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THE SEMI-INVARIANT SUBMANIFOLDS WITH SEMI-FLAT
NORMAL CONNECTION OF A SASAKIAN SPACE FORM
BY :

NECULAY PAPAGHIUC

1. Preliminaries. The semi-invariant sabmanifolds of a Sasakian
manifold correspond to the CR-submanifolds of a Rachler manifold and
they have been introduced and studicd by A, Bejancu and the present
author in {2], (3], (4], 1L 9.

In (6], B. Y. Chen gives a classification theorem for CR-submani-
folds with semi-flat normal conncction in a complex space form M{c), c#0.

The main purpose of the present paper is to classify the semi-invariant
submanifolds with scmi-flat normal connection of 1 Sasakian space form
M(c). Qur classification theorem for semi-invariant submanifolds with semi-
flat normal connection of a Sasakian space form {Theorem 2.2) is simpler
than the classification theorem of B. Y. Chen (Theorem 311 in [67)
because in our case, the f~structure defined on the normal bundle of a semi-
invariant submanifold is parallel (Theorem 2.1). The existence of semi-in-
variant products with semi-flat normal connection is also studied (Theorem
2.3).

First, wc recall the definitions and some fundamental results for
later use.

Let M be a Sasakian manifold of dimeusion 22 -}-1 with the sasakian
structure (g, &, 7, ), where 9 is a tensor field of type (1, 1), §isa vector
ficld, v is a {-form and g is a Riemannian metric on M which are related by
(1.1 st ] 4@ p(E)—=0; (&) =1 nop=0 and

(o, 3Y) =gl X, Y)—4(X)5(Y)
for any vector fields X, ¥ tangent to M, where I denotes the identity tensor
on M. We denote by ¥ the Levi-Civita connection on M. Then, we also have
(53 p- 7)
(1.2) (Vxo)Y=g(X, V)E=5(})X; Vyi= —oX, for any vector fields X, Y

~
tangent to M,
Now, let }/ be an m-dimensional Riemannian manifold isometrically

immersed in M such that the structure vector field £ of M is tangent 1o M.
Denote by 73 and T34 the tangent bundle of M and respectively the
normal bundle to M and by {£! the 1-dimensional distribution defined by g
on M.
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Definition. [2]. The sithmanifold M 6f the Sasakian manifold A is called
o Semt-invariaitt submanifold if il is endowed with the patr of distributions
(D, DY) satisfving conditions -

iy TM=DoeDlgiz! .

(i} the distribution D is invariant by 5, that is, o(D)=10), for cach x )] -
(iil) the distribution DL is anti-ineariunt by 9, that 1s, o(D¥)c 1ML for each
vell and 2*(Dx) D% for cach veil.

Remark. By using (1.1) and the conditions (ii) and (iii} from the defini-
tion of a semi-invariant submanifold we obtain that the distribution D, DL
and {Z} arc mutunally orthogonal to cach other.

Throughout this paper we denote by 2p (resp. ¢) the dimension of D,
(resp. Dz} Then it is easilv seen that when $=0{(resp. ¢==0), the semi-invariant
submanifold M becomes an anti-inpariant submanifold, [7], [10] (resp. an
invariant submanifold, [8]). The semi-invariant submanifold M is cailed a
proper semi-invartant submanifold if it is neither an invariant nor an anti-
invariant submanifold, i.c. we have P#0, g#£0. A gencric semi-invariant
submanifold is a semi-invariant submanifold characterized by the condition
dim. 7T .ML—yg, for cach veil, [11]. [2]. -

We denote by the same symbol g both Ricmannian metrics on 3/ and
M. The projection morphisms of 73/ onto 1) and /L are denoted respeetively
by P and Q. For every vector bundle H on M we denote by I'{H) the module
of all differentiable scctions of #. -

The Gauss and Weingarten formulas for the submanifold Al of M/
arc given respectively by

VY =ViY AN, Y),
X, YeI(Ta),

Vi — ASX V4N

Ne[(TL,

where Vis the Levi-Civita connection on M, V6is the linear connection

induced by Von TML, /i is the second fundamental form of Af and Ay is the

fundamental tensor of Weingarten with respect to the normal section V.

The fundamental tensor Ay is related to & by

(L) g(h(X, Y), N)=g(4:X, Y) for any X, YeI(7rM) and NeNTML,

For all X eT(7'41) we have

(1.5) X PX 40X 44(X)z,
For cvery Nel(TM4) we put

(1.6) 9N —¢N -LfN', where £\ and f\ are the tangential and normal compo-
nents of o, respectively,

(1.3)

where 7(X)=g(X, ).

Now, suppose ﬁ'(c) be a Sasakian spacc form of constant w-sectional
curvature ¢. Then, the curvature tensor R of ‘TI(C) is given by [3, p. 97]:
ROY, ¥)Z=[{e+3)/4){g(Y, 2)X (X, 2)Y } +
D) 4 ey (VDX +5(X, 20V~ (Y, 2107+
+8(Z, oY) X —¢(Z, 9X) oY +2¢(X, oY)eZ},
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~1

for any vector fields X, V', Z tangent to M{g). ‘ o
]g;c:ﬂ}th;t the equation of Ricei for the submanifold M is given by

~

(1.8) RL(X, V', NV, No)= R{N, YV, N N Fo([Ady, Ay, )XY X, Y e(TM),
N N e (1ML, where IF\"J(‘\', NN O .;(1:’(\ YEV, VL), KL s the

normal curvature tensor of M, and [y, Ay | =dx Ay —Aydy.

For the semi-invariant submanifold 1/ of the Sasakian mcmifolcl W
we denote by v the orthogonal complementary vector bundle to o(DL} in
ML Thus we have the decomposition

{1.9) ML= oDI®y and gloh, v)= {0}

In the sequel we denote by 2s=dim v,, ¥ €./ and suppose s#0. A subbundle
u of the normal bundie is said to be parallel if
(1.10) ViN eD(y) for any X =T(73) and N el'(y).

We need the following formulas obtained in [2], _ .
Lemma 1.1, Let M be a semi-invariant submanifold of a Sasakiun mani-

Jold M. Then we lave

{r.11) X, 2)=0 ; Vii=--9X, for any Xel(D),

(t.12) Y, §)=—oY: VyE=0, Jor any Y eT(DL),

{1.13) (g, 2)=0 ; V:&=0,

{(1.14) Al =AY for anv Y, ZeD(DL),

(1.15) X, o PY) +V320Y = (N, Y} +20VeY for any X, YeD(TM),
(1.16) H{N, tNYEVRIN 420 A N = fVEN forany X eT(TM)and N e ['(T L)

From (1.1}, (1.6}, (1.9) and the definition of a semi-invariant submani-
fold it follows that f34f==0, i.c., on the norm;}! bundle of each sc_mt—lp\'ar!agt
submanifold f defines an f-striecture [12]. The J-structure fis §E‘nd1t0 be
parallel if we have VN =fVEN for any X el'(TM) and NeINTM .). .

2. Semi-invariant submanifolds with semi-flat normal connection in
M(c). Definition. ke semi-invariunt submanifold ."l[. of « Sasakian space form
M(c) is said {o have semi-fllat normal connection if ifs normal curvalure tensor
R is given by

RUN,Y SN, Ny =[e—D/23(N, 2PY)g(N |, ),
1) for any X, Yel(TM), N, N,e[(TML),
Remark. By using (1.7), (1.8) and (2.1) we obtain that a semi-invariant

submanifold 1/ of ;17(() has semi-flat normal connection if and onlv if

glds, Ax )N, Yy=[le~1)H] {g(N, 2X)g(Ne, 9Y)

(2:2) —e(N 1. 9V)g(N2. o)}
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tor any N Y (M) and Ny, N e (T4

Ihus from (2.2) und the definition of a semi-invariant submanifold we
wet that il M is a semiiny ariant submanifold with semi-flat normal conneciion

of ﬁ(r) then we have

{2.3) Ay, A X, UY=0 and

(2.4) o[ A v, Ax) W) =T{e=1)/4] {2(N', 2Z)¢(V,, 911 —
(N 2N, 920

for any .\'ei‘(})@,{i) Jel(TM), Z, Wel(DY) and N, N,eD(rMl)
Lemma 2.1. Let M be a semi-invariant submanifold with scmi-flai norma.

contection in 'U() Fhen we have

(2,3) AxX =0 and

(2.6) g(A,2 N, AxW)==0 for any Xel'(DO{Z}), £, Wel(DL) and N eT(v)
Proof. By using (1.1), (1.2}, (1.3} and (1.4) we obtain

SlAsoN. Y)=g(h(3X, Y), N)=g(V,2X, N)= g(oV X, N)=g(oh(X, Y), N)=

= g ;\ \)nh('n ver X e(D )
it \\p((l\mu ¢ (D@{g}), Yel(TM), Nel'(v). This shows

(2.7) AvpN=—A_yXNforany X el(D@ [£}) and N eT(v).
From (1.11), {1.12) and (1.13) we also have
(2.8) AxiI=0 whenever N eTF(v).

Now, we take in (2.3), Nel'(D@ILY), =2\ =
£1), U=9X=T(D), V;=Nel nd
Na= Jl\ E‘l‘ (v} (mlci l\n using (2.7) a;ui (2.8) obtain O( a(l l‘\ Ao /\(v;‘?)-—
S lAys Ny proving (2.3). Next, we take in (2. 3 X &0 (DD {e
‘() Wel(IL), Ni=s£D s l)l)’ N.=N EI( v) and by using (2.5) “e{ U}c)t
([ Ay, A )X, W)= —p(s 1,2X, AxW) proving (2. 6).
Lemma 2.2, Lot M be a scnmi-invariant submanifold with semi-flal normal

connection in -‘J( ). Then we have

{2.9) AxZ =0 for any ZeT(DL) and N =T'(v).

Proof. We take X=1% in (2.6) and obtain
[2.10) A 2, AGI) =0 Toranv Z, I =[(DL) :mtl Nel(v).
On the other hand, by using (1.4), (1.11), (1. 12) and (1.13) we get
(2.11) AyA=—7 for any ZeT(DL),
From (1.4), (2.10) and (2.11) we have
(2.12) gh(Z, W), N)=0 for anv Z, W el(DL) and N =T(v).

Then (1.4), (2.3} and (2.12) implv 2{AZ. [)=-0 for any 1
and N ;f (v) proving (2)9) 1N )==0forany Z (D), UeT(TM)
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Theorem 2.1, Lot M b o somp-tincariand subniaitifold wilh sami-flal

normal conncclion in U’( Y. Then the f-structure [ 0s parallel.
Proof. Bv using (2.3), (2.8) and (2.9) in (1.16) we obtain

{2.13) VE/N < fVEN Tor any X & P(TM) and N =T(v).

On the other hand, by taking N ==aZ e '{oD1), we have tN =5\ = —-Z& DLy,
fN =0 and (1.16) implics
{2.14) IVEes e N L) 0l o X" M)
Since fVioZ & I'(v), 204,,N e I{od) and J(X, Z) =1 (308) (v means of
(2.3 and (2.9)), from (2.14) we gt
{2.15) /VJ{-?Z VEfoZ =0lorany N e (1) and £ = ['(J34).
Ihus, (2.13) and {2.13) imply that the f~structure £ is parallel and the proof
iz complcte,

We recall that a submanifold M of M is said to be Jlaf {respectively
to have flat normal conncction) if its curvature tensor K=0 {respectively,
its normal curvature tensor R1=0),

New we state and prove the following classification theorem.
Theorem 2.2. Let M be a semi-tnvariant submanifold in a Sasakian

space form ATAL He)o Ther M has semi-flat normal conuection 1 AT (e)
i and onlv if M is one of the following

(a) « totally geodesic anvariunt submantjold M),
(0} a flat anti-tieariant submanifold tangent to Zoof a totally geodesic

jueariant submanifold \I‘"“(r) of e,

¢) a goneric proper semi-inzartunt submanifold wwith flat normal comection

i folally ceodesic Dreariant submanifold AJ# Ny of NI,
Proof. suppose M he o semi-invarimt submanifold \\uh semi-fln

normal connection in 172" 1{e),

If y=0, then M is an invariant submanifold of 3"t (¢} and by {2.3)
we have that M is totally geodesic immersed in Me=1e), Thus, M is itsell
a Sasakian space form M=:1(c),

Assume that M is not an invariant submanifold of M), e,
g =0,

If p=0, then M is an anti-invariant mhmamfold and (2.9) and (1.12)
imply A(X '))EI (zD1) for anv X, Y &I'(TM)., From this and (1.13) we
obtain
(2.10) VioY = oVeY for any N, Y elb(TU).

Thercfore by using (1.2), (1.3) and {2.16}, considering the normal component
ol VyVipZ we obtain

(2.17) VAVESZ = 2V Y/ Tor anv X, Y. Ze D7),

Thus the normal curvature tensor il is given by

(2.18) RUX Y)eZ o RIX Y)Z): XY ZeT(TM)
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EFrom (2.1) and (2.18) we have
(2.19) Q(R(X, Y)Z)=0 for any X, Y, ZeD(TM).

On the other hand, by using the equation of Gauss, (1.12), (1.13) and (1.14)
we get

(2.20) #(R(X, Y)Z)=0.

From (1.12), (2.9), (2.16), (2.19) and (2.20) we conclude that Af is a flat anti-
invariant submanifold tangent to Z of a totally geodesic invariant submani-
fold Af=eti(c) of M="+t(c). If M is neither invariant nor anti invariant sub-
manifold of 3{+*(c}, then (2.5) and (2.9) imply

(2.21) MX, ¥)€T(sD1) for any X, Y «T(TH).

By using (1.15) and (2.21) we get VipZ =90V ,Z €l(pD!) for any X e (T M)
and Z=T(DL), i.c., the normal subbundie DL is parallel. Then, the funda-
mental thecorem of submanifolds shows that A7 lies in a totally geodesic
invariant submanifold M 2+ 3‘”1(5) of A*"*1(c}) and (2.1) implies that M has
flat normal connection in AMe*4zeti(c),

The converse of this is trivial.

Remarks. (i). In the particular case where M) s S2nR1(]) ) the

(21 +1)-dimensional unit sphere endowed with the natural Sasakian structure
of constant o-sectional curvature ¢=1, then Theorem 2.2 gives the classifi-
cation of semi-invariant submanifolds with flat normal connection of §7+1(1},
By this theorem we have that the study of proper semi-invariant submani-
folds with {lat norinal conncction in SEM(1) is cquivalent to the study
of generic proper semi-invariant submanifolds with flat normal connection
in Seed ""H"(l).
(i1). If M2rirfe is Rev1(—3) the (2n -+1)-dimensional Euclidean space with
standard Sasakian structure of constant p-sectional curvature ¢= —3, then
T'heorem 2.2 shows that the study of proper semi-invariant submanifolds
with scmi-flat normal connection in R2r+(—3} is equivalent to the study
of generic proper semi-invariant submanifolds with flat normal connection
in R@-}iﬂ“l(_:ﬂ)_

Now, we recall that a semi-invariant submanifold M of a Sasakian
manifold M is called a semi-invariant product if M is locally a Riemannian
product M, = M,, where M, is an ir)variant submanifold of M and M, is
an anti-invariant submanifold of A7 such that the structure vector ficld
¢ of M is normal to M, [9]. We also recall that a semi-invariant submanifold
M is said to be (D, DL)-geodesic (respectively D-geodesic) if h(X, Zy=0 for
any X <I'(D) and Z €T(D4) (resp. if A(X, Y)=0 for all X, Ye'(D)).

By Corollary i of [1] we have that a semi-invariant submanifold M isa
semi-invariant product if and only if 4, ,X =0 forany Z =T (Dlyand Xe(D).
From this and (2.5) we obtain

Lemma2.3. Let M be a semi-invariant product with semi-flat normal
connection in M(c). Then M is (D, DY)-geodesic and D-geodesic.
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From Theorem 3.2, Corollaries 3.1 and 3.2 in '[9], Theorem 2.2 and
Lemma 2.3 we have the following theorem,

Theorem 2.3. (i). T'here cxist no proper scmi-invariant products with
semi-flat normal conncction in Sasakian space forms M (c) with c# —3.
(ii). If M is a proper semi-invariant product with scmi-flat normal connection
e R =3), then M is a generic, (D, DL)-geodesic and D-geodesic semi-
whvariant product wilh flat normal connection n Rizrri{ 3}

Remark. From the assertion (i) of Theorem 2.3 it follows that there
exist no proper semi-invariant products with flat normal connection in
SRy,
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