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BOUNDEDNESS OF APPROXIMATIONS IN SUMMATION OF
ACCRETIVE OPERATORS
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BRUCE CALVERT, SIMON FITZPATRICK and WIREMU SOLOMON

I. Introduction. A well known result on summing maximal monotone
operators in a Hilbert space is as follows [2, Th. 2.4]. Let <l and B be maxi-
mal monotone, with Yosida approximation B, =)"#{7—(I4+1B)"), 2>0.
For vell, veR(I+ A4+ B) if and only if B;u, is bounded as »—0, where
ve(l4+4+8)u,.

This general result, which is important in considering the maximality
of A--153, has appeared in the sctting of monotone maps from a space to
its dual, in a paper by Brezis, Crandall and Pazy [3]. Like many
such results it extends partially to accretive operators. The fact that boun-
dedness of B, gives v e R(I+ A+ B) has been used by Kato [67, Koni-
s hi [7] and others, in the setling of accretive operators in a Banach space
with uniformly Fréchet differentiable norm.

The goal of this paper is to investigate the converse.

Welet J: X2 be the duality map, i.c. f< Jxiff |f|| =+ and (v, /)

|42 We recall B: X—2% is accretive iff for B'x€Bx and B've By,
there is J'(v—y)eJ(x—y) such that

(B'x—B"y, J'{x—2x))=0.

We let J; denote the resolvent (7/+iB)™* and let B; denote the Yosida
approximation AY7 —J;), % >0. We call B m-accretive when R({4AB)=X.

Suppose A and B are m-accretive in X, and suppose ve (/- A+ B)u
and ve(/ 4+ A4 B3 ;. We give two conditions on X which imply Bju;,
bounded as 2—0. The first, studied in Section 2, is a strong condition on Jf
which roughly says J can only twist a line segment through less than a
right angle. The second condition on X, dealt with in Section 3, is that X
be two dimensional.

It is very much an open question whether there exist spaces X and
opcrators 4 and B giving a counterexample, i.e. B,u; unbounded. Even
In a three dimensional space with L, norm it is not known if B,u; would
have to be bounded for general m-accretive A and B.

An obvious related question is the convergencé of #; to w. This is
treated in Section 4.

Throughout this paper we let y =u+A'u+B'u where A'usAn and
B'u € Bu, and likewise y =u3+ A", + Byu;, where A'u, € Au,. In general



220 BRUCE CALVERT, SIMION FITZPATRICK and WIREMU SOLOJMON

| ]

the dash denotes an clement of the relevant sct, as in J'e = Ju in {2.1). For
v#£0 we write KNy for |laf~ta.

2. A Strong Condition on J. In this scetion we look at two conditions,
here denoted 17 and @, closcty related to f being bilipschitzian. These con-
dittons are sufficient for the simple Hilbert space proof of the boundedness
of the approximations By to go through. We show thev do not hold in L,,.
It would be surprising il ¢, had not appeared before but the authors cannot
recall any mention of it.

Definition 1.1. Lef X be a Banach space over R and supposc for ceX
theic is K(c) &R suchthat for all @ and b in X, if J'as Ju, 'O b, and

(2.1) (a—b, J'a—J'b)<(c, J'u~J'b)

then |la—bll< K{c). We sav X (or J) salisfies condition 1.

Theorem 2.1. Let X be a Banach space satisfying condition P. Let A
and B be wm-accretive. Let ysR(IGA4B) and ye(l4+d+By)u,. Then
By, are bounded.

Proof. Let

(2.2) y=utAut+ By, and (2.3) y=u+Au;+ Bru,,

where A'wsdu, B'usBu. Take J'(u—u,) with (A'w—A'1,, J'(n—1u,))20.
Then subtracting (2.3} from (2.2) and pairing with J'(#—u,),

02 (u—u;, J{t—w}))+{B'u— B, J'(w—~u,)) =
2 (B'u—Baun, J'(u—Jrua))+(B'u—B 16, J'(se~w)—J (1t — Jru3)).
where [J'(u~ [y} € J(u—J;;) is chosen with
(B =By, ['(1t—J;1:))>0.

Hence,
(W2t — a0, ) =2 ae— oY+ Blu, [ (a—u, )= (e~ J5) 1) <0.
By (2.1), I (un — Jra) i< K(B'1e). q.e.d.

We now investigate I by relating it to two other conditions.

Definition 2.2 Lot X be a Banach space over Rand supposc there is
e>0 such that for a and a in X, J'a€ Ja, and ['be Jb,
(2.4) (a—b. J'a—J'b)> la—bll ||J'a=— J'b].
We say X (or J) satisfics condition (.

Proposition 2.1. Q dmplies P. When X is finilc dimensional, I’ implics ).
. Proof. Q=0. Given c€X, and g and bin X, with J'aeJa, J'b< Jb,
if (2.1) holds, then by (2.4)

ela—b] ] a—Jbli<(a—b, J'a—Jb)<lc, J'a—J'b)<iel | a— b

and |ja—¥||l< 7 Ycll.
P=0, with X finitec dimensional. If Q does not hold, then for all #
therc exist a,, ['a,, b, and J'b, with

(2.5) fay—bn, J'ctwT"00) <0y bl { ] 00— bl
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If o, and &, are multiplicd by a constant (2.3) still holds, so we assumu
b, —b, —n. By (2.3, e, — 000, and we assume by compactness,
taking a subsequence, that (¢, (J'a,— "0 ], — b )=»1 where el =1,
(In infinite dimensions we might have weak star convergence to 0). Tor

i large, | fea— b= 2{e, Jla, - J'b,). By (2.3),
(o —by, [l J b)) < (2¢, [la,— J'b,)

for # large, while ;a, b =» and P docs not hold. q.c.cl
Definition 2.3. We say [ is bilipschtzian if [ and [0 ave Lipschifs
and ceervichere defined
Proposition 2.2. [f [ iy bilipschitzian then (3 holds. 1/ X has € norm
away from O and is reflexive, then condition () tnplics J ' is Lipschitz,
Proof. Suppose f bilipschitzian. By {4, for all « and &,

a b 2 A Mila— b, Ja—]b).
Flince

Ja b a—bist Jlsplie—bir< 4 Ny S V(e =0, Ja—Jb).

Suppose that O holds and the norm is £3® away [rom 0. For a#i,
taking limits in (2.4) gives, with DJ the derivative of [/,

(2.6) (v, D Jlayxyz el D] (a)afl.

Now (v, Df(a)x) =(x, DJ(a)v) forallx and v, and for all a, inf [ f{a)xl| =
sizl

=fla)z0. Let 7= inf f{a).

Al )

Suppose 7 =0. Given 23>0 there cxists ¢ with norm 1, and X depen-

ding on «, with norm 1, and {{Df(e}xl|€z Note that Djf(a)a =lim{J{a -
FEY

Ay — Jla it =Ja. Mso (v, DJ{a)e) ={a, DJ{a)x) &{]|D[{a)x € z.
Fake - wxd-8a. A2z to be specificd, giving 22 1—3. Since DJ{a)z =
=Dy v+ 3D f{a)a =D J(a}x+3fa we have [Df(a)zf= 8-~z

(. DJ(a)z) = (v, DJ{a)x)+ 8(x, Df(aYa)+ 8(u. D J(a)v)+8%a, DJj(a)a)<
gl 28 L8 (e BY WS —2) ek 28e A0 1) 1D (@)l

I'he constant on the right hand side mav be made arbitrarily small by
taking =, & small and ¢/3 small, contradicting Q. _
Hence 720, and for all @ with «4#£0 and all x, since D J{a)=2D J{a/ a ).

2.7 DJ(ayxzn 2.

By (2.7), R(DJ(«)) 15 closed, and il R(DJ(a))# X", take y#0 in X
with (v, D f{a)v) =0 for all x, by reflexivity of X. But by (2.6) and (2.7),
=), u contradiction giving D f(a) onto. By (2.7) D J(a) is an isomorphisim
and the inverse function theorem shows [ ' is €1 near J{a), with D{J/ %)
(Jlay=Dj@y . so DS ¥ J{a)) £+t which gives j ' Lipschitz with
constant » . q.e.d.

Corollary 2.1. Suppose X 1s finite dimensional and has C* norm away
Jrom 0. J is bilipschitzian iff ) holds tff P holds.

Procf. Bv Propositions 2.1 and 2.2.
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The following result was first established by direct methods, but it
follows readily from Proposition 2.3.

Theorem 2.2. Let X =L,(X, B, w) for p#£2, with dimension 1. Then
condition P does itol hold.

Proof. Let Y be a two dimensional space spanned by the characteristic
functions of two disjoint scts 4 and B.

Let 2. J'is not Lipschitzian, but ¥ has €? norm away from 0,
so by Corollary 2.1, P does not hold in Y, and hence not in X.

Suppose p < 2. By the case p >2 Q docs not hold in Y* and by symmetry
of condition (2.4), @ does not hold in Y. By Corollary 2.1 P fails in ¥ and
hence in X,

Remark. We can see that we have a local version of the conditions P
etc., implving that in [’ for example if |By#,]->00, then J=1is not Lips-
chitz near the direction of #, —u, so that %, —u is neara co-ordinate plane.

3. X two dimensional. In this section we show that in a two dimensio-
nal space Bju, is bounded without any assumption of smoothness for X
or X*.

Theorem 3.1. Lot X be a two dimensional Banach space. Let A and B be
m-accretive in X. Let yve(I+A+4B)u, ys(I+A+By)uy, A>0. Then Byu,
18 bounded as r—0.

Proof. Suppose for some sequence A(1)—>0, {|Bjusfl— oo writing X in-
stead of A(n) in this proof. We know by the proof of [1, Lemma 3.2] that
#; is bounded. We may by translation suppose # =0, since if B*x =B{n+x)
and A*x =A(u+x) then y—nes(I+A"LB*(0) and y—ue x4 A"(x) +
+(B")1(x;,) where Xy =My — U, and B;\M;\ =(B");tx;\.

Suppose RB;u;—w.

#—>1t ;. Suppose #; >v#0 ; we will obtain a contradiction.

Suppose first v not a multiple of w. Take w on the negative x axis
and » in the upper half planc.

Since R(up—Jim)—w we have [, in a cone {1, 4-(x, v) : |y|< ex}
where e—=0 as A—>0. Since [rus#u,, [ is strictly clockwise from u;,
for A small

We have by the defining equations for Bju;

(3.1) (Bain—B'(0), J'(ua))< —llwall®,
and by accretivity of B
(3.2) (Brur—B'(0}, J'(Jr16:))20.

These imply since R{B;; — B'u)—w, that [;u, is anticlockwise from
t#y, a contradiction,

Suppose next v=kw, £>0. By (3.1}, (w, /'w)<0, a contradiction.

Suppose v =—Fkw, k0. Since Riuy— [ru;)—>w wehave Jiu—v—w
some 2>>0, taking a subsequence. Taking limits in (3.2) gives (w, J'(—k—
~—Xw)> 0, a contradiction. Hence u,—0.

w;# s [ius 0 Suppose u) =u; then || B || =Y Bil|<|| B . Suppose
Jawn =1 by (3.1) (Byu;, — By, J' (s —u))<0, giving (B-Au-A—B’u,j'(B;‘u;\))g
<0, and [[Byu;|[<||Bn||. Since ||Biull>o00 w5 us Jit;.

b2
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onvergence of RJU( ) Let K, —u)—d, R, —uy—>f with
['(1:;_?_.(::1) Z;é’tisfyihgf (3. i/) ;1(an R)(j;‘t{)‘-—h’)%b, tukm.g;" a ts]subscquct}cf(‘. .
A dince n=D(B), (Bii,— Buou, [ —u)z0 with the same J (i —
since ?’51'[,1 is n.ccrc(ti\?c fm(l Lipschitz. Hence (w, fiz0. By (3.‘I’),‘ (?U,.f’)(%{L:
giving (w, /) =0. Now f& J(a), and let us without l?ss of 1gc.numl.It_\ Ba{ e |
on the posilive y axis, the v axis in X" being 3 (w) ={g : (w, .g) 201
For a small, N(B,u; — B’ is ncar N(w), and by (3.2)' there is J'(Jf5113)
to the left of N(B;u;, —B'u). And for s=(B}, fB-,_u-,_fB s, J{.—]"'”ﬂ 5)20,
and hence (w, J""(—s))20 for some [”(--5). In particular mth..s ‘—j-,_fr,_j
there is J''([s15) € J(5i0) on the right of A (zo) Stace j(':/-,_u;.) is ésm\f.?.\
there is J'"(J.10;) in the narrow set between N(w) a.nd. :\(15;_}:;;t u‘) s
boundaries. Hence RJ'(Ju;) converges to f or —f, taking a subsequence,
Two cases : Suppose RJ"‘(Jr)—>f Sobs ] f). {a,f) =(h, f) .—-l anil
(w, f) =0, so a and & arc in the upper half planc. As in t'h({ case i —>u, Ji;
is anticlockwise from u; by (3.1) and (3.2}, a contradiction. )
Suppose now RJ'"(J.u;)-»—/f Thusa< [7(f) and be ] 1(‘ljl'). bltnccg
Ruy—sa and R [,u;,~b, we have R(u, -~ fiu;) converging to an ¢ .uncr}; 0
the conc spanncd by /Y. Hence (w, f) =1, a contradiction, gwmg\ 1.-,‘“;.,
bounded. q.c.d.
Corollary 3.1. Let X be a fwo dimensional Banach space, Aand B m-
accretive. For yeX, ye R(I+ A+ B) iff By 1s bounded where ve(l4-A44+
-{—Bl)iﬂ. . ) "
4. Convergence of 1;. In this scction we show lha.t 15— 1t ‘\_xlth, on:\
the assumption of a UG norm. This shows that we have, if A —|_—IB 15 m-dc‘(irl-;-
tive, pointwise convergence of (/+4dA+5;)" to (14 A+ By One mlﬁ t
think this would follow from general results on convergence as in lhcm’t,m
4.1 of [5], but these seem to require more smoothness on X zfnd X, a!.: least.
Theorem 4.1. Let X be a Banach space with uniformly Gatcanx differcn-
tiable norm. Let A, B be m-accretive with v e(I-+ A+ By and ve(l+A4A+
Byuy. Then w,—u as 2—>0" ‘
" )Proof. Lot y=u,+ A u, + Biu,. Then (v, —A'u,) =u, - it B0
y—i— A" € B(Ja) and Jimn = (15 hits A hA 1 — ).
Since y =u+4A'w-+B'u, we have (v—u, —A"1, —B'u, JU s —u))z0.

Now
1T atts — ted] 2 = (at5 <= hats + 2A 1ty —ny —12e, J(f20 1)) =
= ({1t —u—AB'u) —n(yv—u — A1 ~ B'u), J(Jrae:—u)) <
gy —u—rB'n, ](];,u-,‘——u))s|iu;_—u—-?\B'u;_H—-—|ljm;.-—u||.
Hence

I ' l 2 l ' a l — 1"
Elluwu+7\u:.+7\f1 w, — AP — -iilu;.—-uil < Sl —-u—2B u|]~—2ﬂ“?. ull,

and
(st A'wp—, J(un—u)) < (20 lats, — 16— KB 4| — |2, — 4] ).
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THE SEMI-INVARIANT SUBMANIFOLDS WITH SEMI-FLAT
NORMAL CONNECTION OF A SASAKIAN SPACE FORM
BY :

NECULAT PAPAGHIUC

I. Preliminarics. The scmi-invariant submanifolds of a Sasakian
manifold correspond to the CR-submanifolds of a Kachler manifold and
they have been introduced and studied by A Bejaneu and the present
author in {27, [3], 41, 1], 9.

In [6],B. Y. Chen gives a classification theorem for CR-sulumani-
folds with semi-flat normal connection in a complex space form M {c}, c#0.

The main purpose of the present paper is to classify the semi-invariant
submanifolds with semi-flat normal connection of a Sasakian space form
M {c). Our classification theorem for semi-invariant submanifolds with semi-
flat normal connection of a Sasakian space form (Theorem 2.2) is simpler
than the classification theorem of B. Y. Chen (Theorem 5.1 in 6]}
because in our case, the fstructure defined on the normal bundle of a semii-
invariant submanifold is parallel (Theorem 2.1). The existence of semi-in-
variant products with semi-flat normal connection is also studied (Theorem
2.3).

First, we recall the definitions and some fundamental resnlis for
later use. _

Let 37 be a Sasakian manifold of dimension 22 --1 with the »asakian
structure ({p, £, 7, &), where o is a tensor ficld of type (1, 1), £isa vector
field, « is a 1-form and g is a Riemannian metric on M which are related by
(1.1} i ] 4a@E T oE)=0; y(E) =1 gey=0 and

2N, 2Y) =X, Y)— 4 (X)r(Y)
for any vector ficlds X, ¥ tangent to M, where ] denotes the identity tensor
on M. We denote by ¥ the Levi-Civita connection on M. Then, we also have
(5] p. 73)
(1.2) (Vo) =2(N, Y)E—4(Y)X; Vyi=—0oX, for any vector ficlds ¥, ¥

tangent to M,
Now, let M be an m-dimensional Riemannian manifold isometrically

immersed in 3/ such that the structure vector field Z of M is tangent 10 M.
Denote by 7°M and 7ML the tangent bundle of M and respectively the
normal bundle to 3 and by {£} the 1-dimensional distribution defined by &
on M. :



