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t. Introduction. Recently, a number of papers have developed the
fundamenthal theory of differential equations with impulses, sce [t1-[3].
Besides the pure mathematical interest, a reason for such considerations
seems 1o be the constderable importance of such ¢uations in practice. For
example, the concept of switching curve (or switching hvpersurface) is a
classical concept in the control theory. Introducing relaxed controls, the
modern control theory generalizes the concept of motion provided that
the solution of the svstem (the state trajectory) may be discontinuous, that
i$, it may have instantancous jumps according to the control law. Such an
approach essentially enriches the mathematical structure of the differential
systems and has numcrous applications.

In this paper we present a justification of the averaging method
for a system of differential equations of neutral tvpe with impulses where
the perturbation is represented by a small parameter in the right hand
side of the equation. The technique used is related to that m [4] where
the averaging method for a system of differential cquations with fast and
slow variables and with impulses is investigated.

2. Statement of the problem. We consider the following problem .

a) Given a sct of hypersurfaces o, : f=f,(x), i=1, 2, ..., which for
x&De R lie in the half-space ¢>0 of the (i --1) - dimensional space
({, x) and salisfy the condition t{x) <t (x), i=1, 2, ... ;

b) Given a set of functions ®(¢, x), i=1, 2, ... defined on the hyper-
surfaces o, respectively ;

c) Given a set of ordered pairs of vector functions X, x, v, 2),
N, v, 0,2),1=0,1,2, ... defined in the domain ft20,x,yeD, e D
< R

d) Given a sct of vector-functions Ii{x), i=1, 2, ... defined in the
domain D) ;

A mapping point P, with current coordinates (¢, ¥({)) moves in the
domain {/>0, veD} . We assume that the motion law of the point P, is
characterized by

e} the system of differential equations of neutral type
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where >0 is a small parameter, 3 is a positive constant, A{f, x) is the
transformed argument which satisfies the condition

(2) I—3<A(L, X)L, (t, x)s{i>~38, x=D},

o(f, e} =D is the initial function defined and differentiable with respect to
{ in the domain {e{—3, 0], e=(0, &£], S=const. > 0.

The motion itsclf can be described as follows. Departing from the
point (f=1,--0, ty=2(0, ¢}) the point P, moves along the trajectory
(¢, x(t)) governed by the solution x(f) of the system (), where X(¢, x, 'y, z) =
=Xt &, v, = X@(, &, v, 2) untill the moment =, > 0 at which the
trajectory mects the hypersurface o, at the point (t,, 27=2x(s,)). Then
the point I, instantly moves from the position (t;, 27) to the position
73, ¥ =a7 +el,(x7)) and further on it follows the trajectory (¢, x(f)) des-
cribed by the solution x{t) of the system (1), where

X, x, v, 2) if ®y(r,, 47)20,

X, x, 9, 0)=
( ¥, %) {X‘f’(f, X, ¥, 2) if dy(7,, a7) <0,

untill it meets the hypersurface a. etc.
Note that the point (5;, aF), where

(3) af=a7 bel{27), i=1,2, ...

does not necessarily belong to the hypersurface oy, i=1, 2, ...
The relations a)—d} and ¢) in which the vector-function X of the
equations (1) has the form

X a0y, =X, a, y,2) Hor sei€ Ty,
(@) X x5 2)={ XV 5, 5,5 lor 7, <€ 1y, L Oz, 17)20,
XE(L, x, y, 2) for vy <IS Ty, H D7y, a7) <0,i=1, 2, ...

will be called a system of functional-differential equations with variable
structure and with impulses and will be denoted shortly by (1), The curve
described by the point 7, during its motion will be called an integral curve
or a trajectory of this system in the space (¢, x).

Suppose that the following limits exist

1 t+T i
(3) lim :S X(0, x, x, 0) d0=X(x), lim; Y L{x)=1,(x).

Tren ' Torw 4 tef, <t b T
Then one can introduce the following averaged system of ordinary
differential cquations associated with the system () considered

(6) M) = [ No(5(1) -To(x()]-

———

k3 JUSTIFICATION OF THE AVERAGING METHOD pigie

I'he 1ntnal condition s
{7) X{0) = x,.

We note that f v= (g, o, a,) and o = (), then, by definition

L] 12 nooom Ve
i " L ] ' : N L2
KR [}. ‘-"] B :1'-'[1- E“'i)‘] .
[E1N r=lgat

We denote by 1on the set of natural numbers {1, 2, .., a4} .
3. Main result. The following theorem concerned with the eloseness
between the solutions of the svstem (1) and the averaged svstem (6) with
initial condition (7} holds true ;

Theorem 1. Lot the following conditions be fulfilled -

. The fronctions £x), 01,2, . are defined,” positive and  satisfv
the condilion {{x} <l (¥), 1==1,2, ... for x€Dc R The funclion &, x)
is defined on the hyvpersurfuce t=t(x}, x€D, i=1,2, ... The Junciion
NFEU X, v ) s conlinnons (i the donain st (v}, v, e D, ss 1)
SR =00 ks 20 10, 1, 2, The funetion A, x) is conilntons
wid - salisfios the condition 1 3<A(l, X)<{, S=const.=0 i the domain
WUz, x e The functions ofl, €), (l, &) arc continwous n the domain
He--8 0], e=(0, £], L=const. =00 gud (1, &)€D, i, eye D,. The
Junclions 1), i==1,2, ... are continuons in 1.

2. There exist posifice constants M, N, K and u funclion  ~(g)
sweelt Hht

PN L v ) g L) UM, L) bt g N Fax=a"
AN L R Bl | U B 0 A (e e
T L) PR faes

Forall tz0, v v, e, rre Dy, e, 2,020, 1, 2, Loamd (S, ) i
(o) for 2 (0, S dhore i (e} e -0 and sup (e)fz =0

i
. Lotk sEIE)

3o The followmp linnl

lim

b) 1 —d, d—const., -~ 0
Torw b s Siia

[

aid Lhe fimdd (3) are frocte uniformly o0 (20 and xeD.

4. For evory e=(0, & the syséene of  funclional-differential equations
(1) with cariable structure and with vmpulses has a  continuous solution
X Jor 0, dE 7, i1, 2, L which salisfies the malching condition x{0 4-0)=

(0, €)=, I{0-4-0)==5(0, z).

S For coery e€(0, &7 the averaged system (6) with initial condition (7)
has a solution X{f) which belongs to the domain D for 120 logether wilh ils
neighbourhood of radins  ¢=const, >0,

6. For vvery =€(0,&] for 1= 0 the trajectory (f, x(8))  meets once the
hypersurface {=1,(x), 1=1,2, ...

Then for every =0 and L>0 there exists <,<(0, &) (gg=¢eo{y, L))
such that for e< ey the incquality
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| x() —=%(t) || <w holds forO<it<Le™.

In the proof of Theorem 1 we shall use the following lemma

Lemma 1. ‘Lef the conditions of the Theorem | be fulfilled. Let T >3
be a sufficiently large and fixed number. Then for everv nuatural mwomber
P21 the following inequalily lolds

p—1

(8) Ix(pT)—E(pT)i<e };0 [1+e(2+d) KT) [o(T) T +:M7,

where M=(1+d) (2+d) KMTt+max M,, and M,= M(T, d,, ... d) are
i=lLp
constants depending on T and on the constantsd, >0, j=1-,_¢°—.
Proof of Lemma 1. The condition 3 of Theorem 1 implies existence

of a function «(f) which is monotonically decreasing to zero for ¢ tending
to infinity, such that for all £>0 and x€ D) the following inequalitics hold

1B, % % 0 Xt a0 1< o) T2
©) ’
| ¥ L= T l<«(T) TJ2.

In the proof we use the method of the complete mathematical
induction. We prove the incquality (8) for p=1. Consider the system with
impulses for t=[0, 7.

Let the points £(xo)=!Q, ..., ta.(x)=£ lie in the interval (0, T)
so that {9 <%, for i=1, (d,— 1):

We denote as a2, 0, x,) the solution of the system

3
xo4e § X0, 4(0, 0, x,), xV(AP(6), 0, x,),
1]

£(A9(0), 0, x,)) d0, £>0,
p(t, €}, —8<i<0,

(10) 29t 0, xo)=

Ut 0, x)=o(t, €), —8<t<0,

where A=A, 2P, 0, x,)).

The solution of (10) coincides with the solution x(f) of the system (1}
till to the moment 1, at which the trajectory of this system metts the hyper-
surface o,, i.c. x()=x¢ 0, x,) for t€[—38, 1]

Consider the function

!

(¢, 0, x.,)zxo—l-séf XM(B, x,, %, 0)40.

T.et us estimate the norm of the difference
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RP(, 0, xo, €)=20(1, 0, xo) =30 (1, 0, o).

For 0-f< T we have
0
X0, a0, 0, x,), v AMe), o Xa),

[ R4, 0, %, 8} | € = g’ |

EO(A(0), 0, xo))—XI(0, xo %o, 0) | dBS
!

<eK §{[ (0, 0, x)—xa [+ 3388, 0, x—xo [+
[

+ || ZD(AD(6), 0, x,) |} db<eK Of a9 3 X, A0, 0, x),
AAAP(D, 0, ). AP, 0, x) |l +eK L] | 2AP(0), 9 —5(0, )10+
+e § d0 ;;:ij“.)\l.';,“(l, A0, xa), XePARD, 00,'!_\»0), AR, 0, xo)) | dl} +

KL {1 SAD(0), &) | d0-Fe [ 1 XP(AD(0), SAR(0), 0, %),

Jo, Jou
A (APAD(0)), 0, x,), S (AT(AT(D), 0, xa)) |40} <
g 3 .
<etKM | 640 +er(e)VuK [ |AP(0) |40+ KM Jlr AM(0)d 0+
¢ e et
tey(e) K [d0+eKM §40<KM{(T+0)°+T] tev(e) (3Yn 41)
J:;:! ];:g
KT =o(e2, T),
where '
jE,-tU.]bﬁt_—"(O, t]s JO,I' _{0 : OE(D, t]/\ia‘)](o) E{ 3 3) 0]} B Jl;-f=(0: t] \];).l'
The obtained estimate shows that the function IP(Z 0, xo) approxi-
mates the solution a{Q(f, 0, x,) of the system (10) in the interval (0, T]
with accuracy of order €2 ‘
The instant of time =, at which the trajectory (¢, x(f)) meets the hyper-
surface o, is the unique solution of the equation E=6{xP(2, 0, x5)).
Since for 0 <t< T the following inequalitics hold

({0, xo))—4i(xo) | SN (0, %o)—% || <eMNT,
then there exists a constant, 2 ={—1, 1) such that
=0 +enP0P, O =MNT.

From the inequality £ >0, it follows that 7, > 7, for ¢ sufficiently

small. Hence
x(t):x(‘)o)(f’ Ol x0)=}l(]m(tr OJ x()) +I€{0m(ta 0; xﬂn E)

for ,<i<T, =" +e2?@Y. Furthermore, we find that
L
xf=xﬁ”(-:1, 0, x) '+EIl(xg)!(71- 0, Xg))=%¢F¢ oj th')l'(e: Xy, %, 0)d0+
+EI':10:I+RI€IO)(TI: Ou xﬂ; E):
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where 1% = 1,(a8"(=,, 0, 1,)).
In the general case (S= 1, d,), we denote by w¥(t, <., xF) the solu-
fion of the svstem

o T .'\‘;Ka‘(ﬂ. W00, - XFN AL (0}, =, x50,

(1) =™y ~oxfy=
\.0.1(!. Teon. Ye_tl, 8{:

i (R = LU | T Sl (D P P

where K. is equal o 1 or 2 depending on whether the number B (7, 2,
(z., =c 1, W0} is nonnegative or negative, A=A, a2 (1 =, o),

= TR S s . I . A
A= Te, NLy) il '--‘stl)-:(-a. a1y Yo 1)) =
s -l. 5 X
I = A, ; R o 0 XY s ;
-‘n"'E‘;_r f -\.-__'11 (0, Ya, XNy, U)'“} e }_ l;'“ 1 }.. ]\:‘(ﬂl(ﬁ; Tiore diq, 3), kgr=1,
i1s e it
(1%

]:r Jru ("'al-,il(."s: Teols Vs 1).]' Yo = Ve

The solution of (11} coincides with the solution of the svsiem (1) in
the interval [3, <.,

We consider the function

iy

IO, <. x7) e afLe

N0, v v 0) dO.

e

One can show, as it was done in the c:n,c 5=, that, for the difference
RO 50, )l ) B0 =, 20)
for fe(z,, T the following inequality holds
RO <0, v ) g KMI(T 48) -1 =

cevle) (A ) KT 22eRT X o (e Thzef(es T
tes b

Hence, the function 32(, <. 4F) approximates the solution of {11} in
the mierval (z,, 77 with accuracy of order 22
The instant of time =z, (s=1,d,) at which the trajectory {7, x{1))
mects the hypersurface 0,5, appears to be a solution of the cquation
Tty ({2, <., 20)). Since for 0=, (< T the follow ing negualitics hold
a0, %0, 30)) s (30} 1 € N 6 = 38) =1 | < €MN (T -s) -+
3
+ N X (s, 1),
i=1
there cxists a constant 2{%, (-1, 1) such that =Y 29,09,
where s
Oy =MN(L' s} +e?' N T o®{e, 1).
0

s
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From f% 6% 1t follows that <4, 7, when 2 is sulficiently smadl. Combining
the cases s==0 and s=1, d, and using the relation (4), we see that x{f) can
be written in the form

K(t) =St T, )= B _[(,\';"';"((i,'.tu, xa, 0) U -

s 5 S . .
4e TP LE f\’.@l(" Tior Vi g} E;! A (0. o x,, 0} 46

L A

(]2) L) i=0 ]
i ]
X(0, vy ¥, O} dO3-2 X /-

+R.‘tuj(f: T t:’! 3)"_ Note

e,

* s
A+ X KM (5, T N ) RREU, < 2y, @)

§==

for

1O 4 er 0O == 7 S T en ) B0, s=0, (d— 1),

as well as for . o
t{fl; —|—5}.|(;‘)(T)lgll2 T, ﬂ_{b l 8= ({|.

.
where

XA, a, 0, 2) 20, 1P = R (<o, 7.4, 810, 2) S0, he=1,

O = 1y=0, e (1, 1), s==0, d,,

OP=MUN(T +(s—1)) -+ NV T aofy(s2, 1), s=1, {d, -1}

Hence -
*(T) X 0y ) xa e § N0 Yo, x,. 0) 20

g 4 {0} 5 "
e NIV 4 I RO(ry win, e} FRGT, <4 va, 9)-
420 §=0
Let Z(f) e a solution of the averaged system (b) with 1mtial condition

(7). Then for 120 the following cquality holds

Z(t)=xy-+e ‘.‘ft [N (T(0)) HTo(X(0))] 40 ;
from this we find that ,
T(T)=x, ¢ 6\' [N (X(0)) +T(¥(0))] 0.

Further on we would like to estimate the norm of the_ di[[c:_rf.-nc_‘c
x(T)—Z%(T). For that purpose, taking into account (9) we write a(7) in
the form ,

#HT)=x, +$[Xo(xo) +Io(xe)] 1 ¢ 'EJ[X(O’ Xy, Xy, 0)— Xo(xo)] 40
(1) g ; 0 )

+ s[zn°>-1.(x.) T|+ $ ROux0, te, oa ) +RI(T, 74y, 58, €).
im0

i=0
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Define the operator A,

AgxxFelN (¥) Ho(x)] T, ¥ = D

wi get
. ‘.'
M) doxo e | JLX(0, xo, Xy, 0)— Nofx)] 8 j -+
Cli » d, 1
(14) +¢ Z[| '—1{xa) [" i E o (e 7)< za (1T 2+5|l2 14
1 =1 j=l)

|:1
et

Tofvo) I” L :” JZI (" —l[.'(\'«))» + ¥ ot Ty < ex(T) 14

dy -1

dyi
e W Td, +e2 K E y NI 4e K Z 2 R (=, =i Mg g) |+

el d= im0
J, 1
+ X (e T eT) e,
where « %(e2, 7)=0 and M,=3 (T, J,) is a constant.
Fort>20, c=[0, 7} and yeD we have
Xo(@) | <M, Lo(x) § SMd,  T(z) =1 < {1 +d) MT, -
Xo(F(=))— Xo(wa) | <261 4+d) KM T, 1 1,(T(2) —To{xs) | < ed(t 4d) KM T.

Using these cstimates we obtain

|X(T)=doxo < Ej{"\'n(f(f’)) — Naf{xa) [ Ta(F(0)) = Lafx0) I} d0 <
(15) < el Hd) (24d) KM T

From (i4) and (15) it follows immediately that
(16) | 2{D) =31 < | x(T) —Aoxq
where M= (1 4d) (2-Ld) KM= M

L F(T) —Ao(xe) < ea(T) T +e23,

Thus, we have estimated the norm of the difference x(7)—x(7) and
bave shown the closedness of the sets-of points x(17) and (7). Morcover,
since X(7) belongs to the domain /) with its neighbourhood of radius ¢,
then from (15) and (16) it follows that the points 4,x, and x(7) belong to,
D as well. Hence, the inequality (8) holds for p=—1.

We introduce the notation
d(j—1; )=dy+d, +... 4d,_, i, dy=0, <
-1, d,. V== T, W7V =4T,

1 — - =11 - .
=Vapenip X = ¥gii-nip

From (13}, according to (9) and the conditions of the Theorem |,
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W = ((f--1) T), x,,i:‘l: = x(j1), i=1.2, ...
We note that, according to the introduced notation,
s, o E Y, =2, 3,

Assume that for p=7j, j=2, the inequality (8) and the results of type
(12) and (14)- (16) hold. We prove the validity of (8) for p---].—l—l. Letd;a,
points { g (XGT), oo taas ¥ T)) ) lic in the interval (77, (j4-1) T} for

which the following inequalities hold

La o35 1)) LA (I 1)) for i=1, {dj:1— 1),

Then, from the continuity of the functions £,{(v), i=1, 2, ... and the
assumption that (8) holds for p=j, it follows that if e is sufhcxentl\ small,
the points

(17 Lagd X TN =0 o Lags 2y, S (1) _!‘U 1

lie in the interval (F7, (1) 7) and # <2 for i=1, {d4—1).
The solution x(f) of the system (1), w hich is assumed to be constructed

in the intervals ((p—1) 7, pT), #=1, j is extended in the next interval
(7, (7-+1) T . For simplicity , we denote x(jTy as vy Let xd'{t, j7T, ape)
be a soluhon of the svstem

.,G\ X200, 90, 7T, x5),

Jl.'(oj-{f, ]']‘ \'_-‘I') = _,.-".(A{’J( ), jT. 1-,:7')' \&}(A (U) J-" )) dﬂ, !\‘]‘T,
t

Aj=1 P L IR RN B | 2 e
AU S 4 ), — kil

(18)
Y R R (A AT A e LA
where ka5 0} is cqual to 1or to 2, AP =A(, x§°(, JT. ¥;1)).

The solution of (18) coincides with the solution of the system (1)
{ill to the moment <4 at which the trajectory meets the hypersurface
Tagn oo X{O=x3(, jT, x;7) for te[=8, "],

Consider the function

ST ‘;7)—‘Jr‘1r€.\ \f,'(’;"g,“‘((], Xir, Xz, 0) d0.
For jT<t<{j +1) T we have

RO GT, ¥yp €) [== | 200,57, xy0) = XU G T, 1) 1S
1 ¢ T LTE} H L Al
<ef NFaEoie, W0, 5T, xe), @A), 5T, X0,

i

ADAPL0), 7T, ¥7))— X0 (0, vyp, 27, 0) | dB<
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e A L Yo (U, 7 ['. “‘.j"")—‘\'-i'l‘ ;i __!l, {li IJ(A%;)(U)’]T’ .’\,'“-)—— \'31 | |“ (11N
! R AB == B T, Xy T, T =RP T z)
o N hEAAl o pr 0 .
Yo (AS(0), JT v d0< KM | d0 Y ol - for j1 -t g~@
i ¥ g oo
! oo ) ’ ! Further on we obtain
+eN{ X J 0 [EAPAR0), <t it ey -k - -
J‘-'O-'i,,l.t ] ( 0( )’ & b ) ’\(}"”T ” i \'IJ)+ ~ ‘-f)( :'. IJ’ ) -:.-sl e [}_'"-'.I:?I"’ Il.f‘ \'_T)) == ‘I'.,II_...
Dk -ty
Ay Ny A0t Ve 40 \r dl} - 1 _\'r'f"'_{lor';ﬂ. (0, Xjo, x5, 0 a0 2l 3 B 7T, Ny, ),
T At 20,
L where 17
:1\{‘2 o g U ”(_\“'(0) o=l b DEY 0 Ty
! 0*".;’1‘:3

In the general case (s o | o) we denote as {57, 4
solution of the svstem

I LEPAP), 5T, xgr) | A0}

} the
] R . A 5
b et KM . v T NgRE, w0, a8 ),
fir 2 i
sy dj o w0, Aty e ey . N "
KUY [0 (j—1) T-Hd] dO-FeR 7 ‘z. ey, T+ AA0), = ) RS, B ST e, sy
ju . .
s ‘Iq) ‘: 1(1‘iJIn "'ﬁ l_]! 3 f"“<-‘ )r
et T o Pde MM 4d) T 2K (07T . T . : .
[T ke My (1 +4)] l (0—j7) d0+ VY E R e U () 8K R g <,
e KM T KM (7 R0y 4T ] e KM T 2T A-d ) KM T (1 4 dy + where AP() = A¢, X =2 a7 7)) and
R To(T) THeM 1+ kT ;.J. offer, M=, T) At e (P, S8, ) el asa(ni (5T S, G
a0 ! ‘
where l 3 & 1T
4 - mm g 78 ~ ‘ -\.r.' fl'"._l ({ Fo.o YT, ) d 0 X l" .
(U“./}J,t) U= (i1, 1], 1 = o
Jing ={b:0=(T, FAAP(O) = (=771, 287, 1Z=I)T‘(7;, L7 \_‘i REL (< -y WF, o), FPEanalafh (=i, <8, o5
]ﬁ’t-_-_-,(j'j“ t]\\(o_/;'“) e solution of (19) coingides with the salulion ol the svstem (1)
e in the interval {—34, <¥H1
(t®=x, i==0, d,, =T, o e, Ty=0}, e
Hencee,

consider the funcilion
the function F(, ;T

Y;7) approximates the solution of I S, A=t e I NSRRI, o Ve, 0) 40,
-
{18) in the interval (j T, (1) 77 with accuracy of order e, i :
From the inequalities
sy (S T, %)) —Lagn(¥50)) SN Fx(t, 7T, ayp) —

One can show that for j1 -2 <0
By, =8, xirt
— ¥l € eMNT,

SRS

) 17 the tollowing ingauality lolds

coe) = E Al R, Al AP P a) e
i S eRKMNT L) LT+ KM T
1< (7--1} T it follows that there exisis a !

Tyt N WFRT Ady Y KM 4 d)y =
constant

which hold for 77

.

oy
<t ) AW AT B T A SRV RS SEY (O O S b
i s(—1, 1) such that P — ) 200, iy
where OF - MNT. From 7> §7 it follows that "> 7T, when
ciently small.

e, 1)L
eis suffi- 12:KT ¥ wfy(e

41

¢f, izei(e, T
i

—
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ctc. Combining the cases s=0 and s=1, d,;, and using (4) we can write
x{f) in the form
L
W) =x" 5" M) =20 +4e zu _f(X:,ﬁ'f?_‘ﬁ',‘”’(O, Zir, Xr, 0) B4
t= T
13

(i}
—1

- s
g X

3
i} Y ORUY fLy ) 13
0[.' ot = RE(=P, <8, x2%, ¢) -
t= =

i

@0)  bel N0 wir v 0) dOFRIE, <, Y, o=

i H
=xrte | X0, xy7, x5, 0)d04e X 1P 4
v i=0
+ 2RI, <, a5, &) R, <, a7, ),

The expression (20) holds for

6+ N0 =< <t< <l 4008, s=0, (d1,—1),

§+1»

as well as for

(5} PR 1 R § ) 5
s - ehgls loer’fu T <I< (7 +0) 7, 3‘-‘“’;+n
where

FRagiitngy o ) () = i) (i i i
‘\d(jif—l] (!, X, N, -:.) 0, [0”: RE’](T[SJJ, T(_{,l, A—r_J.'l+, €)..=..0,

3 LI, A - & i —_—————
O = MN(T+(s— 1))+ N S ofy(er, T), s=1, (@)
i=1

MWe(-1, 1), s=0, dy,, 95T, OF =0,
We derive x((j41} T) and X((54+1) 7).
G+ T =xPel G+ T, <, )=
G+4yT
= xrp_i" a}“!‘
d]'_;_lJ.l

¢ .E‘B I‘)P—)1(7§jj; 7, a1, &) =xr+ E[Xo(ij)+In(ij)]+

d
X(0, x5p, %50, 0) dO+e 4511?’%-
i=0

Genr iy
+e .'IT [X(0, 247, xyp, 0) = Ny(xy2)] d0 e[ ﬁo 1P T o(xyp} -1
7 L

a‘j._. 1 H1

. 2 (o) o i
¢ 20 REL (=P, <, x, €)
t

il

MG+ T) =3(T) +sj.f: N

[Xo(¥(0}) +14(x(6))] 46.

_pp—
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In order to estimatc the norm of thedifference x((j +1) TV —%{(; +1)T)
we use the inequality

(21) a7 +1) T)=%(G+1) TY | <l %(( +1) T)—Adoxyr | +
il Aoxyr— A% (1) | H AX(GFT)—Z((7 +1) T) || .

By repeating the arguments in (14) we find the following estimate for the
first summand in the right hand side of (21) :

(7 +1) T)—Aoxyz | <

(22) <ea(T) THe*KMdy, QMT 4+d—1)/2 +
iy ¢ diprtt
+eK £ Zoly(et, T+ E of(e? T)<ea(T) T 4e2M,y,,
i=1 i=g =0

where @®(e?, T)=0, M, =M(T, 4y, ..., djs)).
For the second summand in the right hand side of (21) we have
| Aoxyr—AX(GT) <] %50—F(T) | +eT || Xolxsr)—XNo(E(FT)) | +
HeT | To(ve)—To(Z(jT)) | < [1 +e(2+d) KT || %2 —%(T) i<
o N
(23) <[l 4<(2+4d) KT]JE (1 +e-+d) KTV [e(T) T +22M],
=0

where M= (1 4d) (2 4+d) KM T> +max M.
Firy
Since for t=(57, {(j+!) T'] the following inequality holds
|FO—EGT) < 2 § DXoF0) I+ L(F(8)) 1] d0< (1 +a) MT,
then for the third summand in the right hand side of (21) we get
FAXGT)=%((7 +1) T) |=IRGT) +e[Xo(F(5 7)) +1(F(T))] T—
. GtyTr _ G+nT o
—A(FT)—e § [Xo(x(0)) +1o(F(6))] 40 [< ¢ S UXEGT)—
L
— Xy(F(0)) ||+ To(B(T)) — To(T(0) 1] d0< e2(1 +d) (2 +d) KM T
From (21)—(24) it follows that
i —
| 4G+ T) =BG+ 1) < 2 (1 +e(2+d) KT]* [ea(T) T+e27],
where M =(14d) (24d) KMT?+ | max M.
=LY
The last inequality implies that (8) holds for p=j -1 and x{{(j +1) T)

belongs to the domain D.

Matematica
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This proves Lemma [,

Proof of Theorem 1. According 1o the condition 3 of the Theorem |
there exists a constant C(7) <s0 such that for every i==1, 2, ... the ine-
auality ;<= C(T) holds. Hence, there exists a constant MW7) <oo as well,
such that
(25) M=(1d) 2+d) KMT*-+max M, M (T).

=2,
___Let g be the integer part of the number Lf<T. Then for every pe1,
1, g, according to (25) and Lemma 1, we have

1x(pT)—Z(pT)|< e"i; [l +e(2 +d) KT [#(T) B+eMo(T)i<

< [T T +eMo(T)] [e=HOF L 10() (2 +d) KT,

Choose T sufficiently large, such that ¢#0EL 572 +d) K < 4[4,
and then choose ¢ sufficiently small such that '

0 __“(_Q_ A2 [A2ORL () 1____H_'L(_7_)__ o A
O e el PO ST W T

:lhr:n, according io the choise of T and =, for cvery f’el_,_f}mthe following
inequality holds ' '

(26) SPT)=F(pT) | <4l2

) Now we estimate | T{f)—T((p—1) ) and
in the interval (p—1) Ti<pT. '
We have

A= ((p-0) 1)

(RO=R(p~1) 1) I<<. p_fmtn XofF(0) -+ | ToF(0)) ] a0 e(1 +d) M T

From (20) we get
2y =2{(p—1) T) ==L 3270 227, wf M) x((p—1) T) fI<

t H
<e 5 LXO, S Spmr, 0) [d0e B I+

(2 ) 5] o - - -7 b a-
N Z H (P=117 i1 ~p=1 d I i - -_ —
_.i . I RD J(. e s ), x 3T, ._-) ,i_ l‘fb l)([‘ ,:.!Ii U"-(F l).‘ ,) ” <

[l Ety

5—1
<eM(T+)+ 2 of3t(es, Tyl [T+ O(1)]-+e2M(T)2W (e, T).

Hence, according to the choise of 1", il ¢ is sufliciently small, we
shall have ‘

(29) T(e, T) < /2.

13 JUPSTIFICATION OF THE AVERAGING LETHOD a17

It follows from (26)—(29) that, according to the choise of 7, if ¢ 18
sufficiently small, for p =1, 2, ..., ¢ the following incquality will be fulfilled
in the interval (p—1) f'si=p!

| x{() =% || <

Hence, according to the choise of 77, if e is sulficiently small (0 <e<
< o< ), in the whole interval 0=/ Lo3 the inequality J x()=X(f) | <n
holds.

The proof of Theorem 1 is complete.
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