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6
c. (6

tobotee i ) and C - P=0imply C - S=0.C - P=0and C-S=0
yields (7). . a 2.2(3) mmply that C - R=0. Theorem 4 of (4] kf_]-'lit-:ll

4. Proof of theorem 2. I

will prove the converse Fromf 3 is Einstein, then clearly P - (=0. We

(Pleq, eg) - Q) {e)=0, we find that

(P'-j" }J-,)(V,- _I ——
’ 21;—1“ 0

7 and adding we get p,= i

j=nuy, e O=nul.
Together with Lem e R=0 and Lemma Z-ZQ(I)pi'm ly .S
and Lemma 2.2(2) ilx?lalz'%{s) these imply R - P=0. CO“"QTS‘S\?’ R- P_%
R- Reo. ply I+ §=0. Together with Lemma 2.2(3"): then aTso

Interchanging ¢ and
3. Proof of the

6. Proof of theorem 4 i
- . - . T]’l‘ o ral o
in Section 3, we can e equivalence (3)« (4) is proved i
2 prove th : proved 1n [5]. As
Theorem 3 in {4] then impliesc (‘jlf){‘un alence between 5+ P=0and B- R—0

We will now prove th
t
(Plew, e5) . B) {es, ¢)) :

(1)=(4). From (P(e, ¢,.) - B)

e;=0, with 7#j7, we get {fu: €lee20 and

3. 8

( 10) ng();? ')&?)' 0 and (3.1 ]) ﬁu()\z )\2)--_0
Substracting (3.10) and (3.1 1} yields o
(3.12)

A (A—2) =0,

p [ ] f - i) 5
D ol LA 2 th -

Su : -

. B) . elﬁ)zs——fgctvtitga:;fj_ 3‘1‘.01\?0 that in this case A2=¢/4, From (Pley, e4)
" B 5 av == o . . ' » )"

Therefore, we know thaf -0 i.c.c(‘l) R COIltTadictic;n.
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A PSEUDO-RIEMANNIAXN STRUCTURE IN LAGRANGE GEOMETRY
BY
V. OPROIU

Dedicated to Professor Gh. Ghearghier on the nccasion of his sot hirthday

In last years many cfforts have been made to give a clear geometric
meaning to the Finsler geometry. It scems that the natural frame is the
differential geometry of the tangent bundle. In [9], the author has interpreted
a1 Finsler connection as a linear connection on the vertical bundle over the
tangent bundle. Next, using a nonlinear connection, he extended such a
connection in the second order tangent bundle. Then the usual torsion and
curvature tensor fields of the Finsler geometry arc components of the torsion
and curvature tensor fields of this oxtended connection. However the exten-
sion depends on the chosen nonlincar connection and the author was interested
in the cases where therc are some more or Jess natural possibilities to derive
such a nonlinear connection from the given Finsler connection, Other aspects
were discussed in [6,7, 12, 14, I5].

In the case of the Lagrange manifolds (i. e. those manifolds carrying
a regular Lagrangean defined on the tangent bundle) such a nonlincar con-
nection is defined naturally by the Euler-lagrange equations associated
with the given Lagrangean. It appears that this nonlincar connection has
some remarkable propertics concerning the differential geometry of the
tangent bundlc. In [10] the author has considered a Ricmannian metric
defined on the tangent bundle of a Lagrange manifold similar to that derived
by Sasaki from a Ricmannian metric on the base manifold. Then the Levi
Civita connection of this Riemannian metric defined on the tangent bundle
induces on the vertical and horizontal distributions some linear connections
which are closely related to the Cartan connection used in the differential
geometry of the Finslcr spaccs. Thus, in the case of Lagrange manifolds, many
properties from the Finsler geometry may be derived from the Riemannian
geometry of the tangent bundle.

Recently, scveral physical applications of the Finsler gcometry have
been given in connection with V" u k a w a’s bilocal theory, particle physics,
high-energy cosmic ray phenomena, the generalized Einstein ¢quations in
relativity theory, ctc. [3,7,13]. The natural svmplectic structure defined
on the tangent bundle of a Lagrangean manifold by the nonlinear connection
determined by the Euler-Lagrange cquations may lead to further applica-
tions in theorctical physics ¢.g. gecometric quantization, geometric gauge
theory, etc,

In this paper we study some aspects of the differential geometry of
the tangent bundle of a Lagrange manifold when this tangent bundle is
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endowed with a pscudo-Ricmannian metric obtained from the fundamental
tensor field by o method similar 1o the obtaming of the complete lilt of 2
pscudo-Riemannian metic on a differentiable  manifold. A remarkable
property of the nonlinear connection defined by the Euler-Lagrang. cuations
is that this complete Iift” does coincide witht the | horizontal tifr (see 87).
The Levi Civita connection associated with this pscudo-Ricmannian metric
Iy obtained, next the local coordinate expressions of its curvatur tensor
feld are written down, Finally we get the corresponding Bianchi iden tities,
Remark that some results of this paper are obtained firstls in the case of
the so called gencralized Lagrange manifolds {see _71), next, the COTIes potl-
ding simpler results are given in the case of the Lagrange manifolds,

Functions, vector ficlds, tensor fields, and geometric objects we consider
i this paper, are assumed 1o e differentiable of class €= Throughout this
paper XY Z 1V denote arbitrary vector ficlds over the tangent bundle
'MW ol the manifold ) and 7T M) denotes the F UM lmodule of vector
fields over 73/ where F(FM)is the ring of differentiable functions over 7M.

1. Lagrange manifolds. L.et )/ Lo a4 smooth n-dimensional manifold
and denote by 77/ its tangent bundle. It is well known that 7Y can he
endowed with a smooth manifolds structure obtained from that of smooth
vector bundle structure of 771, By this, the natural projection < : 7MY/
becomes o smooth submersion and the coordinate transformations on rar
preserve the veetor space structure on the fibres of 7M. 1f {0 b L))
Is 4 local chart on M then the local chart ¢+ "), Vlos,... xhar 2 Leo¥') s
defined on 73 where M M are the veetor space coordinates with respect
to the natural local frame {¢/¢ v efénty defined by the local chart (7, &t
"), For convenience we should delote = from the expressions v'e-, so that
the local coordinates on = ({7} are written simply a7, vi: gy —~1,...0. Fora
coordinate {ransformation ¥ SE "y o M the corresponding coordi-
Nate transformation on /1 iy
(1) Rl i ) = 25

’ A

he change of the vatural frames on 717 Is uiven by

(2) ¢ e IS < ¢ et
GX'ExTEYE et e pu T Gy oT*

Definition. [ reguiar Lagrangear on M is u smooth yeal valucd funciion
L TMSR, defined on the tasigent bundle T such that the matrix with the

chlries
il

(3) Tip== E e
eNay
s evervawhere nondegencrale.,

From the scecond formuly (2) it follows that the change rule for ¢, is
that of a second order covariant tensor on /. Thus the nondegeneracy con-
ditions is well defined,
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PSEUDRO-RIEMANNIAN h'l—FEJC’! u

[

N .'-II. 1 :’

Cw smoolh pranifold Mocarr iy
initi ' uufni.i I5 o SHUO

Definition. 1 Lagraige mu
gy Lagrangcdi.
e Recall that in the
in M~ J—M, where K
pral is defined by :

wihiny I3 ]1 pﬂl.}!
< f)!' (RN Y hl]]U‘)[ |

Citses U[ l il:"l;_l_“”( nld“l[ul(lb, ( 1 ‘

‘ I r i : 5 s L(I l"tl.:l \ &ll m lt, th( action 1 =

J } (t 5 d (10') nl(.

: e
i . A ;f.‘,
hit R L(' s -'H)

o iEH he Luler-Lagrange
w the veclor tangent to v M .-.f.:-_l ; 3 of the consi
where dy[dt denotes Ui al paths (with fixed endpoints)

equations satisfied by the critic
dered action ar o il .
diy e’ IS |
-t
inate expression of < and ¥
i -al coordinate expression ; oo
A4 ¢'{f) is the local coordinate G A it
g Zlih function differentiation, the Fule g
the compo

dxtdt. Using

cquations

become d2xk el oyt L]; o
s _:;’f— N ehoxt dt ot

10T Lt.
) C1 Crse )i 1h o1l LSSL «
3 i’ 3 t}\b I v
\L)\t, lldilSVLLtul& l Y .,” W I‘ 105 « i ‘h nverse }G‘ Il { { ¢

matrix [ga], we get

J lﬁ »—G‘h (_t:’d_'\;) ax 0,
(4) dt df
where Y O r_f) b=l
) G, V= s

] o N f. 1 ] l T
0110V “lg l 14 5 nera th( QTN ronm l 1 INsicT 2t ometry W = i 1HNCE
]" ] v ] P l ‘ 0 1 M

i el fined by B
connection def | -
N A
) . d also in [3]

i s obtained also 3.
i inear connection was oblal : '
Remark b nonined LO'folds we have defined a horizonta

T ey to the vertical vector sub-

. - o e 3
Thus, in the casc of the T een tary ol
peedl Su%l‘)}illndlcﬁllﬁijc;\rfecl of thc,d ifferential of <. Recall thata loca
‘l(jf;lflé(ﬁlcze VB-'%X’”) in HTM is defined by

-

d Ak G_V
3 o “‘i\i'—"

© 3¢t axt ay*

ave the sfor-
9/ay") is a local framc in VTM and we have the transto
.08y :

Next (9/dy%.

mation formulac . s , - B
ol neisTE’ P P
7 syt pxtOEF 2yt ax' o)
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The generalized Lagr 1
that gu,(x b\’) zfa/:ficll I.dgt(]mgc manifolds are defined as follows. S
cany Sulr, 3, ﬁ,c]d—m;..:j,‘i;[( gfmc a nondegenerate Finsler secon ; %llpposc
e l; . Le. the components anr changc- like (tl ?ldcr o
Sppos e on ;mni;i]t they are not necessarilly defimed as iIII?XS:OISI)O_
) N : car connecti Al A s
sarilly obtained as in (35 i hose tangent b vk arc
S pobta tcnzgrmr(;‘;)]. A manifold 1/ whose tangent bund‘lck'ffl'lr; S onge
s =l teld gy and a nonlinear connection as bos P
. d I : =) . . a5 & HE
Beg e [ix f::rge manifold. lh'e geometry of the gcne; )I(?" T onlked a
Lagmnqé n;;;nif<)tl<lmtcnswe]‘\{Smdmd n last vears, see [7] l‘f:rMEd nagrange
- . we may define the vector field d the tooneralized
: nay 3 cctor ficlds g )
tion fm'mu]ac (7) remain still valigd " ficlds (6) and the anstorma:
We have o
TTM=HTM®ITM

and (§/8x1,... 3/3x" afévt,.. Bfavmy i
r e OfONT, afavt, L A[dv") is a local { ;
}i;;g(]:t sum <.ilecomposmon. The local cofrzlnéa:;LY(‘)f'['] ke
e s (dxt,.. dy®, 8y1,....8v") where UG focal

6 . _ .
(69 R ; SV =dviNdX i=1 . 1.
According to the Frobeniu i J
e - ’ ‘ s theorem the ¢ e | ili
thg \C-i:lfrffsr}ﬁir:ltlralfs} stem defined by the vector slﬁl);)?::cli)ll;t;{;pitegmblhty o
g of the brackets [3/5x7, 3/3x*] modulo §/5y 8/“8‘[1:’510]%{:'“(115 v
XL L8880, We have

8 53 .
( ) [S_I ’ _.n-] 2_"16:‘&—6— [
where r Bx aj.h
(9) SR S AY RN OV o
3t S art gwr gwt Tapr ik

¢ te h E P
I 1[ t nsor ﬁ.(.,]d l\lk IllCd%Ll]lIlg t}]L “011]1010110”]\/ ()f }-{’1 Jl! corres Dnd tO
5

the torsi E
i ﬁrflmrértcrtlgorﬂfuld of a nonholonomic space as defined by (.
defined by a diffprm:tu ]C ]? ern -Bernard invariant of the P‘ ;\ o
tensor fisld of il system. The tensor field X%, will be ¢ r-structure
Rem ko_r i SARE nonlinear connection " ¢ called the torsion
diff mark. he exterior differential 2-forms Oi)t i , )
erentiation are : ained from (6') by exterior

(8') o vE ! 2 IS aN:
= — B <A 5
i > Caad ¥ p dy +0T—‘.k 318 4 dxt,

From the ] i i i erior
he Jacobi identity or, equivalently by taking the exterio
. ’ ‘ .

differential in (8"} we get the following identity

(9) & 2
oz & R + R — N —p
h ¥ 4 L P ] Sx 3),1. 3
where X denotes the o .
(i, 5. K ¢ sum obtained by cyclic permutations of 1, 7. k.

In the case of the La i
_ . : range me i
special properties obtained é:;')y Cson;?c‘;;}ifr?éd?hzhi —:‘g?rsr? : R

(IO) = B_I_._ dxt
ayt

—y—
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Proposition 1. e cxterior differential of the 1-form § 18
(11) A — g 8yt dak,

Proof. We have
.. 8 dL
d (== gws_\' - _d.\“) a2y dx*,
Bt vt
Next, verifv by a straightforward computation, using (3] and (6)

5 ¢l Ly al. —0
3t e

(12) =
' st et

obtaining the expression (11} for dh.
¢ manifold

It follows that the tangent bundle of a Lagrang
ated to the given Lagrangean, defined by the

Remark.
ank equals the dimension 2x of TM.

has a symplectic structure rel
exact, hence closed, 2-form d0 whose 1 ‘
In fact this svmplectic structure does correspond io the canonical symplectic

structure defined on the cotangent bundle £*M through the inverse of the

l.egendre transformation associated with the Lagrangean L.
Proposition 2. For a Lagrange manifold we have the following identities

2 gu.]\’?kz()

(13
' ) (e 12 &)
3¢ Sk ANy EN
{14) ol _ 2okn . 7__.”'.‘ gk_,‘_‘ =),
' St Sx! v

Proof. Consider the exterior differential in (11) and use (3')

P it Y 1
Bé'_“ dxt - 1. vl A By A g (— Riydx' o dx! +
510 o ) 2

O0=d:b= (

AN .
-i-f}—-’ v a’x’) < dat
ey

Next use the skew-symmetry of the exterior product and the property

g __ Oy

EJ'_\’I 3_\.1'

valid when gy is defined by (3).
Remark. In the case of the Lag
tion defined by (3) has the property
(’4 .\‘ h ‘c_‘\'fl
(15) HIGAE S
avhooea

range manifolds the nonlinear connece

oblained from the definition.
Now, return to the case of the
remark that the transformation matrix mnvo

generalized Lagrange manifold

s and
lved in the formulae (7) is the
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7 PSEUDO-RIEMANNIAN STRU

.:ﬁmiofn%_ lh'c Fransformalion’matrix for the natural frames on 7M. It {ollows
“.f.!“,(.)f (‘\.[k:‘lbl' element y<=T,M an isomorphism between 1° M and V,TM
letween 7,0 and H,,l;\[') is defined naturally. The \'ectorpzi} from V,TM
corresponding to z, —-z' LY 7 M ik ealled i ] )

_ ; ) oM ois called the wertical Nijt of 2, and
has the local expression .

Similarly, the vector 2 from H, 73 i
Ly, vector z M correspondi M s
the horizontal lift and has the local (‘.‘{p!‘{'SSi?)ﬂ RIS

Wi 8
Sy=T -':H—l 5
3xi),

The vertical and horizontal liits i
al ¢ ont; it: e 3 {7 i i i
g and horizon Tﬂ)l‘_ s of vector fields on M are defined pointwise
Using the isomorphism between HTM and VT obtained via the

150101 I)]]lsl’ﬂ Uf tllCll" flbl'(ﬁ W it t v l) &t g })( 5 it
by h h(‘ C res Olldlll" t 1 n spaces t “ \We
> COT 1 (5 t s
may d( 11“( an dl"l().‘\[ (0]“[)1{ X Sllll( [”I(\. 1 on “ h\ !

Sy v 4 iy
Fiso)=, FiEh)=—z, y, 5eT,M, peil.
[:( 3 =4 1?[_5;_ -3

At avi

Thus

suppose that the quadratic fa
o C H adratic form e.ofyv vVidvidat s o fE
3 . N ga(x, Vdtdat is pos o (de .
Ihen we mav consider the Sasaki metric <ar(v. ) positive definite.

G=g dvidx’ Lo, 3vidvk
and we have R ECLARA

{5 & ' g 3
(,( i o ) =0 (__‘_ o A8 i &8
U Rl S e =g Gl =1 =0 - s
LA A ayt o gyt R PY é)\"") ‘ [r?v" av") B

thus A1 M, 17T M are ortho i

B M s thogonal cach other with respect to G and the sc
})r_odlufts induced from (- on H7M and VT3 are colirospnndincr.eacﬁ %talllar
w the natural isomorphism between 7MW and VTN ; -

Theo T oot o

o d{j_{)mrier& ?;]1 jt!u; Sasaki metric G and the almost complex structure F

3 H ify? - *

o TM an almost }1 (:?}:;;:.:”bu/ua‘l? of .sir gﬁ;}emhzed Lagrange manifold define
3 ul H nostriectire. M is a Lagrane : .

fire is almost Kdhlorian, ! agrange manifold this struc-

Proof. It is a straightforward verification that
GEN, FY)=G(X, Y), X, Y ey (TM),

by taking for X, Y ihe local v i J
v taking lor A, : local vector fields 8/8x7, afay*. T A
Hermitian. Then the associated 2-form @ 11 dL*inn/czcl}lu' s AL atmost

Y, YV}=(X, FY).

CTURE IN LAGRANGE GEOMETRY 215

{f M s Lagrange manifold we have

58 ;8 i 3
wf 2. Tl Zl=0n o I G2 )=z,
Sut st gvi dxk avt At Ak vt

and comparing with (1) we gel
(!l".’:.i“_
% almost Kihlenan,

ric on 1 M. In the differeniial geome-
lift is obtained as a natural mapping

Thos the almost Hermitian structure

§2. The pseudo-Riemannian met
trv of the tangent bundie the complete
sending Tields of geometric objects {usually tensor ficlds or conneclions)
Jefined on the base manifold in ficlds of geometric objects of the same Lvpe
defined on the tangent bundle. We have

1 {j _\'i' i -_)‘ = -( i A ']. = 11_1".
oxt o’ ox ;

base manifold and the supeiscipl o

whese f is a lunction defined on the
or 5, T two tensor fields on the base

denotds just the complete lift. Next f
manifold, we have

(SO TY =S RT ~S@1
where S, 77 are the vertical lifts. Remark that the vertical lift for vector
ficlds was defined in §1, thus (&/8x9)"=={¢, ¢ vy Nest the vertical liftis defined
by fr=foz, (dv)'=dx* and (SR =5t

Keward We have

(‘\. .')r- e

\s an example, the complete life of a (pseudo j Ricmannian el iie g

sad vidxt defined on M oas

i i I
SO S KR YA, .I._Ll' vl
E \h

and we can prove that it delines a pseudo- Riemannian metric on [ 3.

Now, let like in the Finsler geometry
(t) p—wly, XN
vrie 2-form, where 1he cocfficients depend on e
yangent vectors 1o M, e M. is a generalized  Lagrange manifold. In fact
gean be given as symmetric section in the vector bundle 17 M@ T M
over T where P74 MeT7TM s the vanishing veetor hundle for TM

he a nondegenerate symme

we VYT M= T, T M=ol X) =0, vNel 1M, vell

We should like o obtain something like the complete lift for g consi
dered in {16). We sce that we know the complete lifts of the [-forms dx’ and
the veeior ficlds #/¢ 1+* but we do not know the complete lift* of a function
e, v). Foo v=TM let i f—e, 2) 2 be o smooth path in Wosuch that
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v(0)==(y), dy/di{(0)=y. Lect us write locally
A
dl df i

Since dx'fdt(0)=y" then d:x'/di* should correspond to the complete lifts
of the coordinates y', In the case of the Lagrange manifolds we have a family
of paths as above, namely the solutions of the Euler-Lagrange equations
satisfving the corresponding initial conditions. Thus it is quite natural to
define

(3= —G'(x, ¥),
and ;

af .« of
v === v = (—Gi(x, v)).
e, )= 2"+ 2 (=6, )
We call such a function the wcomplete lift of the function f: TAI—-R.
We can apply te above results to the expression (16)

(17) o= !rai”‘y" = a;g’fG") dy'dxt +2g,dyidx",
L gxt ay"
Proposition 4. Let M be a Lagrange manifold. Then the psendo- Rieman-
wian metric ¢ on TM defined by (17) has the following expression

(17%) & =2g,8Vdx"
Proof. Replace in (17) dvi by
1 9G*

d_‘.'t~—-8)".—-— 5 gk d it N

next use the formula (4') and the symmetry propertics of the derivatives
of gu (scc the proof of the proposition 3)
L
ph— ¢ )] dyldxh=

- [dgix d ( &L
o =2 A L .
g =2g,81vdx f—[ 3 (&3"81"" ool

ot vk
= )dx"dx"'.

aL g
ax oyt gvh axt
Next remark that the last term vanishes due to the symmetry of dx'dx’.

Remark. I instead of the ~complete lift“ we use the | horizontal lift”

with respect to the nonlinear connection (3) we obtain the same expression

([7°). It seems that this is a remarkable property of the nonlinear connection
defined in (5).

Remark. Recently Y. Ichijyo [2], has defined the complete lift
of the function f on a generalized Lagrange manifold by taking

e (YL
/ [a.ri - a_.v*']’q

=2gudyd ¥ 4 (

and studied the properties of some G-structures induced on 7'} from Finsler
(;-structures.

e
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Remark. Since the Lagrangean L is regular, it follows that g° is non-

g T'M and its signature is (u, #). ‘
degcn‘ir:ttiso\:rifc th:lvalucs ofgg“ for the local vector fields of the local frame

adapted to the direct sum decomposition I'T'M =HTM®VTAM.

5 3 E[ a d ) 0
g _, — | = g —= _‘I —
(Sxi 8x* ) ay' ay

3 ( a3 ) o
A Partioatl Bl 8 Buelirowl St 415
= (sxi 3);*) dy' dx

Thus the distributions H7 M, ¥V TM arc isotropic for the pseudo-Riemannian
metric g". . |

Cognsider the following almost product structure P defined on TAL
by the distributions HTM, VTM, sec §l:

P(hy=:t, Pleh)=—z5, v, 2, T M, p=il. |
Then we may verify by a straightforward computation that g and P define
a hyperbolic almost Hermitian structure on T'M, i.e.

g(PX, PY)=—g(X, Y), X, Yey(TM),
Then the 2-form ® associated with this structure is given by

(X, YV)y=g(X, PY).
Just like in the proof of the theorem 4 we may show that
b=d0.

Thus we have a hyperbolic almost Kihlerian structure defined on the tangent
bundle T, ' ' '
Denote by V the Levi Civita connection off the pseu}flo—c{{lfx;naarr;r;?él
ic g° defi "M of a gencralize gran
c g° defined on the tangent bundle T4 2 ( '
:;lfltlrilfolfl. We shall obtain the local coordinate expression of this connectTlont
Denote, for convenience, n +i=i, vi=xy"*=x* whenever i& {i,...,n}. Nex

=V, V =V.
VO

(18)

9 N

6]" 8x!
Write 5 J
2 a 8 3 g% apy 2,
Vi o P Viaa TR T

5

& w93 ¥ s
Ve =T PR Vign =P T g

. - . ion
for the gencral local coordinate expression of V. Ioto;t;tgmt ;Escio?-lx}jrr;jind
of the coefficients involved, we put the condition tha e

I:-Ig) Vg”:().

i Matematicd
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The cendition for ¥V to be torsion free implies the following relations :

Dh=Dl, dh=bth, EY=El,
aNt
PhL—T% -{-3—: =0, O4%=>},
¥
Next, from (19) we get

2 ibh +Enibl=0,

(20)

k
af;—ak=—R};.

gh}E?k +ng?g=O,

&nPhe+gni P mOé &nstihe +Emaki=0,

gMEg‘ +ng2‘f= a;gi! ’ gnj(bg‘ +gﬁ.1_'k,- = &ij‘ .
Y Sxt

From the systems (20}, (21) we get b i i
e e (20}, (21) get by a straightforward computation the

‘Djk.__" 'l-gih (égﬂ—i- Qgﬁ) £ b§3=0, E‘;kz l ik (ggi‘? J— Egﬂ) B

(21)

27 \ay*  ay’ &5
S %gm(% - Z—ff T %2’ +gh;%}) ,
om o (f 20, D, )

2
1
+

A= -
"2

g™ (Run—Rap =~ Ripy),
where
Rupe=gni Ry
In the case of the Lagrange manifolds the soluti i
] ' Lagrang e solution (22} may be written
in a more simple form by using the identities from §l.( ymay

Theorem 5. Let M be a Lagrange manifold. Then the local coordinate

e:fpresswn of the Levi-Civita connection of the psewdo-Riemannian metric
gf on TM is given by

] d 3
Vi = h—  Vi— =0,
(23) ay dat
9 _m @ 3 . ©
4 ay’ Fl.‘l a_'y'“ i'é'j?j (b”.‘o\_xk: ..]_.gi R;ME—-;;
where
29 & ,
(24) Df‘-;glhi":’ , Th= 9N; , OF=gt 38ns _g”‘a_ér_i .
ay ay* 3t vt
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Remark. The Levi Civita connection of g° leaves invariant the vertical
vector subbundle VT M. However HTM is not invariant under V and the
term g™ R, is closcly related to the nonholonomy of the horizontal vector
subbundle HT M. This is quite natural since V is torsion frec and preserving
"TM and HTM by V would imply that these vector subbundles are inte-
grable.

From the formulae (23) we obtain the covariant derivatives of the
{-forms (dx', 3y%) defining the local coframe dual to the adapted local frame
(81844, 8/0y°),

Vidx=0, Vdx‘=-—0hdx?, Vidy*'=—Ds;3y’!
Vts}’k=—F?JSJ”‘—'angdej-

Finally we should remark some interesting formulae concerning the
condition Vgt=0, Since Vig,=0 we get:

(23)

(25) gihDgi—gihDgi"—: %g—:: '

Next, since V,g;==0 we get .

(26') galh +&nPhi=¢ Q% +ensThi= g—ff ’
Similarly, since Vig'/=0 we get

@3 gD Din= — 2.

and, since Vig*/=0 we get

26) £OThy 40—+ T~ 25

§3. The curvature tensor field. Denote by K the curvature tensor
ficld of the Levi Civita connection V of the pscudo-Riemannian metric g°
on TM where M is Lagrange.

K(X, V)Z=VyyyZ~VVaZ =V viZ, X, Y, Z&y(TM).

Now we get the local coordinate cxpressions of K by taking for X, Y, 2,
the local vector fields of the adapted local frame (8/8x%, 3/2y"). Recall the
convention from §2 to denote y‘:x”+‘=x{, thus 1=7 +4. Next, taking
X=2a/ay!, Y==0]3y", Z=2[dy' we get:

2 y 3 o, 9 . @ _
R
Y h
_ (3_13_ _ 9D +D;*,D;‘—D5:.D;c) 2.
ay.’ ayk ayh

On the other hand we get by a direct computation

3Dy _ i _FEu _prpp
ay! aylayt
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Thus

(27) Kb, — K.

{7k T

0.

Next keeping the same values for the first two arguments and taking
Z=3[8x" we get

B @ oS hee S .8
Ki}i 5;,» +Ks}} I ZVjV*;ﬂ _'VAVJE; =0,

whence

Similarly we have

h a 8 h
K Zirgr 2 _vv.— N} d
i 8:yh ik sxh itk Vkvj + 3\.1 V ‘8},! =

8Tk n
(-,—‘: +D T +D) Tl —ThDl — &) 2,
Th ax 3x* ) 9y
us
(29) K?§k=0,
o KI;k :;1 obtained as the coefficient of 3/@3" in the last expression,
urther
Ah a h 8 8
i3k 5y + K,-;-kg, =(V,V,— V.V, +Th¥,) =
=V [Pk §‘ +&" Reny 8‘ = _E}(Dﬁ;i -}-g"’ %"_i :
ES 8 ay' 34 av’ oy
Thus y: ooy
(30) Kb g Ben g OOk
{ik Bj'f ik ay’
Next
A =
i gyp T Mg a T (V,Vi— ViV, +REV5) =
3T A , ‘
B [78;% - —STJ: I Tyl DR R, )8—dh '
. .
Thus &

(31) Kin—0,

and K’;’;k is given as the coeficient of 2/dy* in the last expression. Finally
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i@ n B 3
I\"?jk a_h + h‘?jk S_’I — (VJVk -——V,,-VJ- | R':kVi,) g ' =
8 X X

MR, (MR
(32) _ (8(08 :Ail) . (58 k}ll) +I1’;,,,I€k“gm: anll\)Jtigmf __'r_]‘)“mgﬁmq)ii oo
X X

a S(Dh, S(Dht i 8
_ghm Rk;mq)j.) a\}}" +( 3-"': E STi |-q)_?l(l)£i_‘b2!q).§i] g[h ’

from which we get the corresponding expressions of Ky, K
Some of the local coordinate expressions of K may be written simpler
if we usc the following identity

(33) gK(X, V)2, W) +g°(Z, K(X, Y}IF)=0,
obtained from the property Vg =0 of V.
Taking
vats el pmscle Wiead
ay! Sk ay' 3at
in {33) we get
¢ i hm a(bl'"
(299 I\Eh: gug' Tk'j :
oy

On the other hand usc the expression (24) of T’ and the commutation

formula
3 7 J
2, Lok~
[Sx‘ ay'] Tayh

in the expression of K% to obtain
ijk

. . ‘)'
(317 K = ey =

i éRu
Gr gy ey

Remark. The formula (31') will be obtained again in the next section
from the first formula (30), the identity (13) and the first Bianchi identity
satisfied by K.

Next, let us take

=2 oyt g3 gy
dx S 3! ay
in (33) to get the following expression for the coefficient of §/8x"in (32)
' h . o wm I 1 . h o1l em {R’Ii . aRUk
(32) K= ~gug""K; = —DiiRa—8gu gj‘ g —.c'i_}"

Finally we shall use the formula (26°) to obtain the following expression

for the coefficient of &/ay"in (32)
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R R
Km : M(-S‘ﬂ — 3 L = Rimi®%— R D7 +

Sad Sak
(32')

+ Rymi®i +Riyim i?:) =g"(V,;Req— Vi R}y),
where V,R,,; is “defined by
Vij{;dxk®dxi®dxi=Vj(Iek“dxk®dxf®dxl).

The Riemann-Christoffell tensor field is defined as usual and the corres-
ponding local coordinate components are

. Kipi=Kyu=Kipm=Ku=Kim=Kij,=0,

2% oR
: v Kuyu=—Kjy=—""L,
ay ay*
KljkI=Vlefj_V1RkH-
§ 4. Bianchi identities. We shall write down the essential local coordi-

nate expressions derived from the first Biachi identity satisfied by the
curvature tensor field K of V

K(X,Y)Z+K(Y,Z)X +K(Z, X)Y=0, X, Y, Zey(TM),

Kiin=—Ki—gn

34 a 2 8
(34) K:n K:;V X_—'_,: Y= T Z=_¢'
dy ay 3x
N A ] A . 3 8 3
(35) K '—Kkji Kijk’ Kij;,=Kkjs‘ 3 1\ == '53; ] Y= Q A = Q .

The first identity (35) gives by a straightforward computation the expression
(31') of K.
3 3 3

36 K —o, K=, X=-2, va-L z&al
( ) (.; ik i ]Ek = 3;\;1 ij Sxk

The first identity from (36) is equivalent to the identity (9).
The second Bianchi identity satisfied by K is

(VxK) (Y, Z)WW (Y, K) (Z, X)W +(V,K) (X, Y)W =0,

In order to get the local coordinate cxpressions of this identity we
have to write down the local coordinate expressions of the covariant deri-
vatives of K. Let us write

" A i ’ ; h :

K:(Kna_kSy@Syf@dx" ~ K, 3y'@dx'@3y" +K - dv'®@8y'®@dx *F —

— KL ix'@dxr'®8y" + KL 3y @dv@d ——K,,ﬁx*@dx’@dxk)@a—'a-;‘ +
}l

+ (Kid '@ 8y@dv* — Kipyd ' @dx '@ 8y* +-Klyd v @dx'®@dx")® 33 :

i
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and usc the formulae (23}, (237) to obtain

VoK — (KD 35@8y/@dx* —V K3y @d /@8y +
,K A1 @3y@d —~V,K" dx‘®d1‘®8\"+V KX 3y @dx'@dx* -+
+Vv Ix,,,dt’@dx‘@dr )® E & (V;K‘-jkd.\'i®3_\ IRdx* —
N

-V K,L,dx‘®dx’®83 4V Kb da ®d1’®dt“)® —

where
(37 VKDY, 31;.,;; PR DT K — O K + DK
X
skh ; . o
V,K:}k= "'g"? - (II’,’}K:‘M,‘—F'{,‘-K?,;,,—~ Kimt
{38) X
D K Rutag ™ Kin + Rimag™ K
h
SK{’ »
(39) VK = 7 —ORKnis—TT i ORE G+ O K
X

. KD, ; b omah
(40) v zK?jhz ‘—-“'8 ::L - FI’;KEAJ'.& “D':'}Ik?mk — DB Kijm +F'1'me -

A
. am . x
— Ryj0g" " Kig + Rireg Ky,

VEK?jk— SSKW —'(D mjk (D’,",'-K?m,, (D”‘K?,m—i-(l) ik
(41) x
._...]\UagﬂmKA +I€”"“b h:'mj
. h N
vk K onith 0Kl OREn + TR T~
{42) 3x

. . A .
— Ry g m](?‘r;lk +ng“’"1\'?rf.;— Ryiag" " Kiip +Rimag "K -
Similar formulac are obtained for V;K with T}, replaced by DY, and

&i Ry, replaced by 0 ) R
” I‘hkcn tIl)u, essential local coordinate expressions of the second Bianchi

identity are

(43) v K?,A=V;K"£-u .

(44) me—-VJK-u . ViK?5h=V3K?h ,

(45) UK = VK — VK

(46) VK =ViKh —~ ViKY, ViKhu=iK' ;= VK,
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(4 7) V;K:;k +V1I{?k; +VA'K.?U= 0,
(48) Vil +V Ky +V.K =0,
(49) Vt]{?Jk _;_V"K;’ek‘ +ka|h“=O
The Ricei tensor field is obtained casily according to its definition
‘ E

(50) K=K —Kh,=0,

g ab}
(51) K:‘j=K:‘m -I—Kh = — ﬁh:—-———hi,

ay!
" i
K=’1=K}§"ﬁj +K?ﬁj= L2 (ﬁ‘&l —g,,ml"’,’}) -
(52) 8)1* Sx?
— ii[ﬁgﬁ_ar }”?J=.._..ﬂaﬁ:’,
oy isx SV ay*
; d
(53) K = Kig; + Kip,=g" oy (B Rya).
Finally the scalar curvature is
hn
(54) K=2Kﬁgf]=__2gﬁ a_q‘)i: :
ay’
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A GEOMETRIC PROOF OF HUREWICZ'S THEOREM
BY

R. AYALA, E. DOMINGUEZ, A. QUINTERO

i .0nsl sy bordism

1. Introduction. If we consider the homology groups as the .
groups c:n;ft’n:lcctcd with pseudomanifolds we obtain an easy geometric
interpretation of the singular cycles, This fact permits of more intuitive
proofs, from the geomctric point of view, of many results of Algebraic
. ] ' . - .
. "i}%}é aim of this note is, following the algebraic ideas developed in
Spanier’s book [7], to give a geometric proof of the well-known Hure-
wicz’s Theorem that relates the basic algebraic invariants of a topological
space : its homotopy and homology groups. n
S eThe referenccg for the results of Polyhedral Topology and Homotoriy
Theory will be [6] and [7] respectively. A polyhedron is an Euclidean su )—
space covered by finite many simplices. Given the interval /=0, 13, we
denote by I" the ordinary #-cube with its canonical PL-structure and oricn-
tation. §* is the quotienf I"{aI" with its canonical PL-structure and orien-
tation. As usually, =,(X, x,) is the n-th homotopy group of the pointed
topological space (X, x,), defined by the

S M= (X, 1),
and m(X, x) is the quotient of =,(X, x,) by its commutator subgroup.
15 known that
s fmown th Tl X, ag) = (X, xg) i wz2,
In general, we regard =,(X, x,) as =, (X, x,) with its group operation made
: tative. ‘ ‘ '
lommx iltl)‘;gd n-pseudomanifold is an s-dimensional polyhedron P which
admits a subpolyhedron SP, called singular set of P, such that :
dim SP<n—2, . )
%)) P—SP is an oriented /’L-manifold without boundary.
An n-pscudomanifold P with boundary 8P is an #-dimensional poly-
ifying a) and the following conditions 3

hedmg')v?;l—};g iz; an oriented FL-manifold with boundfny aP—-SP.

b’) P is a closed (#—1)-pseudomanifold such that S(gP) =JdPnSP.

A singular #-pseudomanifold on a topological pair (X, A) is a pair
(P, /) where P is an n-pseudomanifold with boundary 4P, possibly empty,

and Ji(P, aP)—(X, A)

. . i do-
is ti mapping. If (P,, f,) and (P, f.) are two singular u-pseu
1r;hla?nicf(c;?dlsn::-]r(is(X , ij) \%C sa}(r tlhajtl they arezpseudobordant if there exists a
pair (Q, F) such that:



