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Let X and Y be Banach spaces and let  he a multifunction from X
into Y. For every poinl (x. y) € X % Y. we consider the multifunction Ke(z. i)
from X into Y which assigns o every point o= N the set of all peinls e Y
such {hat

@A -6 g m) W graph (F),

for every neighborhood Wool the ovigin in X oY and Tor every 7 =00 In other
words graph (K (g equats Ko (20 g1 the tangenl set in the sense
of Bouligand |Lop 32 and Severt |8 p. Y9 to Lhe seb graph({F)
al the peint (r. ). Aceording 1o Lhe elemeniary properties of Lhese tangent
sets. graph{K (o, ) is a closed cone which is vol ecmpty if and only il
(v, )y =closure(graph(i),

Our main results relate openness of the mulitfunction 7 al some points
(7. =N -V to openness of the corresponding multifunctions Kp(x, y) at
the origin in X Y. Reeall, on this occasion. some delinitions councerning
openness of o multifunction 2 Trome o topological space X inlo a topolegical
space ¥ oab o opoint (o e N Y The mullifunetion 1 is said 1o be open at
Lhe point (rog) il for every neighborkood & of v There exists a neighborhood
Vool g such that Vo (L) Other variants of this definition make use of the
inctusions Ve clesure(FF(U ). VIFX)=F(O) or V (X) = closure (F{U)).

Now we return Lo our initial setting. In the statement below, for every
point ¢ of a Banach space and for every r =tk f3(e. r) stands for the open ball
with centre ¢ and radius r. And. for every subset W of XN Y. we denote

Z{(W) n (y+closure (Kp(x. y) (3.
(o Enraph(imH

Theorem 1. Let W obe ait open subsel of XY such that the set graph(F)n

nclosure(W) s elosed, and let 3 =0 such thet

(1) SO0 K g X)) = closuve( K (e i (B30, 1))
for every (v p)y=graph{/Hyn W. Then
(2) By 1) n ZMW) = F(B(r. )

for eeery (v ) sgraph(dIn W and for coery = -0 satisfying
6] B(r. &) = B(y. rne)= W.
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L 1

Proof. Lel (. y)_Egraph(l-')nW and e =0 salisfying (3), and let re
<€ By, ke)n Z(W). Consider u>1 such thal u|lz - p|| <re. Following an idea

of Penot |7, p. 30]. we endow the linear space N> Y with the norm
(P E N Y—max{n||pll. Jigll L
and apply the variational principle of E ke lan d [5. p. 324] Lo the function
(p, ) Sgraph(£)n closure(W)—y —~q]| = R,

in order to obtain a poinl (a. hy=graph(F)n closure(W)
such that

iz =Bl 1l B = o gl e ).
and such that
allz =BlI<p |z =gl ). @) — (e, )] r
for every (p. ) = graph(F)n closure(W). Note thal
(a. ) —(a. )| = ns.
hence a < B(x. ), b= Uy, 1e). (1, eV,
z&h-elosure(K (o, (X)),

and, according to (1),

130, 20 Kp(a. b(X)< closure(K (e, b B(D, 1)),

Now we shall show thal z=h. Denote o-r-p. Consider a sequcnce
(Talwen in (0. 4-o0) such that il converges to 0. Then. for every ne N,

e B, jloll )0 closure(K p(e, b X< closure( BU. {|v|{-+r)n
N K e(a, (X)) closure(K q(a, DHBO. (| |||+ R

Consider a sequence (u,, m)ex in N Y such thal (th)nev converges
to v and such that, for every ne N,

Uy = Kila, b)(u,), and w, = B, ({[0]]-Fr)/7).

_Consider, further, a sequence (s, Pu. fo)rer in (0. 4-0) x X x ¥ such
that it converges to (he origin in R X = Y and such that. lor every ne N,

fe ) s (. m) - (. o)) =graph(f.

We may suppose, by passing 1o subsequences. that, Tor every ne N,
s ={(0, 1) and

e By -Fs, (e 0+ (Do g ) = WL
Since, for every n< N\,
wHEHS el suva-tqe) =l 5,010 0) + (o qu) |1 (15010 45,
Fn =211+ $al [(@ae 00) 4 (pus G0)|
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and
) |7] € ) [t o vl s o] [ . 1l | Pae )]

we conelnde ol ol Holf. v==0. s=b e (o FEBr 2D (2D holds. and the theo-
rem s proved, o

Neal we discuss bwo particular cases. Z(W) Y and £1(X)=Z(W). The
first case. Z(W)=1Y. holds if and only if
(1 closure (K (., YHXN =Y
for every (. gy sgraph(F)nW. Nole that (1) and (4) is equivalent Lo
() B v < elosure (Ke(e, g)( 130, 1)),

[n that case. Z(Wyr=Y., (2) is cquivalenl 1o
() By, re)s F(B(x. 2)).
and we obtam o first corollary te Theorom 1.

Corollary L. Lel W ohe an opent subsel of N - Y suel thal the sel graph(Fyn
nulosure (W) is elosed, and lel 3.0 such that (5) holds for coery (x, yy € graphF)n
NW. Then (6 holds for ceery (xoy) & graph (F)nW and  for every e= 0
sadisfiing (3).

Corollary 1 improves a result of Tenod [7. p. 30] Where W —U Y for
sone open subset {7 of N, The second case. F(N)S Z(1W), holds if and only if

{7) FINYE closure{K (r. g} (XD
Tor every (v gy =grapht/Hn V. Nole Lhal (7} is equivalenl 1o
(%) closnre (Wp(e, ;UN)Y - Koo (-
abd
(9 Uy g4 Ky ().
In Thal ease. F(N)E Z(W), (2) implies
(1m Biy, he)y N (XY (e 2,

and we oblain a scepnd corollary to Theorem 1.

Corollary 2. Lef W obe an open subset of N Y such thaf the sel graph(F)n
N closureOWV) ix elosed and such that (8) and (3) hold for every (x. y) € graph(Fin
NW.oand let 7 O such that (1) holds for every (x. yyegraph(iHn 1. Then (10}
holds for coery (e, pye=graph(In W oand for every = -0 salisfying (3).

Belore. we conlinue. we observe that (7). hence (8) and (9. holds for
every (o) sgraph(F) il the sel graph(f?) is couvex since, according to the
properties of fangenl sels Lo convex sels.

gl'il])ll(.{")g(-r- I}) LY raph (I"'(-t- l})‘
for every (o m e closure (graph(f)). Next we prove a cerlain converse of
Theorem 1 in case Lthe space N is linite dimensional.

Theorem 20 Lel the space N be [inite dimensional. let (x, yy= X <Y,
and let Z= Y and % =0 such fhat there exists 3>0 such that
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1
(11) By. re)n Ze closure (F(B(x. £))),
for every e=(0, 8). Then
(12} BO. )0 K ()= Kutr, g B0, 1)),

Proof. Let o&B(0,3) 0 K,(y), and consider
o 1), A1), ¢ Posegquence (s, g,y i
(_|(_). (lyoj_), .)::E;uf(‘h that ik t‘.on\\-oig('s to the origin in 7Y and Sl(l(‘h !tn}?.a?\r;-l:
Sy fa) SL Tor every n= N, We mayv ¢ by passi “ne
s o ¥ suppose. by passing to subsequences,

By, rsp)n Z= closure(F( Bz, s,))).
for every neXN. Then
Ytsa(ot-ye) =closure (I B, Sa)))

- gy - . .
for every n €N, and we get a sequence (M ey in X = ¥ 3
St I N W ey N2 such that (7). ex
ges tu Lhe origin in Y and such thal .

v ' '{"(”-E_I[W "fﬂ) H "( e ""lr”n)

zn:' I, ;Eh{i((). 1) for every ne N. We may suppose. by passtug to subsequences
gain, that (u,),ex converges. Dengle by w its Timil. Then re Kp(r. y)(u)

B(O. )0 K, ()= Ke(r, g)(closure{ B0, .
and the conclusion follows since, for every gl 1)
BO. W0 Kz()S Ki(x gi(elosure( B, pie Ky (x. (B0, 1),

Again we discuss Lwo particulac ca / ’ o =X
: uss . : i ases. Z =Y and Z (X)),
In the first case, Z =YV, (11) bhecomes =

{3 Iy 2= elosure( (B v e)).
and (12) bhecomes
(14) B0, 2)= K. (B, 1),

50 \\'eLobtain a first corollary to Theorem 2.
orollary 3. Lel the space N be finvite dimensi

o . : ensioned. and lel 3.0 such

thal there exists 80 such that (13) holds for enery e=(0. 8). Then (14) holds.

In the second case, Z—F(X), (11) hecomes

(15) B(y. re)n F(X)= closurei 7(B(x. 2))).
and (12) implies
(16) B0, 10 K, p)(X)= Kplr. ) Biu. 1)),

since t{x,.(r, y)()i)g Kgix) (7). so we oblain a second corollary to Theorem 2.
i 1 A:l()l]&ll‘l':\"-l.\flc’i ‘Hrc space. X be finite dimensional. and let 2.0 such
tere exisls 8/(} such that (15) holds for every z<(0. 8). Then (16Y holds,
. 51{3;11}11.113_; lI[)..lf the space X i‘;‘finil.t- dimensional. W is an open subsel
A Y such that the set graph () nclosure(W) is closed. and 2 -0, then
the following four conditions are equivalent : '

i
[
iy
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(5) holds Tor every (rog)&graph(fniv .

() holds Tor every (. g) S graph(f)n iy and tor every >0 salisfyving (8) :

{13} holds for every (x. gy sgraph(fn W and for every ¢ -0 satisfyving (3):

(11) holds for every (e y)=graph{iin W

Moreover. il (8) and (9 hold Tor every (o, iy =graph(l’)n W, then the
fullowing four condilions are equivalent too :

(1) holds Lor every (e yySgraph(don o

(10) holds Tor every (. y)y=graphtf)n i and for every ¢
fving (3);

i13) holds for every (. gy Sgraph(F)n W oand forevery z -0 satislying ()

{16} holds for every (xr.yyegraph(f)nh.

Tao close this paper we transpose Fheorems | and 2 in the setling of

() satis-

functions and of sels.
Let, Fiest. £ be a [unction from a subsel of Xonto Y. For every poinl

redomain(f). we consider the multifunction K () from X into ¥ which
assigns to every point w XN Lhe seb of all points o5 Y such Lhat

@ flep -+, e, v) W grapif)

for every neighborhood Wool the origin in X ¥ and for every r=0. In other
words graph(X 2)) equals Ko (0 f(0)). the tungent sel in the sense of
Bounligand and Severi to the selo graph(f} ab the point (. f(x)). The multi-
Tunetion IK,(x) may be casily calenlated in case the function [ is Severi dif-
ferentiable al the point x (see Severi {9 p. 0] and [10. p. 200]) sinee the
graph of the Severi diffevential of [ at @ equals Ko J(1)) too (sce [10.
po 201 A similar resull has been proved carlier by Flettb [6, p. 520] in
the purticular case when @is an intevior point of the sel domain(f) and [ is a
Fréchel differentioble function al the poinl a.
In the following, Tor every subset U of N we denole

Aly— n (fla)y+closnrets (X))

w EdvenamyfI N1/

Theore 3. Lel U be an opert subsel of N such that the restrichion of

the function [ o the set domain (£)n closure{U) hus a closed graph, and lel 3 -0

such tha
B 20 KNz closureg K (o B0, 1))

for cvery redomain(f)n U, Then
Bf(x). reyn Z(U)= [(domain(f)n Ble. 2))
for coery redomain(f)n L e for every =0 salisfyiny
Bix. e)= (.

Theoeem 4. Let the space N be finile dimensionad. el redomainif),
antd let =Y and 70 such thet there exists 8 -0 suech thal

B(ft ey, 2oy Z closure(f{domain(f)y 0 e, )
for every z< (0. 8). Then
IO, a0 Katne Koy (B ).
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Proof of Theorems 3 and & Take (1)
Fley - @ for every a4 domain(fy. W (-
Let. Tinally. S be o subset of ¥, or

0 for every redomain ()
Yooand apply Theorems 1 and 2.
every subsel Vool Y, we denote
VARN no (g -h.ogn.
YEvn
Theorem 5. Let V' be an apert subsel of Y sueh that the sef S 7 closure vy
is elosed. Then
Bly. &) N Z(V)= S,
for cvery y=SON and for coery z =0 selisfying
By =)= v,
Theorem 6. fef y=V. und fot 7= Yooand b

By, 1anZe< closure( Sy,

1V suech e

Then
Kone Koy,

Proof of Theorems 5 and 6. Tuke N 1) Fir) =5 for every res N W = |

N Voand apply Theorems 1 oand 2

Theorem 3 improves a resull of Cram e r and By [2p0 L where

f is defined and Gateaux differentiable on X. sinee the graph of the Galeaus E
differential of £ at a poinl v is a subsel of Ko e fed. Theorem 5 con
taims a rvesullt in {11 p. 183 which deals with locallv elosed sets and which
we have proved by using ihe drop theorem of D an e s I3 37HL The Facl
15 that the drop theorem of Danes and [ he varialional prineiple of Ekeland
are equivalent (see Danes | 1. p- 1531y Theorem 6 s clementary in The heory
of tangent sefs. ' - ‘
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ON GENERALIZED p-ORTHOGONAL PROJECTIONS ON BANACH

SPACLES
BY
0. K. SN

1. latreduetion. Various notions of projeclion aperators on ‘B;m.u'h
spaces have Dbeen illil‘l_\(ll](‘l‘(l. and developed by ]3.;31}'.' I{. S |I) n ll|.':|. I\“.(\‘wt ;1h|;
[21]. Ando [1]. Papini [30}. Phadke [29] and v }_; 8- et
notion of generalized p-orthogonal (1<p-<oc) |n'u:|_v.t,tm.ns .un ‘.ma\ g .i; ) “’.
is introduced and studied using generalized semimnet product 1}‘( 1 ([ljt".-
It is observed that the class of idempolent self adjoinl (:ud.l_ﬂlnl dh(‘h.?n)lll‘b[.u.ldf
tors is Loo narrow to furaish an interesting ;;‘vnvralllel_l_nl] of E!lt Class “.
orthogonal projections from Hilberl to Banach spaces. lh.!.b.(lt‘.ll‘( l.”ls :”“:1
what vvercome by the introduction of the elass of genct alized p:().il 1(1_-_1‘:'1:.‘.H
projections. Further, the differenl classes ol projechions on .Bz.lflldt \I. hl[)dt‘ h.(:
introduced by various authors, mentioned above, ullnnz.lulf\ vedued |“|1- ‘
class of (]I'“l(‘lg(!ﬂ:i] projectinns on Hilbert spaces. But the -.szufl;' 1:; no 1;
(as shown in section 3} for the class of generalized p-orthogonal (1= p .

£2) projecltions. .
. )llx)ll‘:lt‘cli(wul 3. the main results are the !nilu\\'mgr ,! .

1. The generalized p-orthogonal projection operators on m‘\ I,.. ilf;ns(nm:,
< poe, pF2Y of o seqaence of Banach spaces are pn-rlsu.l) |ht; « lll:( ‘
of generalized prorthogonal projection operalors an the hllllnlll:ll‘l.(..‘.-” o

2. There exists no non-Arivial generalized py (:‘1'lhngun.ll pu.;]f]( 'lllll‘(";
an fLsum (L=p proc. p#E2, p# i} of asequence of Slll()lll?l Banac 1] hl.}‘:l'p(::

In section 1. the characterizalion of gv_nvp-.lllxv(l p-mlhugnln‘n_.pf‘x!‘
lions on L2 X 0) 1opm, p#£2oon a ln(‘;lll?.i!]l'l“ measure sp‘;}u. is given.
In this context. the charncterization of 1lermiteian operalors on

LR 200, lspw, b+

iz sasure space. is obtained.
on a localizable ncasure space. 15 obls ' o o
‘ In seelion 0. it is shown thal there exists no non-lrivial generalized
p-orthogonal projection on some conerete Banach spuvv:la. o eetione
' I F Ao i meralize -0r t : s
In scelion 6, some properties of geueralized p-orthogonal prog
are studied. o
Some queries are praced 1o the readers al :lpl.)l()])lldll A|).|(‘l(ls. o rler
Terminology and Netation. For litevabure on s.1.p. and g,!.:(._l.p. \\l( %,(‘ '
o Lumer [.2I] Gibes [I6) Nath j28) Mihweic [26] ‘n‘u' |“|~ !
([33]. [35] [37]. For diterature on comples stricl canvexity. the 1'("<l(t.)7lk
ordad A : | T ! 1] b 0 )i s
referred to Throp [ Estratesca (8] (1)), Militie



