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ON GENERALIZED p-ORTHOGONAL PROJIECTIONS ON BANACH
SPACEN

1. Introduction. Various nolions of projeclion operators on Banaeh
spaces have beep introduced and developed hy Berkson |3 Kalton
21 Yndo 1), Papini [830L Phadke [209] and olhers. Here the
notion of generalized p-orthogonal (1< p- o) projections on Banach spaces
s inltodueced and studicd vsing generalized semiinner producl techniques.
It is observed Lhat the elass of idempotent sell adjomt (adjoint abelian) opera-
tors is loo narrow Lo furnish an interesting generalization of the class of
arthogonal projechions from Flilbert 1o Banach spaces. This delecl is some
whal overcome by the introduction of {he class of generalized p-orlthogonal
projeclions. Further, the dilferenl clagses of projecltions on Banach spaces.
introduced by various authors. mentioned above, ultimately reduce to bhe
class ol orthogonal projections on Hilberl spaces. Bul fhe same is nol Lrue
(as shown in section 3) for the etass of seneralizved poorthogonal (L poo o,
p#2) projections, '

ln seclion 30 the wain resulis are Lhe following ;

b The generalized peorthogonal projection aperabors on an fsum (1«
< pc, peEl) of aoseqaence of Banach spaces are precisely the diveet sims
of generalized poorthogonal projecticn operators on the summands.

2. There exists no non-trivial generalized p-orthogenal projection on
an fesum (l<po py=toc. pA2 p#£pp) of asequence of smooth Banach spaces.

In scetion 1. the characterization of generalized p-orthogonal projec-
tions on L7 X0 u) Topeaoon, p£2 on a localizable measure space. is given,
In this confext. the characterizalion of Hermiteian operators on

LA N ), Igp—®. pAL

on a localizable measure space. is oblained.

In seclion O, it is shown thal Lhere exisls no non-trivial generatized
p-orthogonal projection on some conerele Banach spaces.

In section 6. some properties of generalized p-orthogonat projections
are studied.

Soine queries are placed Lo Lhe readers ol appropriale places.

Terminology and Notation. For literature on si.p. and g.s.i.p. we refer
to Lumer [21]. Giles I8 Nath |28 Mili¢ic¢ [26] and Sen
(133]. [93]. [37D. For literature on complex strict convexity, the reader is
referred to Throp PH Istratesca ([I8) [19]), Miticie [27].
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unlc-"l 1S ". !‘-'ll and Nen a8y, By X we mean o conplex Ban
1k nlhor_\uqlf stated. By an operator oy N owe mean o o
transformalion from X into XN, ‘ 7

ach space
_ a bonnded Qinear
Fhe notations ROy, N(1 P
e : abons ROTy, b=l t
0 T will denole, respeeiively, ihe rapse Inl.n:] b M .’ l AT (1) and
Tromn and Doind specl roe oF B C g I Speayriom,
i S “:”_]_::l 'L'.l" clrun of 7, 1_3_\' A posihive operador on Banael spaces we
s o ]l- )1-\\|lh no-negalive numerieal range (Seon Al Ap ('l(4‘1. il
5 8 * bt orthagonal Lo 4 with fespect to o gsip. | i"fl-rl r,; r] ”'““
. o tAAT N I 4 N 5 i Pof. it a=Al,
2. Generafized P-orthogonal projections
Brelinition 2 N ;
“ campler (real) ml..f‘f.{ ‘-\ be a compler (realy pector space. We reeall that
ot ﬂ'f'ﬁm-;‘f o $ ]_J‘-r_r/;f.('r alized seniiinner prwduct (in short Peyesiip) < p <or
o r . . : ‘ [ 5 Y-S pho N <Th <o
L Winany v,y s N there corvesponds a compler (realy nuwmi
Wi sfyginiy (he following properties . . e

residial specs

reibs for any vy z€X und 7 cotpler
(i)
] R N R o P TR P
() frcal, ) for 4zt
{iii . '
} R R R Wlpe | 2y [PESRLEL ) )
{ivy} o

y Loyl < oy g1 o,
Then Xois culled o

PESLps) For oo
joduel,

Nole 2.0 - i ] ]

e A PRSP space 35 @ normed space with the worm g, g e
pttin lti.uil .ll}nlm\(l space (N, boand eneh peEil, o )’ there c‘:li:[llr i
\/:L- N U lill«lllgll s compatible wilh the porm, je Ly r]"""'- j'.t'f‘

G v e smooth Banach space gsap T ik, T ht ous
s e spate o pedsacp Tor cach poois wnigque. Thy
o . ll lp.slnl Weassime That all pog siopoare 4-(_»mp;nli];lv \\'ilh“.lhv [rh(ll":::
. : R - . B A ) . P :
T 7 WY pogsapoon Xothen {he relaljon [ b =t e, 1
25 jl S A0 delines aopt ek poon N B e b
Yefinition 2.3, 1 | N
“eb A epetalor T o N s osiid f
o rhaiion 2.3, 1 . ; S osund Ao e petierafized p-s
,r” | (o Ju.s'[‘p selfadjeinty in short peso 0ff there eresiy ”, i Ll
such thal |71, Py Virl,. Vs pa S8 pogsiiop, | o N
; Nole 2.4 N wolion of generalize
strictly convex and reflexive B

Pryeneralized  semiizner prodct

Pyetier / Epace (in sharl.
purneralized semiinger pradiet, )

rednees 1o semiine

. dp s.('H' adjoint aperator on 5 smaool )
Deiaitinn s anach space, is defined and sty died inSen[37)
= aperalar Poon X ofs seid /
. . A Soxeid de bhe oyenepel; - .
{or ‘[H.\\I~ ,-;-m!."mgmmi) projeclion (ff 1P oand b is p l«;r;i.";'rr:;j-‘,'fr[)[p el
Sode 260 These aperalors wi . N
N B alors will he terme i ] i
P2 The operators (0 '“” s D l(lnn(l.l..(_u.hngunal projections” when
. e ()r|‘} ‘ (' will he called 1rivigl prorthogonal projections
: S 0e agonal projections on N gre i W adjoint i
e Orthagon ‘ Soare idempolent adjoint abeli:
i |[{:_l‘; I[L the sense of Sty m PELE 139 and 0] e Iln ing [JIH]"t whelian
j Note 280 In non-simoolh Banach sprawes. b would ]l: :
oW whether an operator 7 may e peseliadoin
wilh l..l[."spﬂ.'l to two distinet p g.s.1.p. :
]',I-“ [u‘lll'm\m)g(' resuft is sivaight forward.
oposition 209, Foeery  pearf) ol
: ey wlhagonal project n &) [
wi ] / I projeciion ot XN s posilioe
h’(] ), , ({“_\U) are mulially orihogonal (mith respeel ooy p- {.' Yoy i
d wilh 1y closed stthspaces of X suelr that Ry BN { i e

imteresting o
W peorthogonal projection

OM GENERALIZED P-ORTHOGONAL PROJECTIONS N BANACH SPPACES L4

Nofe 22000 10 =0 and R Py and N(P)y are mutually orthogonal with
respeel Lo some gsiip. [0 thens il wonlbd be inleresiing to know whether £
is p-orthegenal,

3. Characterization ol p-orthogonal prajections on an l-sum of Hilbert
spaces. We now give a characterizalion of p-orthegonal projections on an
st (Dp<tos. pse2) of 1ikhert spaces. Belore proving this result. we firg
shiow thatl there exists oo non-lrivial p-orihogonal (ps#2) projection on Hithert
spaces.

Proposiion 3.1, Let 1 be a p-selfudjoint operator (p#2) on N, Then
al={ 1.0 1 and the eigenvectors corresponding o distinet cigenvalues
are orthogonal with respect Io uny p-ysi.p. associated with 1.

Progf. The proof is straight Torward.

Theorewy 3.2, Lel X be a smoolh, siricty coxver antd reflevive Banach
space. If T is w p-selfadjoint operator on N then o, (1) is rmply.

Proof . Case I, p=2. The result is in Theorem 2,20 of Sen [37].

Case 11, ps=2. Let neEa (1) then the range of (7 —2F) is nol dense in
X aund by proposition 2 of Sen [33]. there exists an elemenl y#0 sueh Thal

[(T—2ha. glp=0 YreX or | Kyl |x, Tyl
where (k72 -f=). Then by Theorew 4 of Milicic [26) Ty —Lky. As y#0.
k=g, (T). By our proposition 3.1. k=J and so a contradiction.

Nete 3.3, The above Theorem 3.2 answers the guery raised in Nole
2.21 of Sen [37]

Lemma b4, (a) Let N be o smooth Banael space, Then T= LX) is p-
self adjoint for p=p,. p.s(1.2). m#Ep, Hff T=0 or T is 2s.a and T31.

(b)Y Lol N be « Hilberl space. Then T = L{N) is p-s.a. with pe(l,00) - (2}
iff T=tor T=T*=7T"

Proof. 'The sulTicieney of (a) and (b) is obvious. (ah.=" Let T#0. We
Lake Ty05 for ¥==Ty we have 0#[T Ty], =TT y], and so (/" M| Ty,
s, Ty |77, Tylp,. Henee [[Tyli=]]g]l. We lake now r=N(T). Then
Ty HLO#0and so, as above, ||y el =]y --100)] Ty y Torallied,
Therefore a0, It Tollows thal || Txlj=]lri|. Ve=X if T#0.

Henee T is 2-s.a. and [(72—=T)e. ], =0 r= X, Application of Theorem
Sof Lumer 21 shows that F2-=f and so T=1T7".

(b =" As ||y P2 Two g == Tyl]"# - {a. Ty we oblain, -
KT xy=]|Tr " 2(Te. > and so {Tr.xye R yre X, If (v, xr)=0 for
all x=X then T=0. Suppose Lthat 70 and we take {TX. ¥ )#0. From the
above relations we have that || 77| ={I3]] and { Ta. ¥y ={x. T2)=&, Tr)-
=TT x). YreXN. As v [P2T0 a)=||Tal|* (¥, Tx). il follows thal
[|T2||==!|=|| for x<fu|{u. Tx>£0% As this sel is dense in X, [[Tx]| =]||x|
for all y=X. Therefore ¥ T* =T

Nofe 3.5 The Lemma 5.4 above answers Lhe query raised in Note 3.5
of Sen [37].

Note 2.6. I wonld be interesting Lo know whel her “smoat hness condition”
in Lemma 3.1 above can be dropped.

Corollary 3.7, If S, denoles the sel of ol noni-trivial p-orthogonal projec-
tions on q smoolth Banach space X then Sp (0SS, =@ (emyply sel) for pop.s
= howm) A pa

| -2
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Corollary 2.8, Lo/ X be smanth. I T i p-sa. for pop. eSSl o) p#p,
arvd posifive then .

Proof. From Lemma 3.0 above, Tt

of Foguel [15. section al =T
Corollary 3.9, (2) Let X be a smooih. strictly conver and re

space. Suppose T(#0. 1) is p-s.a. for p=p,. p.. foi# o,

() 1] O=alT) then i must be un cigenpalite.
(i) T can not be posifioe,
(b) p-s.a. (p£2) operators (£0. Dy o Hilbert spaces ean not be psilive,
Proof "The results Tollow from Theoren $.20 Lemma 3.1 and Corallary

3.8 above.

Theorem 300 Tn [fithert spuees,

prorthogonal (p==2) projection.
Proof. The resull Tollows from
Theorem .00 1f X is an {-sum (
spaces (Bl then T s o peorthogonal
restriction of T on I, is g p-orthogonal projection on 13,.
Proof, First let T be a p-orthegonal projeetion an
tion of Theorem 2.1 of Ber ks on [1]
suppose Lhe condition is salisfied.
then there exists a p-g.s.iop. .1y on

As T is positive, by Theorem 3

flexive Baneach

fhere does ol exist any non trivial

Lemma B0 above,
profection on N Ciff T(ByS B, and the

N Then an applica

- vields the desired resylt. Conversely,

As T is a p-orthogonal projection on #;

Biosuel thal | 7, Yeli=lxe Tonlie va.

U= B Now for o ={r,t y=1{y .y, Y= Iodhe series ¥ L y:]. is abso-
=y |

"

« n e
lutely  convergent  since, ) IR il X [l [y S(Z |2 ") :
=3 = ' i1
W (EL]
iml '

Therefore it can be easily verified that [r. y]= b ES
P=1

F gy by Tolder's inequality ),

Ui delines a p-g.siip.
on NX. compatible with the norm. The resk of the proof is straight forward,

Theorem 3.2, et N be un | -sum (I<p<owe.p£2) of « sequence of
fTilhert spaces 1. Then an aperator 1" on N is p-orthogon ol iff r=o oI
ot each o In particnlar. an operator 1° on I (1<p<ot. p#£2) is p arlhogonal
iff there exisis u sequence ) of 4 and ©osuch tha Pr="

1200 for pe=tp?, <
Proof. “I'he result Tollows from Theorems 2100 3001, :

Theorem 8038, There exists no non-frivial prorthogortal projection on
ant At (1=p. pyor. PEL pEDY of @ sequence of smoth Banael spaces,

Proof. Let 113 he o sequence of smooth Banach spaces. Suppose X
=sum ool 1B L1f possible let T be a non-trivial p-orthogonal projection
on X. Then by Theorem 2.1 of Berkson [1]. T(B)Z B.. Lel the restriclion
of T on B, be T, Then each T is pr-orthogonal on . Now applving 1he
same prool as in Theorem 311, we gel {hal

I-7'< _U'] || E;l l T .’I'.'l.' '”U:H'I'_"'
is Lhe unique pr-ges.ip. on N, where p=!p !

=it ==y} and [.];is the p,-g.s. ip.
un B, To prove vur result it suffices Lo consides the Tollowing cases,

(1<<p<za). F#F2D of a sequence of Banach b

e o ST ACER bLh |
DN CRNPRALIZED P=ORTHOGONAL PROTECTIONS ON BANACH SPEAC !

e 1. P20 Flor all i Lel woe BUT ) = ROTL). ;r;ze_\lll._.l. T
("I!;‘ [ \ .1; | =0, Suppose r=lprboco=0tor pE 20 g0y 0
Y70, Then pag .=t seor=lr
ot i 2, yy=ay. et
ot I#'l:' . ki =|r. Tyl we gel g.= a contradiction.
Using | 7o 45 Y] we g i n oo
Case T For some i==£.1. T, _:rU:. . ,.-—, .
Subease (n): Ty=0. Lel x, = H(.ll.). ap#, e S s
Suppose. w=jach ap==0 for il Then fe =g 4
s ]'Il'r[t‘l Talif, we gel ay =0 a contradiction. -
h (iri -'1', I, Let w,=sR(T). mes N 0 g{L¢(f‘ ,c'“lj(»“; [.t‘.r ,_".(.’ .
Suppose. ¥ =iyt =0 for i#l kog=jy g =0 |’(.“L s 0 r{:r Qfs? '
L Then T S, =0 for P00k and Ty s= U .‘J'.“ nn.u]‘i([i',n
‘ b= y : e a contradic .
sing [ Tr =|x. T and ;=0 we gel, yy . ! )
sing [ Tvs g lp,=lv. Tl and g =i, SEETE L
}':m'hlbl T-I-;ll for f Tor alt . The method of proof is similar as in
Wit LT
arbease () of Case 1L - . . o -
b l‘1\'01(?;* )) 74 1t would be interesting Lo know whether “smoolhness condi
ion in Theorem 3.13 above can be dropped.
tion™ in Theorem 3,13 aboy }5 | - ,
Corollary 15, There exisls no non-trivial p-orthogonal ;)rn_;m!;r.m”:::
! \';un (1 P poe. yEPY of o sequence of Hithetl spaces. fn par r)rrﬁi ,)'
¢ - . : 0] 4 _partietyur.
”Hl‘fp exists no non-trivial py-orthogonal projectien on L(1=p. p, *::“ M
o ‘ oWe now
4. The characterization of  p-orthogoenal prngu.I]’QQ “(!u [il,jq .r(-|:t-|--:|i;(-
j . ; izati [ peor onal projeetions on L5 MWe first g iz
e the characterizalion of p-orthogon: ' N sl g ;
:gli']}\l“r:l:n( Dol Fleming [12]. We recall the following definilion from
eorcm . ] ] 21
: 5y 20))
Kelley (f22]. p. 129). . o
Definition 4.1, Lef (. X, 0) be a measure space and X, !{r H;r: r:a[!r:;’:ﬁ:)
g0 1 1 P : j ioh
of measurable subsels of L of [inite measure. A seafar ‘HHIE:‘HI funetion f
' ) ' . . - .. N . R : i = 3
is ecalled locully measurable if [-7, is measurable fnr‘ 3 p.?p e el o
A properly is said to hold locally almosl everywh T Lhs Sl oo
ich i ils interseets each of X, in a set of measure zero. The fu L
‘ich il Tails inlerseets each of X, ‘ DAl nnetions o
(\;“wtll]ivh are toeally measurable and “bounded locatly I‘dlm:{hl tf\ L“I.:\.rhl
- 4 . o . N . L I . ] ]Il .
form a linear space, denoled by 170 X :Ji). ] II)I ls1|11.11 ?['( Fl}l n(t 1} I =
infih: fle Y allv almest evervwhere) then ) £ . A
=in{| K : i(.z)l < W locally
- evervwhere, . ) L BT
o 'i‘l e measure space (£2, X, ) will be called localizable tlf Lo d(lh Fanyity
e tH L : S e ) ‘ ¢ . ) o
g, e Xt of scalar valued functions. such thal g, s (l(‘fl-n‘l d. an(: mm‘“ :
}!,f)lo on i"_lll(l ) = () for almost ali x in . | 130 ther -“i”t -flm- ‘ .ge.l
l(‘)(“ill\' nu-"u;urah'k; function ¢ on £ coinciding with ¢, on .1 except i
N - ¢ ~ " ¢
" measure zero for each .1 In X, ' e e (S .
. From now on we consider L' on a loealizable measure space g . ””_(.:3—
Every measare space can be made into a complete lI'Ilti‘lSll‘I vlspﬂ((;iu.“:;w%um
hout ‘ Wi ;s of generalily, we assume Lhal a asure
ghout the paper. withont loss of generalily.
spaces are complele, - - .
" Theorem E’ 3, fel N —LF. Tep=wx. p#2 An operator T on X is ‘:l;r';n‘r‘:
heorem 4.2, Lef o Molgp< el o A s .
tian iff there exists u real valued funclion {11_ l‘; sai{(h ’|h‘“[n ;'fin ;1/:);41( b ;)‘
y rniti d A =2, Ay funclio F1mn
Proaf. Let 1 he Hermitian an pan A e
; [=2! can Be considered 1o be anelement ol £.5(32 2.2
where Xn A —=1KndA. K=X| can be ey J Do gloi TIog & o)
by difining fﬁ.l{‘) 0 oulside 1. Therefore L7 Xn.1. 1) mnl }')i 1((;?(] T
as a subspace of L, 2,4y Lel 7', be the resiviction of Ton LMV 2 .‘{. ' !
in Lhe ot LT vy Tf ¥l Yo, Then by Lemma 8 o
in the sense that T, f=7, !
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Lumer {25] 7, is ilermitian. Tence by Theorem 3 of Fleming [12].
Tof= hof ace V=120 Znou) where i =171 Xl ). using the res-
triction of 1 to LUAn B XnAnBouh A0 BeX 00 follows &, — Iy, ae. on
L 130 S0 by the definition of localizability, there exisls a locally measurable
function fr such that h=h, a.c.. VA X, Now let f= N, Suppose the supports
of fand Tfare By and [} respectively, el B=D0,0 8. Then the set 1 s

of a-finite measure and B={J)A,. A, =X, Tlenee il can be easily shown
wo|
that Tf=hf and h={.".

Theorem A3 Lel N—I12 <p-cowc, p#t2 Then an operalor P oon X is
prorthogonal iff Pf Iy [ ae. where by is the characteristic funelion of some
toeally measurable sel M.

Proof : Suppose P is p-orthogonal on N. Then I is Hermitian and by
Theorem 4.2 above. Pf-hf ace, V&= X, with e L7 As P2 P and A is locally
measurable it follows that /f s the characteristic Tunclion of some loeally
measurable sel M. For the converse lel us nole that the p-gs.ip. on X is
given by [f. gy =V f-g/" ".sgn g du, Vf.g= N. Using this p-g.s.i.p.. il is easy

0

to see thal the condition is sufficient,

Corollary 4.5, An operator 1 on LV is o p-orthogenal projection iff T
is a Hermilian projection in {he sense of Berkson |3].

Proposition 4.5. .An operalor T on LP(1<p<o0) is a p-orthogonal pro-
Jection iff T* (Banach space adjoint) on L% is « q-orthogorial projection, where
1lp+tjg=1.

Proof. The vesull follows from Theorem 1.3 above,

Note 4.6. T'rom Theorem 4.3 above. it follows (hat any p-orthogonal
projection T on 1" is posilive in the scnse of Ando [1].

Nofe L7 Tt is clear [rom Theoremn 4.3 above that the set of all p-or-
Lthogonal projections on L7 forms a Boolean algebra with respect Lo the usial
operations, PV Q=04 0—01Q. PpQ="Q.

Note 4.8, Lel XN=LP, t<p=oo. Let § be the sel of all p-orthogonal
projections on X. Then from Nole L7 above. il can be easily verified that
every lunelional v = X* corresponding 1o v = XN s a Bade functional with
respeet 1o S in the sense of Berkson [2].

Theorem 4% Lol T be ppsel] adjoint an X L', f-p. p =, p#p,.
Thew there exists a non-negalive constand 3 suelt thet T2 =31, Furlhier 30 or
[ for p#2.

Proof. Case [:p =2,

The result follows from Lenuma 3.1

Cuse 11 p#£2. Suppose T be pr-sell adjoinl on X. Then 7% is Hermilian
and pp-selfadjoint. Then by our Theorem 1.2, F#f - hf ae. VfeX, H)z0
ae. on Q. The pi-gsip. on Xo iy given by

11 4]a, ==11g] 1 l'sf ( .-"--)' s g du.

9l
Q

Then [Tfo 4l =1 TP9],,. Vi g= X, Lel f=X. Suppose the support of [
Is 3. Then the set B3 s of g-finite measure, I Af =L 1B, B 11X, 4) then T2Mc
© M. Therefore the restrielion 1'% of 1% on M s Hermitian and p,-sell adjoint,
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Then Thy=hpg a.c Vge M. hye L (BY. Now applving the same pil'(_m!‘
e g=ilpg a.C.. Vf 2 o : . 3 e
as in 'l'hom'etrfg 4 of Fleming [12]. we get hf,_-—:f. a.c.. W here )..l:} a“n::: 111&._{;1 Hli
A suslant. Sinee fip's are essenliativ restrictions of A to {3’ i ;{0 ’[;"[‘ ‘1;°f
(.‘ ) ' ' : ) 3 :'2 - - » o S E . - == T ==
constanl % is independent of B. Tay==tg4 a.t.. vge M ! £
_3f. ¥feX. and so Te=il. o i
g 'l‘l{mrom 410, There eXists nn pon-frivial pi-erthogonal projectiont

(4 1ep, pr<ac, p#ED . o R

b;(:mf: The result follows from Theorem 4.4 dh(?\ Ll R

Vole 4.11. 11 would be interesting to know whether Lhere IS : “f s non-
] al projection on L. Puartly we answer this query as follows:

trivial p-orthogon (=1 [ sgn g du Applying the
a

A p-gs.ip.oon by is given by | g1,=!]4!
it oo : show { rre exists
same proof as in Theorems .91 10 above. 1t can be shown lhdlll “I-“:Eu N
.nu non-trivial p-orthogonal projection on L, with respect 'l‘u‘ 'l"llh ]“f;..;u.)“.'
= Non-existence of p-orthogonal projeetions. In l-hih. S0 un:ﬂme. now

show li\';i {here exists no non-trivial p-orthogonal projection on .
crele Banach spaves. ' ny .
Theorem 3.1, There erisls no non-trivial p-orthogond projection on C(K)

i g sdorff spuace.

K is a compael Hausdorff spe B
tohere Proof : Let !\'=(.'(K). i possible let £ be a l‘lt)l'ltlll\ldl Rgnlftl}gbt)&ﬂ
jection on X l<p<oe. As P s Hermilian then by lh?orem.. 0 1'(“1
{)Irlt)]j( 5. 01), Pf=hf. ¥f= X, where I is o real vadued conlinuous f‘llél(l‘:;l()ll on
K -\l 2=, h is Lhe characteristic function ol some clopen set R w:h Gt

- ~\‘in(‘.o P is p-orthogonal. Lhere exisls a p-g.s.a.p [. ],;‘.(:Il\‘4 M
= e e N. Now this p-g.s.i.p. can be wrtlen .
Py fh=10 Jﬂp‘"’ V i'!’I where o, is a regular complex Borel measure
0, = = ‘] i Hy, 1 .. r I8 & g
[o. la= 111117

. -1 Theorem £.19).
- each feX. Rudin (31 |. Theorem .
s U‘Nm{ as P0, I then the clopen set .‘1#‘1?)- I; L 1. 1eK—.A. Since
Let us define a function g on K bb; wh)=1/2 1< '__—” ar j"hgdn =
A is clopen, g is continuous. Now. [Py. glp= k. glo= 1o ] ’

2 i 0) emma 2) that if
=I|g 7t § gdp,=0. as we know Trom Fleming ([12], Lem )

4
G be any open sel conta e
lg- Pgl, =y hgly = 1hg 775§ gdvug
(et ontradiclion. Flence the result.
Therefore |Pg. glp# [4. Pyly. a conlrac . .
l\‘l::;:e[)o;( I[l ii\ié]lfl l[w of i;tcresl lo nole that a non-trivial Hermitian
iection exists e i  is disconnected.
setion exists on C(K) iIF Kois . N
pm}ul’]r(:npo:ition 5.3. The follawing spaces o only trivial p-orthogontal pro

] 1y =0, Moreover,
ini v neak set of gthen (K —Gy=4. )
ining the pea By 14§ ‘1’ 9 ding Byl 1)2
4

Jection? - ' A o Hausdorf | space.
i) Co(X N ix u locally compact 1
((13 J(l"u"((x}l)‘ 2?”:1;? Illhl‘ll'\f’ (). ¥, u) is «a positive measure space.
(iii) ‘-m-u,ub.s'flrurl M-space with « strong unit. , here D is the
(iv) ([() 1. Lip{o. t}. ACo. 1]. lip m(t)-.;)x---'_ 1_). J)I (D) (whe
] o, 1€ pe oo) and Spa)(l= p=C. p#2, a= ) ' ~
! d}':(’n;' (i‘;J I.et )Y CN) then any p-g.s.i.p. on Y is given 1)\ l[.fI‘ f]px
f "'I“’n j;Jflv )"' ge Y, where o, is regular complex Borel measure ot A,
= o 9= ! .
x

1 — Matemarica
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I.{ wd i.'] ([.‘51_]._ Theorem G610, and by a resall of Bonsy
ralor T on Y is Hermitian ifft 1f hf. Viey o h
tinnous Tunction on N, Now appl ‘
above, we gel the resnit,
(1) By Theorem 11 of Doyt !
) ) B, inford (Ig;l A415 “ . L
e ‘ . J Slope D) L0 X 0 s isome
al Jli 11111_\ isomor ph_u onty (A(K) Tor sonte compact llu.lszlurt'l'(s H -:';) Sunns
I. _lml I:omvlru' Isomorphism. Il |, Jo 1 any pegsiip Un.!fd"(ll €. Suppose
= ST, .. d LI A et da gl . ' i
. ”oc ['sc _r)],,._ 1Vf. g=C(K). delines g prgsip on C(K). He -" )
Hlows from Theorem above, ) it Tense the resuit
(11} As this space is order | i
. N . _spi : Isometrie t
stlazt.s.).s (123]. Theorem Lh6, p, 16) !
WV} As these spaces admit only ivi
) . A i Wy (rivial bo g g
ie, rmi.nmlllpl('s of the identity operator / ST
Hary 4.6 of Fleming |11). ) ‘
Proposition 5.4, Lef 1=
at mosl one i. Then thery
on l(p,).

Proof. The res i s

. sult folows from .

. . arollary 2 * pr T

of Fleming iy ollary 2 and the proof of Theorem |

Note 5.5. let [f a ¢ :
_——— Et). Il,hll‘)oB‘f ('Ol.lllpiex Ban:.u-h space. K a compact. Hausdorif
Boce and L p.-‘m-ided w“‘;]nd‘tll space ol conlinuous functions on K wilh
5 3 ¢ supremum T i
e L th the sups norm. The characlerizafi i
imercs“;;n ?EPL{::O[-S 0;‘1 COK.E) is given in Fleming [H‘] It \;:l(:::‘;(lll t())l
inter g to know whether Lhere exists any non-trivial i (
jection o Ut o A al p-orthegonal pro-
Nefe 5.6, The char fizati j
) i Az wracterization of Hermiti
| eol ' H wian operators y
L . : . : perators on (,, 1g
ang n._ frksnn [7]. 1t would be interesting to know whelher IJJ) .:\pgoo,
¥ non-trivial p-orthogonal projection on ¢ T TRl
6. Properties of
forward.
Proposition 6.1. 1/
=1 and ||I - P i
Nole 6.2, If P
p-sell adjoinl, 1-

pf Bonsall ([6] p. 92). an ope

g vhere s a real valued con-
7 VoG . - 1 ‘"

ving the same proofl as in Theoremn 5.1

a C(K) space, Linden-

“bou rmiltan operalors
Fleming ([11]. p. 80 and Coroe-

O ﬁ pEp 0, and furthermore suppose pi—2 for
Tisis no non trivial p-orthogonal projection (1 l-'p - )

e
p-orthogonal projections. I'he Tollowing result. is straight
b

i |
PUAO ) ds a p-orthogonal projection on X, then P||=

P and [|P|]=1 then P i
) ind H L= ] s not necessarily generali
o . ;p 2, as follows from an example given by 'Bg:'kml)[;?h[z'?]d
rorems 6.3, Lel X be o compley siric wd P .
orthogonal projection on N If ||z i 117;[“[”;:)[;1 s-lrﬂ::::;u;rz—sf;\'ﬂw
’ : 1T | : A A AL
l\;jml))f..\\e tan suppose that | |e||=|[Pr|| =1 !
reald U: . lsI?iJsJ:lll_\:;)lhcn i))' Theorem 1 of Vidav {42] [le'""x[| ={|2]] for ali
oo || e Pl =1 or || Pz+ei'(x—Px)|i =1 for all real {, The o
d(‘“m:!‘,:.l ](;l ('nnll},]f‘x stricl convexily, ;1:-EP.1:=()”\ivhit EE“;I:;)IIIizj[l[l.l‘:then 1}}' b
wrollary 6. 4N bt e ] ; . e
B pmjﬂ.!?;;\] ‘l;. -.\!.c! A In.u u_amph-.r strictly conver space and P bcfr i {I(‘ P')‘
fewation J(‘t o 1[_ x| liel] for seme v= X then xe R(P) e
Berks;) W ._.mo. ary 6.4 above has been proved in Theare ' 295 of
. \?|’|.(] (fm strictly convex spaces e
Nofe 6.6. 1 can be shown by consideri
o L e L cal : Y considering the L-sum (1< o
! \‘(lj, copies of C(K). that the converse of Theorem 6.3 1}:(()1':€s<ficl:(pﬁi)
roposition 6.7. I N is u wealdy se i - e
then every p-orthoyonal projection on A

and P be a p-
en e RP,

iy - | Banach space
Noisou scular type speclral operator,
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Proaf. Yhe prool is the same as that of Theorem 2.25 of Sen [37].

Nole 6.5, It is not known whether p-orthogonal projections on arbitrary
Banach space are spectral operators in the sense of Dunford [9]. though they
are generalized spectral operators by Theorem 4.5 of Colojoara and
Foins (7). p. 180) and Theorem 2.1 of Sen [36].

Proposition 6.8, Lel P and @ be tiwe p-orthogonal projections on X.

i) If they commule and their associated p-y.s.i.p. ure the same then PQ
is porthogonal and ROPOY=R()n R(Q).

§iy Ry is invariant under an operator 1 iff T=0DTp.

iiiy If 1 be Hermitian then PIP i also Hermitian,

iy If | P—Q <1 then the Hamel dimensions of R(P) and R(Q) are cyual,

Proof. {i). (it} (i{i) are straight forward and (iv) follows from Halmos
{}17]. Problem 13).

Proposition 6.10. If coery one dimensionul subspace of « Banach spuace
N is the range of some orthogonal projection on X then Xois Hilbert space.

Proof. Though the resull follows directiy from Lhe Corollary 4.4 of
Kallon [21]. we give here a shorter and independent proof. Let . p#Oand P
be the orthogonal projection onto (g and |.] be a s.ip. associuted with P.
Then PPr=fy wilh _!ES and . gl=}r. Pyl={Px. yl=It y. y1=I[y. ty}] =

{g. px]=Ipy. x1=|y. x]. Heunce the result. _

Proposition G401 If P(i=1. 2, ... i) are distinet p-orthogonut (1= p =0}

projections on a smooth Ban ach space X then there exist no sel of pusitive num-

bers 1, with Y, 1, =1 such that = Y, 1.P; is a p-orthegonal profection.
3 i=1

$-1

Proof.  Applying Holder’s inequality and Theorem 5 of Lumer {24]
to Lhe proof of Steffen j40]. we gel Lhe resull.

Detinition 6.12. Lel P and Q be livo p-orthogonal projections on smaooth
Ranach space N. 1<p<oc. We define P<Q ff [Pr. 21,105 21, vreX,
iff Q—P is positive.

Nafe .13, By our Proposition 6.1, 0< P for any p-urthogonal pro-
jeetion on X,

Nafe 6.14. Let §,. 1=p="0. be the set of all p-orthogonal projeclions
on N. Then 8, forms a partially ordered set with respecl Lo this order relation
v, The following results are straight forward.

Proposition 6.13. Let X be smoofh. If P and Q are p-orthogonal projec
fions on N and commule then the following statements are all equivalent:
(1) P<Q. (2) ||Pxlis| Q. vee X, (3) P RQ). (1) QP=P.

Proposition 6.16. el N be smooth. strictly convex and reflevive. If
P and Q are p-orthoyoral projections on N then the following slatements are all
equivalent. (1) P<Q. (2) Prl€ Qv YreX, (3) R(P)s R(Q, (1) QP =P,
(5 PO=D.

Proposition 6.17. Lel N be smooth. strictly conver and reflexive. If P
and Q are p-orthogonal projections on N such thal P<Q then Q— I is idempoten!
and RiQGin N(I")=R@Q- 1)

Detinition 6.18. Twao p-orthegonal projections P and O ure said fo be
mulwally orthogenal, symbolically PLQ. iff PQ--0=0QP.
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The Tollowing result is straight forward.
Proposition 6.10. If P and Q are

p-orthogonal projections on a sinooth
Banach space X then R(I)| R(Q)<=> L.

Theorem 620, Suppaose |3

s ou sey
i
on o smoolh Bunweh spaee N. Then the foltowing hold.

(1) 1 converges in norm iff P, 0, yi> =5
(2) If the series X Py codterges, Vooe N
by Pr=X P veX, is idempolent, iff P

M=R(PY— ¥, R(P). N =N

i

Proof of (1. Suppese X P, ronverges i norm. Let X P, b S, where
Sa=P+P,4 .. P, Then for every e (L there exists an integer N> ()
such that, [|S,0, -8, = e Vit 2= N where pisany pasilive integer, Or | P+
S L (i)
Let L=p,+ .. + P As L
Sinclair [32].

L] =]a(L)| =W (L{ ==Supi][L.v. lal c el =1} =Sup P xlfi 4 ... +
T Puta][2: [|2]| =112 1. by our proposition 6.1, Therelore fron (i), 1<
< [|L{| < £, a contradiction.

Proof of (2). T.t P he idempotent. As 125 are positive then by Propo-
sition 2 of Sinclair B32], || =la(1)] and hence Pl =1, The rest of the
prool follows from Theorem 5 of Zaane [13. p. 219] and Propasition 2.3
of Kalton [21].

Nole 6.21. We raise here 1he following question :
a Banach space N with two non-trivial projection operalors of which one is
prorthogonal and oiher is pre-orthogonal (where L<py pa=oo. py#p,) Y

Acknowledgement. 'The anthor wishes o express his heart-iell thanks
to Dr. T.K. Mukherjee of the Depl. of Mathematics, Jadavpur University,
for his Kind help in 1he prepavation ol this paper and 1o the learned referee
for his valuable sug

geslions and for suggesting the Lemma 3.1 togelther with
its proof (which has simplified the prools of several resulls).

then [he operaior P s defrired
are milually orthoyonal. Further,

(NP and N is orthogonal to ],
L

is positive then by proposilion 2 of

Does there exist
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