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1. Motivation. The problem we shall consider in the sequel arises In

the integrale circuil design (see Marinov & Neittaanmiki ).
Negleeting inductive effects one arrive 1o the following system
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(here 6 is a 2n < 2n constanl matrix and 13 is o 2n-dimensional colwmn vector)
and inilial data

(H Ty ) O rd. ool 20 .0m

(B} is a coupling condilion between iy s oo ty.
[n {he same field of inlegrale cireuits design. Marinov & Morvo-
sann 3 arrived at the following problem :

(M LFImd ugou. u,: [0.d] =00 Tl=T0 and
Hodye wvee Myt o [0. T]—R sneh that
My g ety sabisiy (8) and (1) and U, e U Teqe oo Hpdm satisfy the follo-

wing svstem of coupling boundary conditions
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We shall transformm pr 3 ’ ' i
. i - problem (), (BB'). (1, I') using the foll
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Here Gy, is 2nx2n, G..=mwm and 3, is 2n 1.

Set =y (0. 0). bp=ni(d. ). k=1, 2. ... n. Then Wyter o1

the Cauchy problem O
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and wy, ..., u, salisfy boundary conditions similar to (1)
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If in (CP) we nuse the variation of constants formula. we get the following
svstem of houndary conditions
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Here (—K({) is the matrix valued function:
. I—exp( -0, A ediagley s - G
Clearly il is a € mapping. B s o coupling condition Tor a0ty

Solving (S)p-H(BCG) (D). we can also solve the initial problem (1),
sinee 1, can be found Trom @hgiga Via (CT). We have thus reduced pl:nhlf‘m
(”) to the following one () Find ny. oo, (00 d) [0 T =R satisfving
() (BG)+ D). .

Ihe dificulty of problem (P} comes from the presence of Lhe integral
in (RC).

9. Statement of the Main Wesult. In fhis paper we shall deal with Lhe
following type of systems
(2.1} 571(.!'. B da(r. HA4-Dute D) fie fy in @ Tl.

C
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(2.1) wir. ) gy in

(2.23) e n+ g Gleo ) uly. 1) doy = S rl*‘; Bl g4 sty $Hdeyt
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I nor
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where =R is a hounded domain with ¢ -boundary I' =t

ar.:fv)—-li" s avecdor valued Tonelion. D= diagld,. .o d). o, 2001
P TUOR TR (e | CRRETORS ¢ R | LYTIERD IS | R
G s MRy 1P Y= M () are smooill mappings.
Lel us observe {hal when N1, St'(-(hu'v{l la o discrele snm since n
. l
{his case " =0, d}. Problem (2.1)-(2.3) reduces then Lo the problem (D)
for ¢ and I suitable chosen.
Before stating the main result let us recalt a definition. (A will dennle
either o compaet Co=hypersurface in RY or an open subsel of RY).
Definition 2.1, Lel Mo RY s ahove. Denote Q=3 210, T]. Then H™*(Q)
dennotes e nonisofropic Sebolen space

Py - LA T H My T T LM,

(where r. s =) (see Lions 2]

The wain vesult of this paper is the following thearem suilar to Fred-
holm’s allernalive.

Theorem 2.2, Lef Qe R he o baunded domaint with € -boandary T’
&) Lol G=D - 1=MA), BT XM (R, be Clmuppings. Stippose
that the hotmogeieous problent (2.0-(2.3) ti.e. the problem (2.1)-(2.3) in mhich

[ty 0 g =0) has only the frivial solution w0, Then Tor every
fe L] oS [HD ) e [V )"

the problem (2.D-2.3) has « unique solition we [H |

3. The Proof of Theorem 2.2. Before proving theorem 2.2 let us recall
some basic [acts concerning Sobolev spaces and paraholic equalions.

Frace theorem. {f ne H2(Q) then v g& TIVH3 (M), f_ﬂ e (v by,
o™
0. ,:E““(_!.l).
Existenve theorem for parabolic P.D.LE fef fe L. ge I V(L)
o HYLY). Then the following problent has a unique solution uslI#YQ)

i . g 1 ‘
7 Audzu = [ in wfa, Oy, in L) rm‘- =1 un X,
& [

Moreaver there is € A indepenrdent of [ ..y such that

(L) e CO e+ el Ly -+ 1191 vz vaes))-

o

1. 1. NICOLAESCU 24

Our proof relies on Fredhobm's alternative. Tnoorder to apply this theo.
rem we need a compaclness resull, This is supplied by the following
Lemma 1. The tmbedding

(5.1) Jae S0y H2 19(E)

i compact ard contlinueons, .
Proof of Lemma 3.0 By a well known compactness result of A bin
(see e Lions [AP) we get Ihe compact imbedding

LIy, Tor Oggsr. Oy |

(3.2) T

Henee for fe= |3/t 1] HEOHE) —— Laxy= Hoe (X)) Denote N=/""(X)

and Y LX), Then there are U= ), 0,< 1 such that
300 (1 )20 (100 1201 —0.)2L 11— 0.4
and by a known interpolation result {cf. Lions {2]):
[N. Yy, =T . X Yo, =1V ).
Since N —— Y and 0, 0, we infer

' X Yo~ —1X. Yl
compact
is 1 HyIn
and this 1s our lemma. q.€.¢
From lhe previously quoted existence result abont parabolic ?.D.E
we gel Lhal for every ISR [gs FIve V" e [ 11ME)Y]" the follo-

wing preblem has a noique solulion u s 1]

'i.l - < q - . =+ C'E __" ¥
(3.3) % N D= in Q. w(x, Oy=ia 1M [ = =4 on.

We shall denote s solution by - Ul ) by (E). U dep(fmls conli-
nuously on f.ou, . For simplicity we make the following notations

. .')—-(I"J;')(.x. f) S(;(_.r. ey, sy, (x. DE >
f

-

nir. H—+t Kuy(r. £ Sd.\s Ba. g1 sw(y. da,. (r. =L
W
Problem (2.1)— (2.3} can be rewritlen as

Fu+Ku+gon Z.
oY

{3.4) :—;-I ~Ausbua—f in Q. a(r. ) u, ou Lk
¢

We mav asswme =00 10, =0. Indeed on the contrary one can find
pes Q)" such that 1 u, on L0401 and
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el & bhe Lhe operator
U [He, ‘“(_E)]”-*IH""{QII"

g—= U0 AL ) — the solutinn ol (3.3).

{7 is a conlinnous aperator. The trace operator q

T - “’IZ"(Q)I"—>|”"":' :|t’4(.‘\_:}]-"_ u-—-)u T

15 also conlinuous, Therefore the mapping
bl

Ll - I . o
= I T = UL 00 e s [ R A )
Is continous,
Let us make some apriori remarks, Let t be o solution of (3.1). Then

”_-l”_“"_, I _ ..' - - ) e fan 1t L™ eI al -
I[(‘n('f‘ yowhere o =Fu- Ku4-g. Heve[ [TV VA" u s~ Tos | I ¥y

(3.5) o F (T 4+ KOTo .

l Tom lhf' (L,Fll| 1l li\ 55 A L 1l { j\ re h win-
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Sinee e mbedding
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s compact and since (3.0 s equivalent 1o r

G BT R g

T * ’ = i 1 7
we get Lhal sahislies o Fredholm type equation

{3.6) R LS A U LRI ST L V) DS A

» of rf-l_'nll| fr I\::I IS a (-n_m]ml'l aperator. Henee il wis a solulion Lo
€. Ay lh(‘.n = A0 009 where 5 is a solution to (3.6) and conversely if =
is a solution Lo (3.6), then o (0000 2} is a solulion Lo (3. - l
. I.\m\ we a|.:|)l)'.l{ fesz-t¥redholm s theorem (see Breazis [1]):
(3.5) has a solution for every g if and only il The homogencous equation has
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onty the Lris inl solution. Tu our case Lhis s equivalent to the Tael thal the
homogencous problem (2.1) (2.5) has only the drivial solution. Q1410

Theorem 2.2 reduces the problem of existence and regularity o a ques-
tion ol uniqueness, Tlenee we shall gel an effective result of existence il we
sot some esira assumplions on B and € implving nniguencss, It is natural
Lip Lnpuse sume monotonicity conditions

(M1 S S(a‘(.t'. yuigdl . ute) =dP,z0. Vu = LA, ey
TR

(M2) S : Sd.a S Bl g sy sdi’yo ol h d¥ =0 Vo= L X R
x 0o

I is a routine exercise. using Green's formula to prove the following :
Corollary 3.2, Suppose that G and B salisfy toyether with the previous

assutnptions the monolonicity conditions M1 M2 Then wie|[LA@)]" v, E

=[] ge Ve Y the problem (2D (2.0 has a anigie solution

ae|H Q)
4. Aeknowledgements, b owish to express 1oy gratitude 1o prof. (i
Morosanu who propesed Lhis problem and has siven me useful advices.
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