Hence the mean equality (2) holds.
Converselv, if there oxist x,=la, bland 7'=&,f(v,) such that f(b)—
Jfla)y="T{b—a), it {ollows

T(v—x)<f(x)—f{x)), Yrel.
If v —al-t(b—a), v,=a+ifb—a), {, L]0, 1], we obtain
(t—t)T(b—a)gj(a--t{b—a))—jla-tl(b—a)), VI€0, 1.

and so

According to mecan equality we have
Fla-tt,(b—a)) =t {1(D) —fla) )< a4t (b —u)) —t[f(b) — f(u) |, VIE]0, 11,

which shows that the property (3) is fulfilled. -

This result of algebraic fype can be casily completed by the following
topotogical form.

Theorem 1.2. Lot X be a topological linear space and let Y be a com pletel v
ordered fopological linear space, ordered by a closed normal cone. If f: E—=Y
is a convex function on a convey set ECX which is contimious o a closed
inferval [a, bl=int IZ, then there cxist vo=]a, b and Teef(x,) such that
By =~f(a) =T (b—a} if and only if the property (3} is fulfilled.

P'voof. By the above theorem it is sufficient to observe that the con-
tinuity of f in cach point of [a, b] provides the continuity of algebraic sub-
gradients, i.c. ¢f(x) =éf(x) for all ¥<[a, b].

REFERENCES

LoAuwcta S.— Asupra wnor feoveme de nridie Tnanaliza convead, Ses, Nai, a Cerenrilor St
Stud,, Craiova. 1984,
2 Barbw V., and Precupanu T.— Convexity and Optimization in Banach Spaces,

Publishing House of Remanian Academy & Sijtholl Noordhoff, 1978
Dievdonné ] — Foundations of Medorn Analysis, Academic Dress, New York, 1960,
4. Elster K.H and Nehse R Neeessary and sufficient conditions for the erder-comple-
teiess of purtially ordercd veetor spuces, Math. Nachr. 81 {1978), 301-311

5. Flett TN = Differentinl Analysis, Cambridlge University Press, 1980,

6. Gwinner [ — Mean value theorem for convex fronctjionals. Comment. Math, Univ.
Carolinae I8 (19775, 203 - 218

=]



196 SEBASTIAN ANITA 4
oMt iart - rrnd v L e Mo valiee Hicaronis (a0 e sonth analysis, Nunier, Funo

Anal, Optine, 2{1980), 1—30.

S Mel cod RAL — ean calire  thenrems for veclor-valicd functions, Proc. Idinturgh
Math, Soc. 14 [1963], 197 —209. ) B -

0. Peoressing AL, — Ordered Topifageral Vecton Spares, Harpen & Row, New Yuork,

67,
0, Théra M — Subdifforeniiol cadrulus for comvex operalors, ], Math, Anal, Appl. 80 [1981]),
Te—-01

I, Valadier M — Sous-différentiabitas des fonctions conerxes & valiins dans il repace

cectorjel ovdonn’. Math, Scand. 30 (1972]. 65—T4. -
12, Wepgpge 1,1, Vs b theeren for eomser foeckpore, CORT Disc, Bapers i )5
(73,

Recepved 28 N 9586 P alty of Vet liemeatl i
Uneersity of fagt

6600— Tagi, Remiiin

—

Analele stuntifice ale Umiversitinii AL L Cuza™ din Jasy
Tomul XNNIIL « [ a, Matematica, 1987, F 3

EXISTENCE THEOREMS FOR HAMMERSTEIN TYDPE
INTEGRAL EQUATTONS
RY

oG, PACHEANLEE

I. Introduction. Let (B, 7. 1) be a Banach space and v==(1,, ..., 1)

denote a point of the Euclidean space £7, r2 1 Let O be an open and boun-
r

ded subset of Er. For v, vel” we defing v—vis=TX (v;- v, 2" and

i
1]

v - xe — inf v v, where & is the boundary of Q. Consider the {ollowing
vE X

general Hammerstein tvpe integral equation

{1 iw(x) = Ja fleo v u(v), Yogly, oou()d)dv=-1{x},

where # is an unknown function, h=C[Q, B}, r=sClQ > B B and fe
=C0 BB

The questions of existence and unigquencss of the solntions of various
special forims of equation (1) have been studied by many authors since
the appearance of the celebrated paperof AL Hammerste in [6° (sce,
3,05, T 10, 12 163). During the past few vears several authors have
suceessiully applied the theory of monotone operators to study the Hammer-
stein tvpe integral cquations (see, {13, 7—10, 16]). Here we are interesied
in the study of equation (1) without using monctone conditions, Our in-
terest in equation (1) is motivated by the Hammerstein type integral equa-
tion studied by Nesterenko [12]

In this paper we present a set of conditions on functions f, ¢, 7 which
are sufficient to guarantee the existence amd wnigueness of unbounded and
continuous solutions of cquation (1) and a slightly different form of equa-
tion (1), The well known Banach fixed point theorem is used to establish
our results. An application to elliptic houndary value problems is also given.

2. Main results. In this section we establish our main results on the
existence and uniqueness of unbounded and continuous solutions of equa-
tion (1). For convenicnce we first hist the following hypotheses.

(1)) For (v, x a0}, (v voaay Q0 B (x voug i), (v, FTEURTINE 1 O LN L £
L U T ] (RO U T BT S B R TR

flv, vy, i) =fly, v, 0, i) € ple v lery—r,

where p g =C7Q% B such that

4,1, 1]



