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MORPHISMS OF H-CONES AND SPECIFIC ORDER
BY

EUGEN FOPA

Introduction. Let S and 7 be HH-cones. All {he notions and notlations
about ff-cones will he as in [2]. Hom(S, T} will denate Uhe sel of all morphisins
of H-cones from S 1o T (sce [G]). We define Lwo order relations on Hom(S, T).
The specific order, denoled by <. will be defined as follows : 9 £ ¢ iff there
exists o, € Hom(S, Ty such Lhat : ?+9b The natural order. denoted by
<. will be defined as follows : w<d iff A= p(s). Vs=S. (Iom(S, 1), <)
is a complete lattice {6,

H(S. Ty will denole 1he set of all semi-finite motphisms from § {o 1
(see [a) and [6] for a comparison of various notions of morphisms of [f-cones,
propesed in {2] and [4]). H(S. T) becomes an ordered convex cone, which
salisfies all the properties of a H-conc, except maybe the Riesz decomposition
property. However :

Theorem |2]. H(S, (T, 2)) is an H-conr.

In the proof of this theorem. a key role is plaved by the following :

Lemma 1. If o, o= H(S, T). then

P(s) = LR — )t 8]
definnes a subadditive, iereusing and continuons nap.

Lemma 2, Let o : S— T be a subadditive, increasing and conlinuous map,
Then

v VA E Yol T finite. 37 s, <)
sed re}

defines the smallest morphisin of [-cones. such that 5(s) <d(s) ¥s= 8, if S has
the specific order.

The next result will also be used in (he sedquel

Lemma 3. Let o, befI(S, T). Then <y if and only if @ 2(s)Z U(s),
VsES and s<i=9(s)+2(0< U+ a(s).

Proof. The necessity is clear. Conversely, let ns define :

Y(5) =(s) — ().

v’ is well defined for any s€D(¢) and is clearly additive.
%' Is increasing by the second condition. Since @ and ¢ are continuous,
it follows that &' < H(S, T).

The Main Result. It is known that H(Ry, T)~ T, hence it is an H-cone.
More generally :



208 E. POPA

(%]

Theorem. H({(S. <), T) is an H-cone.
Proof. By (2] it remains to prove the Riesz decomposition property.
Lel ¢, $=H((S, <) 7). Tor s} =D(3) n D{y) we define :
p(s) = L R(o(l) —(t))| t<s],
o is subadditive, increasing and continuous on D, by lemma 1. Moreover, for
any s=D and {<s we have:

R(p(0) — )< 2() < 9(5)
hence p(s)£o(s). For any [inite set I, from Y, s<s it follows that :

1e]
Y ez X p(sd=q X )< 20
tef tef €1

hence :
2 =V X o) 1 finite. X5 T 5
el iel

defines a p< H{(S. £). T) such that: }(.s-)g o(s). VseD. We prove nexl
that : g =R(z ) in (S, £). T). Indeed. Tor cach s€ D we have:

SOEUDS o) 19 3 R — )+ U () SN +H(s)> ()

Let now u=H((S, £). T) be such that: uz9 Y. For any s€ D and (<5
we have: u(s)= R(e(t)—4(D). Hence u{s)>p(s). vse . Moreover. il [ is 2
finite set and Y5, < 5 then: u(s) > Y u(sHs Y p(s). and u(s)=pls), Vsl
X3 . 17 ie]

In order to prove Lhat p< 9, we verify the two conditions from lemma 3.
The firsl one follows using twice prop. 2.1.4 from [2]. The second condition
is verified since S has Lhe specific order : indeed, if s< {, then there exists
5, =8 such that s4s, =l Then

o(5)+ BU) =5(3)+ 5() + p{53)< 2() () 252y =2(1) +o(s)-

We prove next that the characterisation given in [2] for the extreme
rays in S*. extends to T1(S, T). provided § or T has Lhe specific order,

Lemma 4. Suppose thal S or T has the specific order. For any =
= [(S, T) and st 1)Xp). there cxisls 31 7:€ H(S. TY such thal: @ =+ 72
and (s 1\ 1) = 9u(s) +=(0)-

Proof. Let us denote: f={—s/l and definc:

afa)y - (e fonf). = 1Ho).
rEN

‘Ihis definition is correct. since the family o ’n fNaex is increasing and
dominated by p(u)e T. 2, is clearly increasing, Since: (u4n) (o fgu n -+
Fopan-f<utoyA2n-f. 5, resulls additive. Lel £ D{o) be increasing and
="\ v. Then:

Ver
2 (1)= v vz (i [y 0 (e ATy == 94(0).
Ver I"gr nEN nEN

Hence 9, € H(S, T).

4 MORPHISMS OF H-CONES AND SPECIFIC ORDER BE

If T has O R T T - :
olde l't‘ h_ns’ the hll((%l'!l. order, then 7,()g (). Yu= INg). The same
i]u.u ds {;l_e x”.S has the specific order, Indeed. in Uhis case f& S, henee ju An i, en
5 speciiicalty reasi i i I, 0 i
i '.’. B allv inercasing in Sand (o An )}, en is also specifically increasing
no T, Being spectlically dominaled by o(u), we gel: :
v o), we gel: ;

Pl 2 Y p(uAn fy= v\ o pn-fi=15,(u).
nEN "ENI .

:‘El IH (_}(_'fm(- now 210 =2() ~5(u). 7, is well defined on () with va-
ues in T, and is additive. Lel . neD(s) be such that a<e. Then:

iH4p 1 -f-ﬁ_ ”-«}-” /\ i 'r~ ".—"(”)'l_:?(" !-\ n .r)s :P(“)"{"':IJ(“ /-\‘\ n 'f).

i (i) + (< ?(")4‘?1(”)- (1)< po(0)-
n Fqll;"“'s(faSII)',“ml _:pze H(S. 'I'_) and 9 ==, 4o, Now, since: (s— s A1)/ n(f
=8 W 0o we gelos Mo f< (S A D A [ which proves Lhat: 2,(s) =5,(s A ). From:
. ErnfSTHEADA IS (s A A 20 f,
il follows Lhal: o () —a(f) -2, r i i
. : w8 AL From Lhese relations, we obtain: o(s A 1) =
?1(5’)..}.?:(”‘ clations. we obtain: p(s A1)
W ;}h the same prool as tn |20 cor. 2.3.5] we have s
roposition 3. Suppose thal 8 or T has  [he \J;"Cfi
) Pre i : i ¢ order. Then
pSH{S. T) belongs to an extreme ray if and only if : pet ‘
Th Vs S D(3) ol Ay =3(s)+ 2(0).
The Speeifie Orvder in H(S, T). We hegin with s imi
. . \ 8, ). u fith some prelim sultss
concerning morphisms commuting with -;\ prefiminay results
Definition. Let S be a l-cone. s€5 is cal ‘ ‘
Definit L. one. s called nearly conlinuwous if. for
any increasing family (s);er. with 5=V s, we have: ,-‘]R(s —54) =0. fr
_ ' i€l iel
;’\c (l(%-m.)lc .S.,, l“he.scl ol nearly conlinuous clements of 5.
Prppo.sﬂmn 6. S is o specifically solid, conver subcone.
roof. Lel s. {8, and s+-t==V u,. with (u;),¢s increasing. Defining:
ted
uy o B(u, 1y uy =R, -5} we gel. by [2 2.9 ¢
: =l g y gel. by [2, prop. 2.2.3] that (¥, Jier. Tesp
(u; 1)ier 1s Increasing o s, resp. t and: u; 2u; +u,,. 1L Tollows Ehél)‘;{(.s‘--l-lp
2 tll!-)s._lf(‘\ u._‘g) ER( - u, ). hence sotes,. I s and s&8,. then, for any
increasing family (4,)g; 10 L we have: =V (' +1,). hence: /R —s;) =/ R(s—
i , el el rel
f) =0 (where {'=8 is such Lhat {+1 =)

Propositi el e ST B . )
pl"l}p('rty;P siion 7. Lel o 85,—T be an addifive. inereasing map, with the
V(i )igr decreasing lo 00 A o(u,)=0.
9, _ cef
Fhen, for any inereasing family (s),e; lo s€ 8, we have : p(s)= 'V 2(s,)-
vel

Proof. Since s<y, 4+ Ris ), we gel 5(s5) € 2(s,) + 2(R(s — 5;)) whence :
P U a5k A A(Rs=s)) = Vgl
iE (=¥

€

I'he converse tnequality is obvious.

- Propusilim! B. Lel 92 8= T be wmap as in prop. 5. 1f S, 15 naturally
solid and dense in S, then 3 has « unique extention fo an clement of H(S, T).
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Proof. lel us deline:
)=\ {) | =S,. g

when the second member exists, Prop. 7 shows thal 50, -3 is vlearly

additive and increasing. Sthiee S, s nalurally solid it Tollows |hiat = is conti-

nuous :indeed. lel (4);e; be an inereasing family 1o =8, Tet 1 =S, he such

thal u<!l. Sthee o 0 =8, rom prope 7owe wel oop(a) Somtu g L B
el il

Sinee o is arbitrary, i1 Tollows thal 5(f = “(0) The converse ineqguality

: ? v o K

P E
is obvious. Sipce S, is dense in N, we have e TS ) and also the Tact thal
2 is unigue.

Remarkis. 108 has the specific order, Then S, S, [T S is a slonian cone
[1]. then any regular clement is nearly continnous. Henee S, is dense in 8.

when 8 s a regular stonian cone, I S is a slandard H-cone. Lhen Sa naturally P
solid means that the axiom of nearly continuity holds in 8. The Facl Uhat
any contraction commules with deereasing A wmeans Uhe axiom of conver- [

gence, |
Lemma 8, Lol o2 ST be an additive map. Thent o is a morphisn from

(S, <Y o (T0 <) if and ondy if 5 commutes with decreasing A |
The prool s straightforward,
Proposition 10. w) Lel (2:),¢0 he a specifieally inereasing attd domin -

ted family from 1(S. Ty, Then ¥, cvists in H(S.TY and. for any s H(S. 1)

(el
we have: -k Y 9,00 Y (ubo,).
ier ier
b)Y Suppose that the following property folds |

Ve T La0 a1 sueh thal a(fy 20,

Lel (3ier be u speaifieally docreasing fanndy from 1S Ty Phen A », cxests
1 el

e H(S. Ty and (A 9(3) = A p(s). Vet ).
el ted

Proof. a) We [.)I't)\'l' thal t o(s)="Y =5} Vs < DY) defines a morphism,
iel
Where Qe IS T) is such that @ bz, V,=/. ludeed

YD =Y 0 (5FD Y (A FrD) =Y 2485 Y 200) =) ().
ter rel ie! el
If s<f lLhen:

2(s) = Y 2,(8)
I

1E

D)V o)=Y wdll) o ptl).
¥4 el el

Lel {s;);es be an inereasing family to s=8. Then:
#Hsh=2( V8 YoV s)=V Pils) = N g
JEed 1€l jed el fel el
In order tu prove thal ¢ 3+, we use lemma 3. The first condilion is clearly
satisfied, Lel st Then :
U T2 = Y a0 +2d) = Y [0 +20] = ¥ lpdsrb 2401
j€eJ jeid =1

Bul., for jzi we have 3,2 5, hence:
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2i)Foit)< p(s) 2,00,

s0 thal ;

2+ _;/I |24 4-9.(s) | =) + 5 5).
1
h) I o(s)== A[c;),(s). Ys=17,). lhen:
1 E .

0= A 2ls b0 A (a b ) = A o)+ A 200 = 9(s) - 3(D).
tef 1Ef = 16§
If s<t Lhen :
P8) = A ol = A pildg A 2= A wtl=2(N.
e/ rel il i€/

Lel (s her be increasing to s<= 8, and ot A€ T* be such that pls, () ».
For ¢ =0, Tel j.=.7 be such Lhal :

w5 T2 wlz (3), Yz fe For i2i, we have: w, ~2,+9, hence :
208, as)) -+ 22 (2 (5N F (s 2 =70 (50 F 22 1(34,(5))
={28)) + (i)
and :
Nt ez al(s). Vizie j2 .
We deduce
@0y Fe2 inf wim(s). Vi j.
tef 1ef
and :
al A ods)l+ezal A 9.3 Vizj, VA wipdsihdez A n(pds)).
il vedf el 1l 1e7

As 20 was arbitrary. we get finally

A '{71(5'}) = A ./? ’P»(-‘:j)-

11 et €l 1e

The converse incqualily is abviows. The fact Lhat e YT results as
above, using lenima 3,

Remark. "The hypothesis in b)Y holds. for excmple when T is a standard
H-cone.

On a resalt of Dixmier. We adapl Lo Uhe case of f-cones with specific
order. a resull of Dixmier [3].

Let S be a stonian cone on the compact N, We consider Uhe following
condition :

(1) YX,= X open-closed. Vs=8 we have s, =8, where :
spos on Xy oand s, =0 on N XL

Remark. (1) holds in any regular stonian cone, such Lhal Chr X s
connected.

Proposition 11. The following properties are equrinalent

1y 8 has the specifie order.

2} S=04(N).

3) dAny basie sel i open and (1) holds.

1) XNods w stonian space and (1) holds
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Proof. 1= 2. Vet f= (00X) be such thai f22 0 on N There exists
Spe o= N, such Thal s,={, and 5, f,—[ uniformly on N tlenee w, -5, - {, &5

and o, — unilurmly on XN, henee f€ 8. For arbiteary foowe use: finl (f -1/,
reEN

2=3. Let A XN Dbe a basie sel. For any 4.4 there exisls s€ 8 such
thal s 1 on 1 and s(2) U tHlence | B! —1=0}-XN 1. and A is open. Clearly
{1 hetds. ;

S=L Let A= XN be open. 1 oas then a hasie sel, ienee also open.

I=1. Let s/ For any balavage B on S we have: Bt sy~ s on b B};
and () shows thal By -5y 0= s on X bif). Hencel! s&Sand s< 0.

Using 3. prop. 7] il follows :

Propesition 12, The follwwings are eyuivalent :

1Y 8 has the speeific order and there exists 1,= 5% stch thal u,(1) =20
and o8 <= a(s) <Jel ).

2) N oix hyperstonian of coundable type and (1) hofds.

Mo wre equivelent :

1Y S has the specifie order and {here exisis = 5" such that s#0=200,(5)£0.

2y X s hyperstonian and (1) halds.

Proposition 1. The folloings are equivatent

1y There exisls w,= 8% such thel w00y <o and s f=s4(8) = ).

2y There exists a posifive Rudon measure on N, having X as supporl.

8 The union of the interiors of the supports of the finile H-tnlegrals is detse
m X and any fanily of non-void. open, disjoint sels i N is ol mosl counlable.

We can now prove:

Theores 14, Let S be a stonian cone, hapitng the speeifie order. If there
exisls w, €85% sueh thal seO0=u(9)#0 then S ix an anto-diad H-conte. Tf. moreo
ner, o 1)-=—oc. then {he ussocialed Dirichlel spuee is L3(w,).

Proof. Using the above results, |30 prop. 8] shows that 2{sHl) == wals.f)
defines a morphism % : 5— 5% which is bimonotone and surjective, Tor any
halavage B on 5. we have s o Ba)() - ual Bsy o IF(ais)idy sy By - ua{s D).
Since Bs s on M By and Bs 0 on X b il ToBows that s, B34 .Bs on X,
hence & is auto-dual. The last part is a diree! consequence of {20 prop. 7.4.5.]
and [3. prop. 8]
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SOME REMARKS ON M-CONNECTIONS
BY

Vo OBADIIANL

. .\'I"luw .}_I-ua!hm-ulmns as well as induced M-connections on submani-
Q[f s are considered and some of [heiy properties are pointed out. The second
{ivlllll(‘.‘lill f.lll‘ld{llll(‘ll(.’li form associated Lo the triplet (submanifold. normaliza
Iao_n. .‘ -struelure) and Lhe Gauss-Weingarten formulae are generatized. Re
.1110'nslhc'l\\(':-n the JI—l_m'sn.m and M-curvalure lensor fields associated res-
pechively 1o an Mederivation and to the induced M-derivalion are given.
o .fi.ll(jll:m—:u.ln?l-"(-nllltwnlmun_. Lel V' bhe a finite dimensional  smooth
‘l:‘ll{l 5 tensor Ilel(l"ﬂI on V.oof type (1. 1). defines a quasi-siructure on
. g qu:m-dm'l‘\"almn DY assoctaled to the field 17, is a mapping DY (X
\ PP ) N N A 0 !'- £ bl . a %y
)r')e};x.b-—»l)x\ €74, (F-linear wilh respect {o Lhe first argument, R-linear
with respeel to Lhe second one and which satisfies the relation DY(FY)
DXYV)+HMNE- Y [6]. A M-str ivati 3
o ¥ MXN(S) ) .]... CM-strueture (resp. M-derivation) is a (quasi-
structure (resp. quasi-derivation) with the property that the tensor field
M is proper, '
. Let \ and \" be smu‘olh manifolds. with the quasi-struclures VW and
M respectively, [y and DY the corresponding quasi-deriy alions, fi: Vs
asmooth diffeomorphism and hg: TV TV s corresponding derivative (i.e
its Langeal map), . -
Ilelunlmn. L The quusi-structures M oand M are called herelated (h
correspondunt) if and only if -

(n Ml -~ hy M.

I’ljhe J}L*Ialinn (1} shows that if a quasi-structure Af and a smoolh diffeo-
morphism h arve given on a manifold V, there exists in an umigue wav a quasi
structure M on V' such (hat e nasr
(1) AP =h M.
. We sl}:n]] denole Lhis quasi-structure 3/° by 4(M) and we shall sav that
M7 is the iimage of M with respect to A, )
. e o .
lropusmfm . The relation of h-correspondence which is defined on the
spuce of yuasi-struclures is an equivalence one.
l_flh,, hy: V> V" are smooth diffeomorphism. (hen the operator N' =
hg*h,*,. l-lii.'i the properly: : MiN"— N}, where M =h M
. ll)ofml.lmn 2. The diffeamorphism h: Vo V' is called « r].llﬂ\'f-t‘lffinf’ col-
lineation with respect lo the quasi-derivatives DY ad DY if the following relu-
tions held



