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1. Introduction. In this paper we study Kachler hvpersurfaces of a
complex space form which satisfy some condition on the projective curvature
fensor P of Wevl, Hypersurfaces of a Euclidean space calisfying similar
conditions on £ were studied in [3].

In the following, for the submanifolds under consideration, the Riemann-
Christoffel curvature tensor, the Weyl conformal cirvature tensor and the
Bochner curvature tensor will be denoted by R, C and 53, respectively, and
the scalar curvature will be denoted by 7. LFurther, ¢ will denote  the (1, 1)
tensor field defined by <OX, ¥V = =85(X, Y) for all vector fields A and Y

tangent o the manifold “]ll.IL, & denotes the Ricel tensor field and <, >
denotes the metric.

We will prove the following theorems.

. Theorem 1. For a Kachler hypersurface M" in a complex space forin
M) of cursature ¢ the followine conditions are equivalent :

(1) P=o0, (4) P P=0,
(2) I'- C=0, (5) Q- P=0,
(3) P R=0, 6) ¢ P=0,

(7) ¢=0 and A" is totally geodesic in X "+(0),

Theorem 2, T'heonly Kackler ;’z vpers irfaces of a conplex space form which
satisfy . Q=0 arc the Einstein Kaehler /wpersurfmcs
Chern proved in [2] that the only Einstein hypersurfaces of a complex
space form arce the totally geodusic hypersurfaces and the hypersarfuces in a
complex projective space CP"“( ), ¢>0, which are locally isomutric to the
complex hypersphere (" in CP"#H{c) ; Q" is given by the cquation #§ +25 k...

A-z3 =0, where oy, 7,0, 700 ate homogencous coordinates of CIP*+ 1( c).

Theorem 3. T'he only Kachler hypersurfaces of a complex space form
which satisfy R -V = 0 are the semi-symunelric hypersurfaces.
Semi-syminetric spaces arc manifolds satisfying & . 8==0. Let - denote the
second fundamental tensor of a Kaehler hypersurface A/* of a complex
space form M1 (¢}, If ¢=0, then R - R==0 is cquivalent with rank A<2;
il ¢#0, then R+ R=0 is equivalent with M is Einstein ([6]).

According to a result of Abe {{1]), a complete Kachler hypersurface
in a complex Euclidean space for which rank 4 <2 is a complex hypercylinder,
e, the product of an (i -1)-dimensional complex hyperplane €*°1 in €<
= €**1 with a complex curve in a 2-dimensional complex plane orthogonal
to €71 i C7HY,
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_ Theorem4. For a Kachicr hypersurfuce M" of a complex space form
M*™i(e) the following conditions are equivalit

(n - b=o, (3) B0,

(2) B-P=o, (4) M*" is totully geodrsic.

2. Basic formulas. Let A["+1(c} be a complex space form of complex
dimension # 41 and of holomorphic sectional curvature ¢ = R, with metric
< ,> complex structure J and Levi-Civita connection V. Then the curvature
tensor /2 of M*H1(c) takes the following form :

R(X, Y)=(c/4) (XA Y +]X AJY 42 <X, J¥ = 7,
for X and Y belonging to T,47, p=Al, and where X A 'Y is the endomorphism
of T M defined by
(XAY)Z=<Y,Z>X— <X, 7>Y.

It is known that a complete simply connected complex space form ifif"“(c) is
holomerphically iometri: wi.h CP™te}, €'t or D™1(c), according to ¢
being positive, zero or negative. CP™Yc} is the complex projective space
with the Study-Fubini metric of holomorphic sectional curvature ¢, €™+

the complex Euclidean space, and D**1{c} the unit ball in €*+ with the Berg-
mann metric of holomorphic sectional curvature e,

Let M* be a Kachler hypersurface of if "*1(c). We denote the induced
metric, complex structure and conncction respectively by <=, =, J and Vv,
At each point p of I we can choose an orthonormal frame ¢, Capenn By Ep=
=Je\, en=Jes,....cne=Je,, E, JE such that £1,,85 ATC tangent to M® and

g are normal to )/*, and such that the second fundamental tensor A=
=A; in the direction of £ satisfies

Af‘g—liﬁ‘, Af?p:_- }\,'l?i',
with A, =R+ te{l,..n}
Note that if A/* is locally isometric with the complex hypersphere
Q" in CP™1(c), then A= (c/4) 7.
The Weyl conformal tensor C, the Weyl projective tensor P, and the
Bochner tensor B of M* arc defined by
C(X, YV)=R(X, ¥) = [1/2(—1))] (QX A Y +X A QV) +[r/(2(n—1)
(2n—TXAY,
PIX, V)= R(X, Y)=[1/2n—1)] (X, A V) =0
BX, Y)=R(X, ¥)~[1/(2(1+2))] (QX A Y +X A QY 40/ X A JY +
FIXAQIY —2<Q]X, Y>]—2<]X, Y>0)+
A+ (A2 (XAY +JXAJY 42 <X, JY = /).
These curvature tensors satisfy the following relations -
R(X, Y)=R(JX,JY), BUX, JY)=B(X, Y),
R(X,Y)]=JR(X,Y), BX,Y)J=]B(X,Y),
QJ=JQ, PUX, JY)=—JP(X, Y)].
CUX, JY)=~JC(N, Y)],

-
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The following formulas can be verificd by straightforward computations.

Rie,, cy=vij{es A e Acp),
R(f’,-, {:J,)= ‘Jij((’if\ g f 1’1)_(C'I2)SUJ-

where B
\J“.:(f/'; +}‘i)‘f :111[:. Vf'j—(n/“‘l }\,)\j ;
Qei=wici, Qep=icn,
where _ .
= (1 +1)/2)c— 22 ;
("(('5, t’j)=('1fj‘i‘9€u)f‘-i Ay Eviee Ay,
'
x Cler, en)=(visFa)ci A ep—vitu Ay E Bind,
where
- L (utnp
3 o - fooos »
e 21y 2n—1y  2(n—1)
1
1’(¢’f, l’-j)f’ = ("'-- ] .qu)(s A',t‘i_skigj)'
Plei, ee =i (8 ps0u 8 it}
( 1 8 ' _“ 8 (’.__r_s..,_
P(‘:- e;.)( (= kv”_ 2| Mg JOigljpn— Y053 2 P ke
. —_ ] 3 - CB P
P(e,-, c’j.)z:,,i= (V,-;— T W ;—}3,'.&-!’:‘3-"”3“4’}'*‘2 ek
B(t’i. t’j) = Srf(f‘i/\ g e A ('f-):
. 1 g
Blew &) = Buster / cr—eu h 2))-+81, (fc,-+ =0,
where
Biy=vi;— (200 20 (o 4y) + /(40 4-1) (0 4-2))],
Boy=viy;— [0 +2))] (e +iny) + /(302 +1) (1 42))),
and

ko Aef2) = [0 1) O 42D ] HL1{n 4-2) Jias,

for all 7, j, ks {l,.. . n}. '
Irom [4] we quote the following result. ~

Lemma 2.1. Let M" be a Kachler Iy persurface of M™Yc). If for all
indices 1,j={l,...,n} we have

rh (23— =0,
then there exists a number k in {0, ... n} such that
).1=...—)\ A-—-)\EROI 5 * L’+1="‘=)‘ﬂ=O‘

If 0 <k <u, then {-}n:—g‘,ﬁéo with 1€ask<xgn, and if 0<k <n, then o ,#0
with 1<ask <agn.
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For a (1. 1) tensor ficld K on M* and, for instance, a {1, 3) tensor field
T, we define {he (1, 3) tensor field K. 7" by
(K. D) (N, V)Z=K(I(X, Y)Z) = T(KX, V) Z~T(X, K} o—=T(X, V)KZ.
Similar definitions can be given if 7 is an arbitrary tensor field, Tf X and ¥
are vecfor ficlds on M, then #(Y, ¥)isa (i, 1) tensor ficld. Thus, for instance,
KX, Y) . C is well defined, and one can casily prove that
Ie(AX', 1’) . C=VXVYC‘*"'V]’V_\'C—V[A-, _1-]C.

The condition R(X, ') . C=0 for all vector ficlds X and ¥ will be abbreviated
as K .C=0.

Tor a (1, 3) tensor field 7" on M* we define (0,2) tensor fields €, .7
and C,,7 by

H

(CoaT)} (Y, 2)= Y <T(E,, Y)E,, Z> and

q==

(CosTHY, Z)= Y <T(E,, Y)Z, E >,
EED
where {E;}}, is an orthonormal frame ficld on 3. This definition is inde-
pendent of the choice of {E,}f.,. For instance

We have the following lemma ([3]).

Lemma 2.2. If K is a (1, 1) teisor field and T a (1, 3) fensor field on
;Mr then

(1) Coall - T)=E . (C,,T),

(2) Couall- =K . (C,;7) i/ K is anitsynumetric,

(3) - DY (N, V)Z=(K - L) (X, V)Z— (0 [{(n—1)) [(& - S) (£, V)X —

— (K- 8){Z, X)Y]
for all vector fields X, Y and 7.
Note that R(X, Y}, C(X,Y) and B(X, ) arc antisymmetric for all vector
fields X and Y ; but ¢ and P(X, ) arc in general not antisymmetric. Mo-
reover P(X, Y) is antisymmetric for all X and Y if and only if A/ is Einstein,
and @ is antisymmectric if and only if 0 =0, i.c. if }/* is Ricci flat.

3. Proof of Theorem 1. The equivalence {1)=>(7) is well-known, It is
also clear that (1) implics all other statements. So it remains to prove that
@y=(7), (3)==(4), (#)={7), (3)=(7) and (6)=>{7).

a. (2)=(7). Since (F(e;, e5) . () (cr, ep)e;=0 and {(Plei, ep) - C) (e, €5)e,=0,
it follows for diffcrent ¢ and j that

(vis ) ((3—23)=0, and (v~ (23—23)=0.
Adding, respectively subtracting these cquaiions gives

(3.1) 2ok (R3—23)=0
and
(3'2) (% _]‘3'-”) ()‘}:——)‘%) === U,
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Also for distinet i and j (Pleq, )« O) (e cadei=0 implies that

¢ Lo WeELs Y o
(3.3) (2 Vi i) ;.] (z, 1)(2)

ing / ' ' ing, we ge s also of (3.1},
interchanging / and j and substracting, we get. making use als (3.1)
g i
that

(3.4) (73 --dy =2 0.
(3.2) and (3.4) vicld
(3.5) 21,0323 0.

Because (3.1) holds, we can apply Lemma 2.1, 1M C-T(.);..m,dq{;ff’;".[titl;:]
Lemma 2.1 imphes x,,#0 with ash <n, and (3.3) _gn_“::t a t.OI.l [".1( ic .
Thus if e 0, then k=0 (because k- cannot occur). This implies (7).
If 020, then (3.4) learns 1)lmtl._111 is Iiinstulin,ds;it(t;ilzmtlmt k=0 or k=n,
i s wid 3.3) that ¢ =0, which 1s a contradic . o
ll?()(t!:) :1(5)}}\ ll::llllusjz.)z (1) savs that I+ R==0 implics that - §=0. Lemma
2.2 (3) therefore velds that P - Pe=0. o
e ()= (7). (Ple cn) - DPles, e)es==0 vields for i#j that

(3.0) (2vii— 12— 1w (vi—vi)=0.
Interchanging ¢ and i in (3.6) and substracting we obtain
(3.7) rrg(23—13)=0.

(P{c,, e} + P) ey, cw)ee=0 implics for i#j that

= i - c) o
35 . . Ny LY . . - 1L Yo | =
(3.8} 1,.(2:,. 3 J,.) (-‘.. 2:5-—1'L) 3

Interchanging ¢+ and 7 m (3.8) and subsiracting, we have

Because of (3.7), again Lemma 2.1 can be applicd. 1f ¢#£0, then (3.9) implics
et }‘; f:\ Eii,”?l';t:?‘(.’).ﬁ) implies ¢==0 ; and if £==0, then (3.8) implies also
oY \1(1]\:“:x;.];);)o::,)nctil(()llc'}llc:a: (3.6) implies that }‘é};;_ﬂ.o, such th.at k=0
or k1. If k=1, then (Ples, en) - P) (es, c,,)el——a—:—i »®e,, which con-
e e Saimet ¢ and TQO 1}53‘(53);{,)” implics that 0. 1
c#0, then w,=0 for all 4, thus 3j= ——‘; ¢. This contradicts the result of
(.hcm’l'll?::t\lfcm]i::lwl: cigfl?fnhe:‘l‘ (Q . P) {es, es)e,=0 implies ;=0 for all ¢,
i (7).
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c. (6
o 7). Leomma 2.2(2) and C - P=0imply € - S=0.C - P=0and C - S0
violds (7) . a 2.2(3) mply that C - R==0. Theorem 4 of (4] kt]u.-n

4. Proof of theorem 2. If M is Einstein, then cle

will prove the converse. ¥rom (Pfey, c,) - 0) (c) arly P-0=0. We
] ‘i

=0, we find that
(M;—“')(Vﬁ 1 o
) 2Zn—1 bt | =0.

Int ing 7 ‘
n ercsh.mllé:::)éf ;fa&d 3 anéi adding we get g,=p,, i.e. Q=pJ
Togcth i eorem 3. R+ R=0 and Lemma 2. im
gether with Lemma 2.2(3) these imply R - PT%ZCZO(II])"SIIESI\?’ f’g-SI"_%

and Lemma 2.2(2) i Y T
Iy (2) imply R . S=0. Together with Lemma 2.2(3), then also

6. P i
roof of theorem 4. The equivalence (3)= (4) is proved in [5]. As

i S i : 4 i - E
i 4
11 L& ']1)1[ Y, We car p]l‘)V(: ! l[e (C?:ul‘ RICI'ICC thWCCH b N j 0 a.n.] B N l\ .

l . F
( (é t J) " ‘E ) (t is € |)e -0 “]t[( )‘I ?éj( ) rom (P(eh € *) B) (efa (‘f ) i

(3.10) Buy(3-2)=0 and (3.1 N
Substracting (3.10) and (3.1} yields
(3.12)

311(7\?—7\?) =0.

A (AT —23) =0.

. K 1 ” < T < t’, th - i i

Su : .

- B) (e, -erfzsﬁgc}\“fiiﬁaf:}:t??e that in this case A*=c/4. From (Pf(e,, e,
: #7, we have ¢= ich i o R

Therefore, we know that =0 i.c.C (:) 0. which s again a COntradictic;n,
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A PSEUDO-RIEMANNIAN STRUCTURE IN LAGRANGE GEOMETRY
BY
V. OPROIU

Dedicated to Professor Gh. Ghenrghiee on the occasien of his sot hirthday

In last years many cfforts have been made to give a clear geometric
meaning to the Finsler geometry. 1t seems that the natural frame is the
differential geometry of the tangent bundile. In [9], the author has interpreted
a2 Finsler connection as a lincar connection on the vertical bundle over the
tangent bundle. Next, using a nonlincar connection, he extended such a
connection in the second order tangent bundle. Then the usual torsion and
curvature tensor ficlds of the Finsler geometry arc components of the torsion
and curvature tensor fields of this oxtended connection. However the exten-
sion depends on the chosen nonlincar connection and the author was interested
in the cases where there are some morc or less natural possibilities to derive
such a nonlinear connection from the given Finsler connection. Other aspects
were discussed in [6,7, 12,14, 15].

In the case of the Lagrange manifolds (i. e. those manifolds carrying
a regular Lagrangean defined on the tangent bundle) such a nonlinear con-
nection is defined naturally by the Euler-fagrange equations associated
with the given Lagrangean. It appcars that this nonlincar connection has
some remarkable properties concerning the differential geometry of the
tangent bundlc. In [10] the author has considercd a Riemannian metric
defined on the tangent bundle of a Lagrange manifold similar to that derived
by Sasaki from a Riemannian metric on the base manifold. Then the Levi
Civita connection of this Riemannian metric defined on the tangent bundle
induces on the vertical and horizontal distributions some lincar connections
which are closely related to the Cartan connection used in the differential
geometry of the Finsler spaces. Thus, in the case of Lagrange manifolds, many
properties from the Finsler geometry may be derived from the Riemannian
geometry of the tangent bundle.

Recently, several physical applications of the Finsler gecometry have
been given in connection with \"u k a w a’s bilocal theory, particle physics,
high-energy cosmic ray phenomena, the generalized Einstein cquations in
relativity theory, etc. 3,7, 13]. The natural symplectic structure defined
on the tangent bundle of a Lagrangean manifold by the nonlinear connection

determined by the Euler-Lagrange equations may lead to further applica-
tions in theorctical physics ¢.g. geometric quantization, geometric gauge
theory, etc.

In this paper we study some aspects of the differential geometry of
the tangent bundle of a Lagrange manifold when this tangent bundle is



