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B, S)a()@(s. 2ph(s))ds <(2/200) and _\:‘a(.v)é(.ﬁ, 2ed(s))ds <(‘a'/2C).
Iy :

Hence, for (=4, ey —y()|<e and since >t is arbitrary, it follows thal
tim | (f) — y(f)] =0. The prool of the converse is exactly the same as for Theo-
I
rem 3.1.

Remark 3.5. In particular case of differential inclustons (sce Remark 3.3)
Theorem 3.4 reduces lo Theorem 3.3 [13]. :
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ON PSEUDO-KAEHLERIAN FINSLER SPACES
BY

MAURO CAPURSI

Oscukiting Riemann metrics assoeiated to Finsler metries were considered
previously by 0. Varga [22[ and Ao Moor |[11]. Mso T. Maebashi [8]
has investigaled subspaces of Finsler spaces admitting a_preferential direction ;
yel his resulls arve true for the case f, = dNigL —8Ni/8xl 0 only. Moreov er,
(i Asapov 3] has shown that given a d-dimensional manifold wilh full pat‘ulic-,
lisi structure 1S} ooy (which stands for space-time), the osculating Riemann

‘

melrie (of the preferential direction S=2X5,) associaled 1o Berwald-Moore
. i1
metric of tie space represents an appreximalion of Lhe Finsler metric (up lo
terms of sevond order i the standard deviations of the supporting elements
from !I.rt' preferential direction S} and thus the basic structure of the real
space-lime is Finslerian. Clearly the cases considered dn [8]. [11], 112] as well
as in [2], [3] are subjeet 1o topological restrictions (such as the vanishing of
Fuler-Daoineare characteristic) even if not. mentioned. ‘
Our purpose is 1o examine osculating objeets at a preferential direction
of o dilferentiable manifold associated to several finslerian geometrical objects
such as Finslerian almost complexs structures, finslerian almost  hermitian
<lractures, ele, Miention is devoled Lo the integrable case, i.e. 3, =0, indica-
led by M. Matsomoto-T. Tamassy [10] lo-be of pm‘liculai‘ interest; the
nrin resull ds that o pseado-lKaehlerian Finsler space (M. I, .0y induces
locally oscinlating Kachlerian struclures on M. .
Avesult of T M webashi [8] s reconsidered in §1.
L The notations and conventions throughout the present paper are a coin-
bined version of Lhase from B. T AL Hassan [7 and M. Matsumote Y
et M bea n-dimensionad real ¢ -dilferentiable manifold and let j he t.lul
nilural ifl]l)t’(l(lmg of 3 into Lhe Latal space T(M) of the tangent bundle 0\'(:%
MoLet M =TiMYy (MY and m: M- 3 he the natural projecltion ; moreover
we denote by n 'O the bundle induced by (M) and n A finslerian almosl
r_nlmpl('x straueture en M ois o bundle morplhism J o n TN —g ' T3] such thal
g fowhere [odenotes the identily Tvansformation on o 173/,

Let (£ 2"y be a focal conrdinate systenr on M oand (U, 2%, ') the natu-
rally indueed coordinates on M. where {0 —x (L), Let 5, be the natural lift
Lrl' the docalty defined tangent vector ficlds oféex’, e, c',-(.;)a(i‘. dféxti=z)
LeEMOWe pul o Pl r_. cthen Fifk—= 3k is casily see -
rentiabie manifold car.t‘y\'in'g’{) a finslerian almost t-ItinllsplL:\'slls}lr\r:l]:utfaslhgutlﬁﬁlfc
even-dimensional. Notle that any [inslerian almost complex structure on a
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om-dimensional manifold M is equivalent o a Gl Cy-principal subbundle
of the Finsler principal bundle it L(A)—Al. such as constructed in M. Mat -
sumoto [¥] - B
Any almost complex stracture J on M admits a natural it J: n'lAl .\! —
om 7'M defined by JrX=(r. Jy@X). Nent 1M, v M. where m A x
w T(M)y—T(M) denotes the projeelion on l.hv. second f;u"tm"{'»f Mux 'I'(_:\I).
Iet (M. E) be a Finsler space with The Finster energy I9: 1 (‘ﬂl"_)-r—f-]j,.r'_.}-llgl
the associated meiric tensor ¢ wilh local components gi;(r. i) =(l/.’.)o“lt/(:_u ay’.
Suppose M carries a finslerian almost complex siructure lhv.=|1 Ql. k.o 0y s
said 1o be an almost hermitiun Finsfer space 10 g(/ X, JY)=4(X. Y) for any
finslerian vector fields X. ¥ on M. Moreover ket Vo denole the uniquf& rvgu.lnr
Cartan connection of (M. I£). Then (M. [, .J) is said lo bea pscudo-Kuehleriun
Pinsler spuce if the Garlan conneetion is almost complex. i-e. v/ =0. o
Now suppose the manifold A7 has vanishing Euler-Poincare c}mmc-
leristic : then Lhere exisls a tangenl vector field S on M such that S(r)#£0
for each xe€ M. Such a vector field is refered to as a choise of preferential
direction on M and [lixed for this section. ’
Given a finslerian almost complex steucture Jon A the osculading wlmost
complex structure associated lo T is deflined by

(1.1) (X )y =R o (S(E): X,

for any tangent vecter field X on M, x €A/ I .73 (x) stand for the local compo-
nents of Jg then (1.1) is locatty equivalent to

(1.2) Ty =15x. SLr)

Note that if .J is an almost complex structnre on M. Lhen T mil_u:i(lt‘s with the
osculating alimost complex structure associaled 1o its natural Lift, Gonversely,
let J, be the osculating stimeture associated fo a finslerian almos! t",)mplﬂx
structure J on M. Then the natural lift of Jo coineides with .J along S(3)
only. ) _ Ceited

Given a Finsler space (M. I) the oseulating fliemann melric assoclaled
to g is defined by

(1.3) go(X. ¥)emg(X Voo

for any tangent veetor fields X, Y o Moand e &M [lere X. ¥ denote 1he ni
Lural lifts of X. Y, eg. X() —(r. X{zx)). for any re X Let hyy(x) be the Jocal
components of 7. Note that (1.3) is localty equivalent 1o

(1.4) Ry =gl STE)).

According to (1.1). (1.3y tf (M, M) s i rf.’.'u-;.x’f herntitian Finsler
space, then (M. gy, J<) is ar almost herinifian manifold. Fowover, Lhe m.n.fse-_
quences of the pseudo-Kaehlerian condition u[ (.U: .0 nre nol obvious Tor
the oscnlating IRiemann space at the preferenl ial direction .S_fn‘n Moo )

Now lel V be a regular connection in 7t TM and B:m- IAM—».\ its hori-
sontal 1ifl, where N denotes the non-linear connection associated to V. Let
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voom PP —Ker (dry be the verfieal Dift and eonsider the veclor bundle
morphism 1, F(My—n VTV defined by l.(,\wﬁ {z. (dmX) for any Xe Tr(A).
r =31 Let J be a finslerian almost complex strocture on M oand denote by N4
the Tinslerian tensor tield defined as follows

NUX VNIV PRI R Y RV X Y

for anv finslerian vector fields N. ¥ oon M. where [N, V)P LIBN. BY| and
so on. 10 s well known ([ 1]) that the vanishing of N is equivaleat to the exis-
tenee of a canonical comples steuctnre un cach integral manifold of the distri-
bution N, provided thal R'—0. Here

RiX. ) HIBNLBY ).

while [BN. BY ). devoles the vertieal pact of [BX. Y] willy respect Lo Uhe
diveet sum decompaosilion

(1.5) T N@ ker (dn).

Finallv we gel a Tormula which will be used Tater. Let 0 4% and N
be respeetively the local components of Jo N3 wd ol the Nijenhuis lorsion
tensor field ol the osculaling almost complex stroeture Jooassociated fo .
Then. using (1.2). we have

) ok gk R\ AP
NE o= 48 (1:;"‘___- foun i‘)(g +_\':"] Ik ‘rfi_"_ (’_1 +‘\';) .

( 1.} 7 ’;r b (yt b j avt Vars
e it
I el ( i 4N
¢ ’[! f.'.?"

where NPand S?stand Tor the local components of the now-linear conneclion
N and of Lhe preferential direction S, respectively. i
2. Recall thal given a non-linear connection N on M ils local coefficients
are subject of the transtermation law
ST e .,
al . s e (4N o.r D € 3
Nt g =Nl i —
fxl o' drtar! et
untder any lransforoalion
. : i ., or” fx’t
(2.1 O =rtata) e — ytodet f— =10
e e

of 1he focal coordinates on M, On the other hand, if Lhere is a choice ol prefe.
renlinl direclion S on M. woe have

RN ST S ek STOLE B &
€8 as™ dat i crr o da G
et dat @'t gam extoam ex't
. < eS¢ .
wider (2.7). Consequently the veetors | — + ——) . b T generale
et eray'l;

a subspace of I'otM). denoted by D7, al any r & S(M). Then The assignemenl
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I[V: r—D7 is a p-dimensional distribution on SA7). which 1s said to he the
nen-finear connection assovialed fo S,

Now suppose that the non-lincar conneetion N has a vaishing R Lorsion
tensor field. Sincee [5X.8Y] v IXL YY) Lhe distribution N is involulive
and henee integrable by the elassical theorem of Frobems, Fhas. for each
T there is a masimal inlegral manifold Vo oof N passing throngh r. that
is re Vo, TyVoy= Nodorany y = V.. Sinve NTis a divect sum complement of
Ier{d-o)in 'l',‘(,f[)‘ it follows thal dome N7 (M), r ==n(r). is an isomorphisin.
Thus m: Vo—M s a local diffecomorphism. by the classical inverse function
theorem. Gonserquentiy there exist the open neighbourhoods £7 of I respeeti
velv T, of ﬂ:(;‘}. such thal [ Vi e Mand = U =10, is a diffeomor-
phism. et §: C, — T be the Jocal tangent vector field defined by
Noo(m U7y v Sinee for each ye 17,

B, @ Ny =Tt V) =1,

then there s a differentishle curve e 0 (- 2’0 2=V with initial data (S(y).
Flext ). 1 ey is written locally o, (f) -~ (ad(h). bith). f{-<e’. then

(2.2) dat] [ dli0) =37,

{2.5) i3 [dii0) Nityg. St

Sinee {Fis open in V7 amd ¢ ds continuous, there is e >0 such thal eqf) = { ==
f == Let us pul by definition af) = m(rdf)). |-<Ze. Then clearly

(2.1) el — SO i T
Using (2.2) - (2.0p a1 Follows
dbd i) = &S carm (e ())dap iy =g S da' o).
Then, heeause of (2.3) we have
(2.9) Niy. Sy — —eN ey,

for any y={, Thus we conclude

Proposition 2.3, Lel N be o non-lincar connection on M with a vanishing
R torsion {ensor field, Then for each x& M. there exist an open netghbonrhood
U, of & and a local vector field S0 Uy— TQM) such thal S(y) £ O for any y= i
and the restriction of N fo S(U,) is exaclly the nop-linear copnection assacialed
fo N,

Now lel (M. E00y be an almos! hermilian Finsler space. Suppose that
the non-linear connection N of the Cartan connection has a vanishing f
torsion Lensor Tield. Let §: U,— 7)) be the local veclor field defined on the
apen neighbourhood {7, of o+ €M with the properties of the proposition 2.1
L.et ¢ be the Finsler metrie tensor assecialed to the energy 1. Denote by g,
(respect. ) Lhe osculating Riemann metrie (respect. the osculating almosl
complex structure) associaled to the restriction ol g (respect. of Jy te S(L,).
The following result (strietly local in nalure) vecurs.

L
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Theorem 2.2, With the nolafions ahove. for ecach v M (7., ... J.) 15 a
hermilian manifold. provided that N, =0.

Proof. Sinee (2.5) holds for any & U then Tron {16y we have Ni(y)

A%y SO Thus NG 0 dmplies that T is integrable, Gonsequently U,

adinils a comples manifold siructure which mdupees Jo. Finally g, is compatible
wilh Jo due Lo the similar property of (g /).

Note that the natural K of Join the theorem above and J o actually
coincide.

3. Let V be a regular connection in x7¢ T'Af and let S he a choice of pre-
ferential direction on M. The osendaling linear connection associated {o ¥V is
defined by

(3.1) VeVl =mVus V)

for any fangen! veetor ficlds Nooy on Af and c= M. [ere N, v denote Lhe
natural lifts of N. 3 respectively. Note that the vestriction to S(M) of Lhe

natueal N of V¥ and V4T Y actually coincide. Moreover we have
(5.2) [BNX. BY B =BIN. Y],
where {he lefi hand side denotes Uhe horizontal part of [fX. 8Y] with vespecl
o the direct sum decomposition (1.5). Leb T denate the forsion Lensar {ield
5
ol V. Then using (3.2) and Ker fL=Ker (dm). we obtain
(3.3) (TN Y)), =n(TXL Y.
here
TN, V)= Tk 2% (X, V=ViLY ViLX-L|IN, Y]
where N. Y are tangent veelor fields on A Lt J¢ be the osculating aliost

comples struetare associaled with the finslerian almost complex structure
J on M. Nole that for any {angent vector Tield Xoon M we have

(3.4) TaX s sty =l hgarss

where N, JoX. 7. are the natdural lifts of NoJ X I., respectively. Using (3.4)
we derive

(.5) ((VeT OV )e = TVTI V)i

With the notations in seetion 1.0 (M. ) is a Finsler space, from (1.1) we

ubtain
Gy o0 = bglEet  eggfey™ . asmiext

Then
i YT AN }'JZR‘
(3.6) N(gu(¥, 21 =X' 197! (‘:-."ﬂ . g _..) P RALLLY
aat " dyhiErt !

Suppuse Vs a regular conncetion o VP whose non-linear connection
vestricted to S(M) is The non-tinear connection associnted to 5. As V7, ZF depend
solefy un positional arguments. (3.0) leads Lo



.Tf;l M. CAFURSI &

(NGLAY Y, (B8R (g0, T e
and thus
(3.7) (Vg (V2 =tV (Y. 2

The Toomudae (300 CLD) GLTY lead 1o the following

Theorem b1 el (M. E 0 he a psendo-Laehlerion Finsler space and et V
and g he the Cartan connection aivd the melrie terisor associaled (o I, respectivelyy.
Lel S be a choice of u preferential divection on M and denote by g and T the
oscrlaling struclures vssocialed to g and J. respectively, Ff the restriction (o S(M)
of the nen=tinear connection of Vocoineides with the non-linear contieclion associaled
fo S then the osealfating conneelion associeded {0 ¥ s the Rictattnian conneclion
defined by g.. Moreover (M, g S0 05 a kaehlerian manifold.

Finallv let (M. £, Y be a pseudo-kaehlerian Finsler space such Thal
Ihe non-linear conneclion of the Cartan connection has a vanishing B lorsion
tensor field. T8 @ X, let S be Che preferential direction of an open neighbour-
hood {7, of r as defined in proposition 2.1, Let Je and ge he Lhe osculating
straetures associated vespectively to Jig,.  and to the rest iction Lo S(U,)
of the metrie lensor defined by 2 Then combining propoesilion 2.1 and theorem
S0 we have

Theorem 3.2 With the notalions abope. for vcoch r =M (U, g0 0.0 1 a
kaehlerian manifold.

A0 We reconsider now some resulls of U0 M e bash |N]_:
Let (M. E) be a Finsler space with melvie tensor ¢, Lel w0, €3 be a fixed
tangentl diveelion on M. According to lenoma 1p 630 [8] The veelor field @
defined by

(L1 W) (1 Chd Fos Yolebal Tas dad ~oxt Fao Hoh) (38— NGl 0],

willi respeel ta The lacal coordinates (o (0 ' y7) ;‘,,'-‘.: AT o, mr.).
is o solution of

(1.2) Mrs) o an o T Mg -0,
Here we haosve nsed the nolations

. e ot e, o T L L LT
Clem e =0 e Yon TR¥' Y S Yl

I e Ffegn | iy Eqa
15 _ T = —= e =
P ey'éy'én z\dr Ar ér

Mso 450 stand Tor the components of the Levi-Givita connection of the
[Riemann si;uu‘ Map (M. g} where gq ts the metric tensor of M with |nf‘u’
components g, (o b)), Let N, = i) y" be the non-linear connection
associated with (M), By (L2) the restriction of N} p) to (D@.\I) is given
by N - chijea! and therefore for the torsion tensor field RYM )
we have

3 \;( i‘!q,) 8\1(1‘14,)

~

drt 3!

RijM) =y —().

~1
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On the other hamd. i0 285 03 ) denote the components of the curvalure tensor
of iitMg). we have Ripda) - o REAM ). which shows that generally 88,00,
s nol vanishing. o contradiction. The explanation [olows as (his. Indeed
{1.1) is subject Lo (1L2); vet (L1) does nol deline globallv o vecetor field on
AL iees the components of @ from (1.1} do not change as the components of 2
vector tield under o transtormation of 1he local coordinates,
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