106 SEBASTIAN ANITA 4

S Hariart-Urrudy LRo— Meaw value thearems in aon smaath analvsis, Numer, Funi
Anal. Optine, 2(1980), 1—30. .

& MeLead RAL — Vean cvalwe theorems for vector-valtted functirns, Proc, Edintmargh

AMath, See, 14 (1963}, 107 204 _ i
g Peressini AL, - Ordered Topological Vectis Spaces, Harpen & Row, New York,

1067,
0. Théra M — Subdiffoeniiol caleulus for convex operators, ]. Aatle. Anab, Appt 80 [1981),
78—-01.

1, Vatadicr M. - Sons-différentiabilité des fonclions conaexis g valriys dans i repace

ceeleriel vrdennd. Math, Scand. 30 (1972}, 6574

2 Wegpe 1.1 Viean e theovon for eopeey faactisas, CORT Ihse, Papers, o 7 a0a
(kT3
fecered 28 N JUSH Poally o) Mathemal i

Unguersity of fus!
6600— Tagi, Romiin

Analele stiimifice ale Universititii AL L Cuzas din Jas
Tomul XNXXNIIL ~ F oo, Matematicd, 1487, 103

ENISTENCE THEOREMS FOR HAMMERSTEIN TYPE
INTEGRAL EQUATIONS
BY

[EA R EAS S KR AR I N I

t. Introduction. Let (5, . ) be a Banach space and x—(x,, ..., x,)
denote a point of the Euclidean space £7, r2 1. Let Q be an open and boun-

r
ded subset of E7. For v, velf" we define ve—yvi== X (v, )" and
1

:
vox, = inf x— v, where § is the boundary of Q. Consider the following
vE™S
general Hammerstein tvpe integral equation

{1 () = Fo fl A o), Yogly, o u(hd:)dv=-D{x}),
')

where # is an unknown function, /=C[Q, B}, ¢=CIQ* = B B and fe

e B R

The questions ol existence and uniqueness of the solutions ol various
special forms of cquation (1) have been studied by many authors  since
the appearance of the celebrated paper of A, Hammerstein [67 (see,
3,05, 710, 12— 16]). During the past few vears several authors have
suceessiully applied the theory of monotone operators to study the Flammer-
stein tvpe integral equations (see, (1 =3, 7—10, 16]). Here we are interested
in the studv of equation (1) without using monotone conditions. Our in-
terest in equation (1) is motivated by the Hammerstein type integral cqua-
tion studied by Nesterenko [12].

In this paper we present a set of conditions on functions f, ¢, 4 which
are sufficient 1o guarantee the existence and unigueness of unbounded and
continuons solutions of cquation (1) and a slightiv different form of equa-
tion (1), The well known Banach fixed point theorem is used 1o establish
our results. An application to clliptic boundary value problems is also given.

2. Main results. In this section we establish our main results on the
existence and uniqueness of unbounded and continuous solutions of equa-
tion (1). For convenience we first st the following hypotheses.

(M) Yor (v.v ) (v, vouy s B (v, vong ), (v, TIRTIE- 1V L £
olr, voa ) el v Sl o

Fv, v, oy, )= v iy, i) € plas V) [y =y

where pog=C 00 B such that

a1,
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Tap(x, WM|y—yel™ +ag(y, o)z —zs]dzJdy < s —xs| @

in which a«, p are nonncegative constants such that p<1.
(H.) There exists a constant I’>0 such that

V() 40 Uf(, 2, 0, Sag(y, = 0)d=) dy< Pla—vs| =,

for( reL), where 0 is the zero clement in B and « is the constant defined
in {{1,).

. Let G be the space of those functions 5 : Q0— B which are continuous
in £ and fulfil the conditien

Y [y € M (x|, x <0

’

where W =0 is a constant. In the space G we define the norm (sce, [4])
(3) [ lle=sup [lx—xs*fig(x) ],
ref}

and metric
(4) 2 — Ul!c—*sup[ 2 s [* [l () — (¥} ]
It is casy to verify that G with the metric defined in (4) is complete. From
(2) and (3} we observe that
(3) wleg M.

Now we shall prove

Theorem 1. Assume that the hypotheses (H,) and (H.} hold, and Mu 4

P M. Then fhere exists a unique solution u(xyelG continuous in Q and
wunbounded for |x—xg—0 of cquation (1).

Proof. For u e, we define the operator Tu such that
(6) Tu(x)=h{x)—Jaflx, v, u(y), fag(y, 2, u(z)dz)dy.
Now we shall prove that 7 maps G into itself. Evidently I is continuous

in Q. We verify that (2) is fulfilled. From (6) and hypotheses (H,) and (H,)
we obtain

| Zue(x) 1< W) I+, v, (3, T gly, =, u(z))ds)—
fx, 3,0, Sagly, 2, 0d2) )y +5a If(x, 2, 0, fag(y, 2, 0)dz) fdvs
<l e Sa (%, M=y +a gy, ) le—z, | ds1dy +P(x—x, | <
<My +P]|x—x,|
This proves that 7 maps  into itself.

Next we verify that the operator 7' is a contraction. Let u, veG,
then from (6) and hvpothesis {(H,) we obtain
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il””( ¥)—To(®) 1< falllflx, 3, w(¥), fagly, 2z ulz))d)—[(x, v, o(y),
fo gy, z, v ldy< |e—vlle fa plx. Yy —ysi™ Hagly, 2) |z —sdz]dy <
Spile—vllejx—xs|™
Consequently, we have
1T~ Tolle<p = .

Since w =1, it follows from the Banach fixed point theorem that T has a
unique fixed point in G. The fixed point of 7" is a solution of equation (I).
Clearly, this solution is unbounded as {x¥—xs|—0. This completes the proof
of the theorem,

Remark 1. The existence and uniqueness of solutions of equation (1)
when A(x)=0, g(v,z, w)=4k(y, 2)u and f(x, ¥, u, v)=k(x, ¥)/i(¥, «, v}, have
been studied by Nesteren ko [12] by using the method of degenerate
kernels. The integral equation studied in [12] is a further generalization
of Hammerstein type equations studied by many authors in the literature.

The technique used in proving Theorem 1 can be applied equally
well to study the existence and uniqueness of unbounded and continuous
solutions of the following Hammerstein type integral equation

7) w(x) +0 /(x, 3, w(y)dy="h(x, u(x), fa g(x, 3, u(5))dy),

where # is an unknown function, f, g=C[Q*x B, B] and » =C[Q x B, B].
Concerning the nonlinecar functions /. g and % in (7) wec assume the
following conditions.

(H3) For(x, v, u,)=Qx B, (1=1, 2}, (x, u,, 1,
I/, v, ) —f(x, 3, wa) 1< alx, ¥)
lg(x, v, i) —g{x, ¥, )

(%, 1y, 1) —h{x, Uy, W) || <Lyt —u,y
where g, b €C[Q®, B] such that

), (%, wy, w,) €Q % B,
|6, —2. ],
|

ety ][,

_uz |

Saa(x, Y)|y—y *dy< M, |x—xs|™, x€Q,

fab(x, ¥) y—y)dy< M.|x—xs|*, x<Q,

in which L,, L,, M,, M, arc nonnegative constants such that L, +L,M, +
40 <1,
(H,) There exists a constant P20 such that

h(x, 0, Sag(x, 3, 0)d¥) | +5alf(x, 3, Oldy< Pix—x,[<, for x=Q.

The following theorem gives sufficient conditions for the existence
and uniqueness of unbounded and continuous solution of ecquation (7).

Theorem 2. Assume that the hypotheses (Hj) and (H,) hold, and M(L, +
+L. M, +M)) P M. Then there exists a unique solution u(x) =G conti-
nious 1 Q and unbounded for |x—xg|—0 of cquation (7).
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Ihie details of the proof of this theorem follow by the same argumend
as in the proof of Theorem | owith suitable modifications. We omit the
details,

Renwark 2. The equation (7) in the special case when f(v, v, 1) =k{x, 3)
Sy, iy and B{x, w, o g(x, v, w)dy)=In () is studied by many authors in
the literature by using different techniques, see [1--3, 5—10, 12, 15, 16].
However, the sufficient conditions obtained here are different from those
ohtained by various anthors i [1—3, 3--10, 12, 15, 16].

3. Application to elliptic equations. As an application of the resulls
in Theorems 1 and 2, we consider ihe existence and uniqueness of unboun-
ded and continuous solutions of nonlinear cliptic boundary value problem
of the form

®) —Az(0)=f(x, 2(x)), ¥ <0,
) 2(a) =b(x), ¥ =0,

where A denotes the Laplace operator. Here we shall assume that Q<Ef
is a bounded domain whose boundary 4Q is of class C** for some »>-0
(sce, [117) and let ¢ denote the closurcof (), bsC(2Q) and feC[Qx E", E'
and f is Hglder continuous at every point in Q< I*. 1t is well known that
the boundary value problem (8)—(9) is equivalent ro the integral equation
(sec [13])

(10) z{x)=g(x) +-fo G{x, WAy, z(3))dy, x=0,

where g(x) is defined by Ag(x}=0 on @ and g{x)=>(x) on 3@ and G denotes
the Green function for the problem. The cquation (10) can be considered
as a special case of equatlion (1) or (7). Hence Theorem | or Theorem 2
can be applied to assert the existence and uniqueness of unbounded and
continuous solutions of cquation {10} under suitable modifications in the
assumptions (f,)~-(,} or (I;)--(H,). The precise formulation of such a
result for equation (10} is similar to that of our results in section 2 and hence
we omit the details.

Remark 3. We note that the existence and uniqueness of solutions
of boundary value problem (8)—(9) is recently studied by the present auvt-
hor [13] by using different techniques. Here we can assert the existence
and unigueness of unbounded and continuous solution of (8)—(9) under
different conditions than those obfained in [13].

In concluding this papur, we note that an interesting special forn of
equation {7} when f—O and the function /% in (7) depends on the real para-
meter is recently studied by the present author in [14]. The difference
between the main result established in [14] and our Theorem 2 is that here
we insure in addilion to ihe existence and uniqueness the unboundedness
of the solution of cquation (7).
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