o ——— oo

él,g, =T — — - £ i .ﬁ

Proof. 1=2, Let f= CXN) be sueh that fzx 0 on No There exists
See dp e S, such Lhal s,z and s, L,—f uniformly on No Henee u, s, £, =8

and v, —f uniformly on X hence f= 5 For arbitrary foowe use: f=inf (f - 1/n).
nEN

D=3, Let XN be a hasie sel. For any x4 there exisls s 8 such
thal « ~Ton band s(r) ~0. Hence [BY 1= 0] X 4and L4 is open. Clearly
(1 holds. .

3=1. Let A= X Dbe open. 1 is Then @ hasie sel. henee also open,

l=1. Lel s= L lor any halavage #on 5 we have: B(/ —s)=f —xon #B);
and (1) shows that Bt - sy =O<t s on X h M), Henee f s=Nand s« L

Using [3. prap. 7] it Tellows :

Proposition §2. The [followings are equivalent :

1) 8 has the specifie order and there crisls 5, =85% such thal a,(1) ==
and : s <l=as) gl

2y X is hgperstonian of eonntable tiype and (T} holds.

Mse are equivalent .

1) § has the specific order and there exisfs a2 8% suel thal s£0 =005y 0,

29 N s hyperstonian and () holds.

Proposition 13, The followings are equivafent

1y There evisls w,=5% such fhal p (D) <oc wnd s<l=sq(s8) - gt

2y There exists a positive Radon measure on No having X as support.

3) The union of the inferiors of the supports of the finite H-uitegrals is deitse
it X and any family of non-ood. open. disjoinl sels in X is ol most conttable.

We can now prove;

Theoresn 14, Let S be a stoiian cone. havitig the specific order. 1f there
exists wo = 8% such thal s#0=>u () #00 thent S ix an anto-dial Hecone, If. moreo-
ver, uo(1)= 20, then the ussocialed Diviehlel space is L)

Proof. Using Lhe above resulls, [3, prop. 8] shows That p(sil) — uqds.d)
defines a morphism 7 : S—5% which is bimonotone and sorjective. For any
balﬂyagf Bon Sowe have gt By = pa(f By o IFCa)h sy By (s B0,
Sinee By s on b)) and Bs -0 on X b{UI il Tollows thal .30 L. Bs on X,
hence S is auto-dual. The last parl is a direet consequence of |2 prop. 7.4.5.]
and |3, prop. 6.
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SOME REMARKS ON MW-CONNECTIONS
BY

V. OBADIEANL

Affine M-coltincations as well as induced M-connections on submani-
folds are considered and some of |heir properties are poinled out. The second
bilinear fundamental form associated (o (he triplet (submanifold. normaliza-
lion. M-strueture) and the Gauss-Weingarten Formulace are generatized, Re-
lalmlns between the M-torsion and M-curvature lensor Tields associaled res-
pectively 1o an M-derivation and 1o (he induced M-derivation are given.

-]. Quasi-affine collineations. Let V' be a finite dimensional smooth
manifold. A tensor field 1 on V. of 1ype (1. 1) delines a quasi-strueture on
V.o A quasi-derivation DY associated to (he field M. is a mapping DY (X
Y)sitxib—DYY 74, (F-linear wilh respect o Lhe first arguent. R-linear
wilh respecl Lo the second one and which satisfies the relalion DY(Y)

ASDYYYHMX()- ¥V [6]. A M-structure (resp. M-derivalion) i%“-l"( i
. . R sp. . v 5 4 quasi-
slrneture (resp. quasi-derivation) with the properly Lhat the tensor field
M is proper, )

' Let \ and V' be smoolh wmanifolds, with the quasi-structures 3 and
M’ respectively, DY and D™ {he corresponding quasi-derivations, h: VsV’
a smooth diffeomorphism and e TV TV il corresponding derivative (i.e
is Langent map). ‘ B

Definition 1. The guusi-structures M oand M’ are called h-related {h-
correspondant) if and onfy 1f -

(h M hy — Iy M.

he relation (1) shows that if a quasi-siructure M and a smooth diffeo-
morphisn ft are given on a manifold V, there exists in an u nique way a guasi-
struetnre A on V7 such that )
(1) M =h M

We shall denole this quasi-structure 1" by M) and we shall say that
M’ is the image of M with respect to k. ‘ )

Proposition L. The relation of h-correspondence which is defined on the
space of quasi-siruetures is an equivalence one.

I Ay hy: V= V' are smooth diffeomorphism. then the operator N’ =

hoylys, has the properly: : MIN'- N'My. where M —h  ATh;}.

‘ Delinition 2. The diffeomorphism h: V= \" is called « qua.\'i—c-tffine col-
lineation with respect to the quasi-derivatives DY qud DV if the following relu
tions held -
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[

a) The yuasi-stoielures M oand M oare hereluted (i they salisfy (D).
by We have
®) DY) I IE Y. DYV =D, Y

for each X. YU (V) ffeM(V).

If we suppose Lhal en the manifold ¥V oare given a quasisstructure M
and a quasi-derivation DY, then cach diffeoinorphism f: V=V determines
in an unique way a quasi-derivation DY on V7 ogiven by

Dy i’);:l_\,{h: [, YNV e,

o
e DYY (D IV NS Y SV,
We shall denole DM —h(DY) and we shall sav that DY is the image
of DY with respeel to h '

Proposition 2. The relation of h-correspondence on the sel of  smooth
manifolds with quasi-conneclions is an equivalence one. ;

Definition 3. .\ smooth diffeomorphism h: V=V is called a quasi-affine
transformation with respect fo DY if it is a quasi-affine-collineadion and if the
quusi-struelure M on V' is invariant with respect lo h {i.e. M, =h, ).

Then it is nol hard to see lhal: -

(27) DRt (B =it (DD, Do, Y =h(DXY).

Proposition 3. Lel V. V' be smoofh manifolds. h: V—=V' «a diffeomor-
phism. (M. M. (M, M3) hwo pairs of quasi-h-correspondent slructures and
DM, DM DM DM the corresponding quasi-derivalives. 1f b is a quasi-affine-
collineation for the pairs (. DY) (DY D) then il is also « quasi-affine-
collineation for the pairs of linear derivations (2,1 42.DY-, F.J)“'---lgl)“'r-).
In particutar it is an  «ffine-collineation for the deformation quasi-connections
(DM, M:’ DM M ,). :

It is easy to verify the following properties.

Proposition 4. Lef V and V'’ be « pair of smooth diffeomorphic manifolds
and s V= V" a diffeomorphism behween them. Lel ¥ and V' be Lo derivalions
steeh that hois an affine-collineation with respect to them. Lol Moand M =h, MR
be tio gquusi-h-correspondent structures. Then lhe quasi-derivalions DMv and
DY are quasi-affine eollineations and conversely.

Indeed. let Vi oh, Y = 0o (Ve ¥). DYEVY = Vi Vo= Viguxls Y =

BV Y = he SETY. ln other words, DY and I (M he MY corres-
ponding to V. ¥V’ respectively have the property thal his aun affine colline-
ation with respecl to them.

Conperselyy,  Vy Y — Viey I, Y =V

ha DS Y =h, Vi Y.

MoX
In particular. Tor the affine lransformations we have:

DY che Y =h DYV Vg Y =h Vo Y.

Proposition 5. Let M. M be « pair of quasi-structures. Then M is an
M-structure if and only of M’ has {he same properiy.

g€ T) (s L (M-LX)

) h, Y =D Y =
*
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l;rupmi_linn. 6. The M-torsion and the M-curvature of the M-derivation
fwn DM which s indwced by hoon V' can be expressed by the formulue

TY(N XYY R, TYHLN Y
WYX Y I RYULAN YY) B2
The proof is o straightforward caleulation.

l)('l'iniliclm Lo The M-Lie derivative 1D of the operalor DM jy yiven
by the formmla :

)

hH (LY = L8, I =N wapesavs

Its value on o veclor field Z is oblained Iy

(Y (DY 2 MOMN, MDEZ) - DI | N, MAW-IBE vy ay 2

. i|Nm\'. let us consider a smoath manifold V' with an derivation ¥
ilvl‘iniliun A The r:,ru-rr;h:r

) DI =1 1.+,

is“('uH‘nd the deformation of the Lic derivative associated to the
D with respect to the vector field X,

i. The deformation of the Liv derivative is =ero if and only

M-derivation

Proposition
if LaM=RAIly.
Indeed. LY =l v=2d1" M= Lyy and conversely,

. ll'('I]Nl.\lll.lIIl .Il. lh‘v Lie derioative Ly carresponding lo (he deripafion and
the M-Lie derivative DY are related by the relation :

() (LXDYy — (e Va4 [DLY, Vir].

Proposition %. If LxM MLy, X « peclor [ :
o r axM DMy, e tefld on V. then the AL
r!_rra rm:frm- of the M-connection 1™ with respect o X is equal with the Lie dr*rim’tf
five of the conneclion V wilh respect to the vector field AN,

Lemma L, Lol M be a fensor on V. Then il ist i i

] : i L : tere exisd

] uectrur field X on V' such that MLy —[.yM. TR e ingy

I'he vector field N is given locally by (he equations :

'.‘-'r; *h h
oy M,
da! gt dx?

Lemmma 2. 0 tensor field M on ¥V safisfies the i ondifi
(Ml,.r’-‘ LxM) for cach X. {[' annd only if M f.l“l (K_HJ_mt;‘g;i“f;:;l)f.ﬂ“”“ condition
o lh(} commutalion condition can be wrillen M[X. Y]=[X, MY], and
it is nh\'l()}:s that M KT satisfies this relation. Conversely, %ll[)p(;‘i;' lhf;l the
commutation retalion is satisfied. Then for cach Y we I:a\';': - ‘

M
t").l'p

0. M3 ALSE -0,

and Lhen _'\].f woconstanl and therefore Mo 0f
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Proposition 16, Let M he a peclor field on V owhich commules with the
Lie derivative fov and X' MXN. Lel o be the ﬂnm of the vector field X. Then
g ds w qmm affine-fransformation with respect to an M-linear connection DY
defined one N if and only if we have

(7) (L3 DY) 0

Proof. 1 (I3faxDM)y 0. then by using (6) it follows thal. (LV)y — 0,
and then g is an affine transformation : we have: 5u(VxY)—V, v 2.V,
and therefore DY oy 90 Y =203 0x Y. Couversely. et DY erepnY
=a. D axY =5, (Vr\) V., x2r Y. Then (LyV)y =0 so that (L3 .1¢DY)y —0

Delinition 6. The ubope veclor field X is called an M-infinitesimal affine
collinealion.

Proposition 11, The sel of M-infinitesimal affine collinedlions with res-
pect lo an M-connection DY is an R-subalyebra of 6(V).

Proof. We have:
e (LAl v baxy M) = BT e, DAy -+ (L3 DY)y =0,
2° (13 varx 2 DMz =(Lex v Viz 0O,
The equality 2 follows via the properly that |X. Y] is an M-infinitesimal
affine collineation.

Let DY be an M-derivation. Then we can construct [he operator A%
=L¥ DY and one gets:

®) AMX,Y) =AY Y = —TYX, V)-D¥X,
It follows ihal . "(\' Y) is an (z-linear operalor with vespecel to Lhe

secand variable and AY defines a lemm field of type (1, 1) on V.

Proposition 12. Let XN be « vector field on V. Then it is an M-affine
collineation wilh respect fo the M-derivation DY if und only if we. have

4) RY(AMX, V) =D Ay
Pmnf Let M 'X -~ X. Then RY (X|Y) -{pX. nl bl

u- N, ¥
M Moy MM M EY
= |13 — A D)1= Dy kot =R el — Dyez pmladd DY
)" l" l‘" 1 D" iy /——»(D" 11 Y7, and conversely.
Proposnlmn Il I[' {he veclor fw!u'\ N and Y generate M-infinilesimal
affine collineations then we have :

(10) R"(]’I-I X .'1"[ & Y) I ‘1“- Y, :l ly] .t:{ 1Y Y.

"P”’”f- fASf e Adfon] = A = [ S0y Doy "M ‘??fu ]
(Lypx v, —Diyfvx 1) — o = RYQINOM'Y) (with [13, ,,.] RYRIE
see {4]).
Conversely, it X {resp. Y) is an M-infinitesimal afline coliineation and

the relation (IO) is satisfied Lthen it is not hard lo see that Y (resp. X) has
the same property.
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2, Induced quasi-connections on smooth submanifolds. Let V he a
smooth { = 7). n-dimensional manifold and V a p-dimensional submanifold

of V. We consider Lhe pair (V. \') and the following configuralions
1* The tangenl bundle TV = =) 7T, v of the manifold V,

ael”
2° The tangent bundle TV=1) 7.V of the manifold V,
el N
3% The hypertangent bundle TV.= () T, V--1V¥/V of the manifold V,
" xel”
4° We suppose that the normal bundle NV | ) NV, has the property

zel

Ti T V@N,V. In this case we say thal the submanifold V of V has a
normalisation.

The veetor bundles 7'V and NV are sub-vector-bundles of the hyper-
tangent vector bundle HV=TV@NYV,

We shall say that a field of frames (1) of 1TV is adapled to the pair
(TV.NVY Il 1, ~4fext is the canonieal frame of the manifold V' associated
to the chart (I +) and I, is a field ul frames in NV over U,

Using the embedding of V' in V. each vector field X e(V) can be
extended in a natural wav 1o a vector field X €G(V) [2]. Then we can say
that HV is the restriction of TV to V. B

Let V be a smoolh manifold with a quasi-structure RE:CG(\')%QZ(V). We
shall say thal Lhis quasi-structure is eompalible with the submanifold V if and
only if for cach X e (V) we have TI:\/ Vedh(V). Using the diagram :

Nem(V)Ih X XS5 ANy vea (v,
it is casy to see thal there exisls a tensor [ield :
def -~
M N—MX= ISV,

and moreover it is independent of the extension X of X.
In an adapted frame the matrix of M has the form

M O) G jTh; 0 b=pT T n).
M M

and then we can oblain the matlrin (M{ of M in the canonical frame dfdx').
The sel of guasi-structures which are compatible with V is a vector

subspace of CI(V) for which Uhe map A= M s a surjeclive one.
Propesition 1. Let Vobe « smooth manifold and 'V« smooth submanifold

of V. Let D¥ be a quasi-derivation on V. Then ils restrietion to V is a quasi-
derivation on the hypertangent bundle and il is denoted by DM,
Indeed. we have fthe restrictions:

10534 D}’f\ NNV _\_I.\'if). { is an extension of [ to v,

(1) M 30
D1y I)-_{y,\.

2 — Marematich
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and then DY can be extended Lo the tensor algebra of 11V, Morcover we have:
D¥u@M —D¥u®@v+u®@DYn.

Proposition 2. Let D7 pe 4 quasi-derivation on V and NV the normal
vector bundle on V. Then there exist two bilinear maps ;
(2) 2N Y)Y S (V) (V) 2NN, Y) S (N,
BY (N, g) = c0(V) 2 (N)-— BN )= 70 (V).
if end only if the yuasi-stiucture M iy compualible with V.
) Proof: Let M be a quasi-siruclure compatible with V' and M its restric-
ton Lo V. The operators DM YoM 3 njven by
h‘ - f r o b4 . -
@ R VXUV DRAT) - MN). DRV pranDE Y,
o . Min v . S
| DYy = pryv DYy, (N0 V) pryy DY BY(X, ) —prey DY,
satlsf}(': the condilions ol the proposition.
onversely, DF(fY)= prr (DYfY) Prov(FDXY+MXN() Y WMy
| erscly, DA¥(fY)- _ e ([DYY XN V) - [y
FAMX(). Y DY LAMN(NHY. and then hYN MX, X! so thut h.\“lr M
(MX @ (V).

Propesition 3. Let {27} be the sel of yuasi-structures on N which are
compatible with V. The maps DYDY, DM 4N DM_, 1y i, 0 P
—8Y are (F-linear. '

. .l_he t[uasi-clm:ivat.inns and Lhe bilinear forins on V given hy Proposition
2 salisly by delinition the Gauss-Weingarten equations : -
@) DAY =DY +a(X, V)., Gauss equation.

Py DMy — YN, i), Weingarten cqualion,

Proposition 4. Let D™ and D™ be quasi-derivations on TV and NV
respectively. and o™. Y the corresponding bilinear forms. Then there exisis
m a canonical way « quasi-derivation DM on {1V,

Indeed, let & = Y4y, and DY¥E - DYy - DY MMy M

ndeed, ) Ly, and Dye X x§ - DY Dty -
(N, V) - BY(N.y). Then it is easy lo verify that it safisfies the con-
ditions of the Proposition.

e is called the second fundamental bilinear form of (he triple submani-
fold, normalization. quasi-structure.

l:{o'positiml 5. Let M be a quasi-structure on ¥V, V « derivation on V
and DY its corresponding quasi-derivation. I,ef ¥ [resp. D" the induced deri-
uuhlion [resp. the induced quasi-derivation] on the submanifold V' of V. Then
DY iy the associated quasi-derivation of the connection V.

Indeed, we have VY cpry, VY DY =pry-DYY Uy i

5 g + i FRRES and I)_‘r¥ V.‘r,\’},
hf;nce D-"'\;“ Yesprpp DY Y —prpVyn ¥V = Vi e ¥ Viwr Y. In olher words the follo-
wing diagram is comumulalive ;

(M, V)—— DY
|

! |
(h)M, V")-— P

For functions we have: VA(f)=XF-Vy(f), and DY) =V, ()=
SRMX(f) = MX() Vo) - DY), ! A
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If A is an M-structure then in Lhe above diagram the orizontal arrows
can he reversed.

Proposition 6. [[ the quasi-strtieture M ois an M-struclure, then hM and
M have the same properly.

Proposition 7. The operators d¥ and LY are invariant under the pro-

Jeetion e Voo d®M =M P S LY (W NV,

In sther words, their projection are idenlically with Lheir restriction to V,
Proposition 8. The following reletion is valid
(" TNy TN VAN V) 2(Y N
Using () 11 fellows thal prep TYN VI=T"(N YL prapTY(X, V)
(XN, Y) x2(Y. Xy @ This expression is called the vertieal torsion.
Corrollary. The fensor T is trivial if and only if T and 2 are trivial.
Definition 1. The occtor field Y iy colled M-conjuiyale with respect to X
if oM(N. Yy =0,
It is easy to see thal Yis M-conjugale to X if and only it DYY =DiMY,
Remark. The relalion of M-conjugation can nol be in generally reversed.
Definttion 2. A wveclor field N is ealed M-anloparallel if DY =0. If ¢
is a curve of the manifold Vil is M-wdoparallel if D¥X =0, where X =0. [f
is called M-astmnptofic if «M{N. X).
Proposition %, |\ curve ¢ on ¥V oawhich is M-wtloparallel with respect to
DY ix M-awloparallel with respect (o D' and asimplolic.
The converse statement is  also troe.
Proposition 10, The curvalure fensor RBM |resp. R of the derivalion
law DY on 1EV fresp. D™ on V| salisfies The following relation :
RN, VW2 = R"™(N. Y)Z 4+ DWEMY, Z)—=DMaMN. Z)y (X, DY p 2y
~oM(Y, DRZ) - BMINL o2M(NL Z)—RM(Y, 2M(NL Z)) M AN, MY, Z).
Using the projection we can deduce the following relations :
pre RM(N. Y)Z = RPN Y)Z—[BY(NL o™(Y. 2D BY(Y. 2M(XL £))),
pray RN, Y)Z =DM (@MY, Z2)— DY aM(NL 2y (X, DYWMZy—
Y, D) o M(MATN, MY, 2).
Remarks © 10 RM(X, Y)Y =0, Lheu;
1" RPN YV)Z =8Y(NL oMY, Z) - PYY. «M(X, A)),
2 DY, Z)) - DXL 7)) = — [N, DWZ)— (Y, D¥Z)] +
(MM MX, MY 2,
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