— =

ANALELE STIHNFPIFICE ALE UNIVERSITATII LAL. 1, CUZLAY DIN 1ASL
Tomul XXXIV. 5. T a afatematica, 1982 . 3

FILIPPOY SOLUTIONS FOR ELLIPTIC VARIATIONAL
INEQUALITIES
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S0 ANITA

$0. Introduction. Fhis paper is concerned with the existence of non-
trivial Filippov solutions of the elliptic equatinn

{ Au-Loan+800=fun on )

(0.1
) =0,

where 8 is a maximal monotone graph in 1 < I and f: R— K is a measurable
funetion. 1ere, € is a bounded and open subsel of Lhe Ruclidean space K
with a sulficiently smooth boundary.

I'he main ingredient of the proof is the mounniain pass theorem (see [1]).
FFor other related results see [1] and |9y

§ 1. Preliminaries. We chall use the following hypolheses: [: H— R
is 2 measurable function, § is a maximal monotone graph with 0 8(0) (there-
fore there exisls a function j: R—[0. + o] proper, convex and lower semi-
conlinuons with jity==0 and f=[. where of is the subdifterential of j) and
they salisfy the Tollowing conditions :

by w? for n =49, where 1<p = (-2 {(n—2).

(€ % w,et* for n =2, where lim al) =),
b-- o x?
(Co) lim 122 o,
g -alb r
5
(€5 IF Fx) - S f()di then there exist >0 and 0 0.112]

{1
such that

(1N Feys Bfteyr Tor all x> a..
F(x) — jx)

(€ lim — 4o or lim M =t
e Baor e . i 2
(Cs) There exists a, =0 such that
(1.2 = 2irBlx) for all r= D), with x> a..
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Pemark. For n—1 condition (C)) becomes f& L, (£2). We have denoted
by [ the norm in H.
For any = =0 and s= 1 et

fdsy—ess sup foh, fys) ess il [
| G - [ e

For s fixed, fs) is a deereasing Funetion of = and fo{sy is increasing in e, Led
fsy =Hm fo (<), flsy=lim fi(x).
gl o g ho—_
The function [ is upper semiconlinnons and [ is lower semicontinuous. We
define the multivalued function

(1.9 fesy=[f(s). fts)]- .
Detinition. If there is u e HYD) and = 1200 such that () € fulx)
e in L and

SVUV(R - u)d.r:!—}.g u(p— )y - gy(u'—u)d.r—i—
0 0 0
o

(j(y —ju)de= R-g(n—u)d.r. for all ne 1},

! B

-

then  is called Filippov solulion of problenn (0.1).
§ 2. The main resalt. Consider the following houndary value problem
Av kB = f(u)y on L
{ i oaa 0.

(2.1

Theorem 2.1. If 320 and conditions (C,) —({) are satisfied then problem
(2.1 has af leust one nentrivial Filippop sofution,
Consider The following Tunctions for 0 e<i:

(), for |a 9
2.2 o) — :
- s { f(ry. Tor |Lr =2e

(2.4 f() S/“( r—zo)stod,

where = CP(R) is a C7-mollilier on R.oie.

(=0 for 2] =1, D=2, %?;[- 1.
5

T'he function f, mav he written (see [2]) as

felxy == ‘Sf"(‘-)pf(l‘ e

I3
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Consider Lhe regularization of LThe convey Tunchion

(2. Jay o infylrooy32e i) s yERY. rE I
Uhe funelions jo are conves and differentiable (see e.d. [3]). We begin by

establishing the following lemmas @ s
Lemma 2.0 There exist ap dy t a6 R indeperident on e and e{a).

nequ, 1 wireh Hhal

Er,-&-:r.g[.r ¥ for n>2 aehere | <o p< (n42)/tn-2).
(E) IECHE a0 for n==20 anhere lim a(xf et =
‘-_\ LY

(C,) There is ¢= 10 such that
oo -gf,_(_?)dt € ez I-GI‘,(.J).J for x|z f-l‘.
o
Proof. 11 is clear that f¥ verifies the condition (C) for unfv §‘>(). IR ERIES
< firy, for any ¢ ) Let A, drsf—1014: |.1'—€7l.>-2£:,. I'hen

1
[fiin)i= \ f2(r ) e (=< S(_fh‘i‘”:'-!f —ez|M e a A

1 Ae
k

+ %2"|:1:]"p(1)d~.mﬂ.—i—iﬁ”nﬂ;vl", Yre R

—1
For n =2 and rt(.1)=sn'p“r;(;r—|—r). we have
Te!l 1

|z |< ge‘"‘ e (a)d=g et Yre R,

o

R ES ]
(2.9) |l=l|n-l- — =)
By Fubini’s theorem we have 1
x| 1
Fy(x) g Sf‘(u- s7)z(2)= dy S \f‘m--- ex)dyp(m)d=< cet
1 x ' l 1- ’
f % Rf(y- s-)dyp(v)drsrw\nr(.r S - em)p(de< e+ 0f,(2) 2

1 et 1
{where B s a constant in [0, 12p, Loe |xl sulficiently large, Ve =0, and ¢=
= ess sup flo.
- A

3 — Matematied
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Lemma 2.2 The functions [, salisfy (G, ™ .
- . N[ B i 1 H d P
for ol e sufficienily small. [ (Guy and (C) uniformly relutive lo <

Proof. For |x] sulficiently large we have

1
f(x)= Sf(;::—~e¢)p(‘r)dv.
It fol! "
L follows that f, salisly (C,;) uniformly relative ¢
r e S v relative to e For
have that f.(x)=0. For |z|>ecand A,={~=[~1,1];: |.1'—~rsj[22|s

fﬂgs

T e we
L owe have

flx)—ex ) Cpe B
- € ‘9(1)&428 jf(a__s__) a(=)d=<2 sup fle — ) 3

X - ® — . 5
. i R g7 \T%s F— !
so{ 2| <2 sup {12 AT
| o £ fl:éj?ll):l b It follows that f, salisfy (G,) uniformly relative

1o & (becanse [ satisfies (G.).

Lemma 2.3, There exists i nde ] R
for all |z|> as. s ap >0 independent on e such that j ()2 Bidx).,

Proof. For any x>0 we have

IJ: - y12 A . — = ]
e +i(u=j(x), Yz ana 2= 4L +i() Ly vy <0
25 A 28 . == .

i?tO{ (l-ic)=ir;;{iﬂ:—y|2/2s+j(y) s y=io, 2]5.

ollows (because j is lower semicontinuous) thal there exis

o ) ause J 18 oo A sontinuous akt. > exists y<[0, 2
such that j(x) =ijx—1.|*/(2)4j(y.). Consider the following two si{uzn.[inns]:

1° Y.z us and y,=int D(j),
In this case we have (1/2) x ji(a)=(1{2) 2 Yim (f(x+%) ~f(a)/z. Bul
T o

-

. (1“ y,): - | 1 y - :
Qe _J(y“))-'l-:" é_;(l_y:)((r_yx'l‘fq_m 'f) _(I—’])J)/{r;q:'r]—{»

F Y. {.i (.ll;. + b T) ——j(y;))/{ﬂf )
\ x x

(If y,=2 or y,—0 the proof is trivial). Since

T O i Pl L f i [ )
T x

l

ey ) b .
.-( - ") '5"5(3'_'9::)

-'”(f (’J- +% ‘-) —f(.'h))/(gf f) UK i(_u.-)]! v
G £z

. 1 - 2
lim —(x—yz)[(w yz+x e -r) —(x — )"
Hid

w40 dg

and
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(j is convex). il follows thal
wjg(x)< 2. (x)-
o if<<tig or y,gint D).
D) delap/ =< B+ )t —(r )7/ (2e%)-

- r—1is (r O A=l : .
For ot Defla)s 2 o vth) = £y Ay for all v = ai, for

2e 2z s

any =4k 1 Tollows Lhat Lhere is an 1?0 -ty suel Vhal
()2 Ojare, Vezai, Yeoo.
By analogy il fallows Lial
iz Gjgae, Yo —ai. Ve>0.
Let [ High— 18 be defined by

{2.6) I ()= —1)— [Nl F ?—;Rnid.r-l— \'js(u)d.r R I (ndx.
N g 0 0

1L is easy fo sce Lhal 1,e (I, Ry and 1(0)=U.

Lemma 2.4. There exist a>t and ¢=0 such thal [(t)za for all us
=aB, and all =0,

Proof. Consider -only fhe ease n=>2 (Tor =208 analogous). 1t suffices
to show Lilﬂ.‘ h(u)f|u]l® <b aniformiy relative 1o >0, where

(2.7) h (i) = g[b‘,(u) Jeluyda.
1‘2
By () there exisls §>0 independenl on £ snch that
|F (o)< elale i [2]<8.
By (E,) it follows that \!v‘,(.u)!sa.,l;rzl”'*‘ for |x]=38. Using the Poinecard and

Sobolev incqualitics, it folluws

\g!",(u)d.r\gg (Tc.u‘-’—{—aa\u ”“)d.vsu;(g RN J;_f_‘ ), where p=1.

a

4

Ilt'nceSI"‘(,,)d_r,'-'u_IE-—»(I for n—l in 3. uniformly with respect to €>0.

Q
Since j.20 the conelusion Follows.
The proofs of the following Twno feminas are wimilar to those of lemma 3.4,

respectively lemma a6 in (1]
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Lemmn 25,0 There evists o= CHED), o{Y= D)) for all y= L ¢ mde-
pendent on e, such that 1 (ey-—0,

Lemma 2.6, The funelions I, salisfy the follmeing condition of  Patuis-
Smale type:
(PSY If du, b is a sequtence of HE, [ (e )= e Ioand ()= 0. then fu,t
has af least one convergend subsequence.

Proaf of Theorem 1. Using the Mounlain Tass Theorem, it Tollows
the existence of a critical point ol f. n= LYY sueh thal

In)= inf sup g,
gECYMA] HE ) ety
where
. 1 I - . ’
Ty = _ [lugl[*-|- ;S”Zd-l‘-ﬁ* Rl.(”s)‘“ gf'gf”:)d.t-',
- T o Q

Ic.(”a) -
Consider Lhe funclion y(f)

Aug+ ka4 fo ) — (i) =0.
feo de[0, 1] = C[00 1] 5 TIED
Lig)=  sup L))
i)

Using ((::i) it follows (hat a< T (v) < where £--0 is independent on g,
Taking Q.={r=Q; {u(r)=a,} we have

I(u,) inf  sup
cely teill)

1 A =
{>1(u)> 5 ||agh)*+ ,E Sufda:-{— sz(u,)d.v 0 S [ du de+

QE n! “l
= - ] . Ao = : = . ~
—|—ce—\1';(u,)d:c2 S e, |12+ %Su;d:r—lj S feluu de+ 8 g Jelupudrce+
o - “a s 0

+AZ (—1)- —3)(§|u,| 2-1—)_%1:30‘1‘) -_‘—.—'I—{-(I,'(u,). u)

{1
with 4, 1=R. It follows that {u,} is bounded in H}{Q). Thus there exists
a subsequence (again denoted f{u.}) such that

et oweaklv in [13(82).

u,—~u" slrongly in LPH1(L2),
w,—u" ae. in £

For n=2 we have [ffr)|<ay+da.l2/? and it follows thal {f,(n)} is bounded
in L(r+1)lp(Q)_ .

We may conclude Uhal there exisls < L) such that () =y
in 1@rleQ),
For n=2 we have [f(2)!<uze =d(x) and it follows thal [f (i) < ae =
'—”lfz("s) 2 e u:.:.‘p'.fl([uﬂ
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. 1 o T e AT
b e L) such that ona subsequence f{u )=y 10 LAEY). Thus ,(": L '. (?})-
el v oAb be o positive nimber. Sinee i =it a.c L2 there s @=L measurabie

Sinee Nl is bounded in JED and FLI Y is compact i Loree(2). (see
g |0, then using ((..;..) il Tollows that f.(u )} is bounded n £.24(02) and there

such thal

Uhen for auy 70 there is an g4>0 sufficiently small such that e

meas(e) v and g =i’ uniformlyon £
u'| <

o and O-—e<e, We have

_&(u'{.r))sTc(us(.r))s; .0 ()).

/2 Tor all rell

If fe L2 o) k=0 el we have

R [t ()Yl r = \ [ndxnhdy = % f;tui(.r))h dr.

.

{1 i Sl- w LR |

et 2o 0 using Lhe weak convergence of !fdu,)! we oblain

Sf_,.(rf)h dr< Syh dv= S,—f-.ltr:')fr dr.
: "

o 0

1} A

Using the Lebesgue Theoarem we oblain

gﬂu:)h drg &yh da = \f(u')h d.
Sl'._:-: H.lt. {'.. #1
Sinee B was arhitrioy it Tollews blial
fm'(.r})-_y(_.f(u ()} ae. el e
Sinee w may be chosen arbitrary small 1t Tollows that
f(u‘)f__-,rtj(zr') ace. in Q=sy(n)=flu'(n) ace. in £}
We will prove now thal ”*'7{:“Hf,|szl' Indeed we have

O 2= ||, *4 r.\u';:ri;r—}- \jg(u,)rl rt-\!"z(ua)d.ré [t 1+

0 ) i
-, \'n'{rl r4 &,i;_tu e Rf';(_ut)u L R“”s}” dr R"‘J”e)d' SN Y
0 5 .':
e I \ft{”e)”z“! r \ I ulrg :c, gu:rf -l :-rn\ g,
i o ¥ "

(We prove only for n-2). Since i, vt strongly in LPP(EY), we anfer that
1 #0. Now we have for every re HYOY
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(u‘.u—u;)-';-)-Su,(:' n)dz4- S_]‘;(u,)(u nda ---Rf,(u,)(n .

9 0 0
So,

S Flu NI —u TS Wy =1+ Sm(u u )+ S(.i..fu) _jdude.
0 0 i
We sec that

!im[ st(tfg)(" uddr—(ug. n ;) 7-%11,(:1 - ug}d.r] >

N0 .
0

> S‘,—(n-- uydr — (@', v’} -1—?.811'(1) -y,
0 0
By the Fatou lemma we have

lim S feltr,) dx = R HuFdr.

ey 0

0 it
As j(x) <j(x) for all xR, it follows thal

lim S Je(Md es \ j{ryd x.

3]
o .

£ Q

We mav conclnde that for any e Hifd)

S(j(n) —fu*)ydr et o 11")+7~&11*(tr wydrz g‘((l- -irt),
0 Q &
So. problem (2.1) has at leaslt one noutrivial Filippoy solulion.

~§3. Some particular cases. For j(x)—0 for v= 0. 4o for x <0 we
obtain the following obstacle problem ;

—Autru—f<0 on L,
wzi,

{ =+ —f(uhu =0,
1|88 =0,

(3.1)

and by Theorem 1 we conclude
Theorem 2. Jf conditions (CY—(C;) (with j defined as ahone) are salisfied,
then there exist e HYQ). w20, w40 and y € LUHIP(Q) such that y(x) =

Efzu*(x)) a.e. in £ and

VsV (1 H*)ff.t‘-i—-?-\u*(l!ﬂ—tl*)d.t) S«{(u whydr, Yo s

(BBt G o i

& HYQ). 020 ac in Q

(3.1Y is the weak form of the ohstacle prebiem (3.1).
For j=0 we have the Tollowing problem for 2=0:

A 4w =fud) on £,

3.2
(3-2) ! dfy =0,

Corollary. If conditions (€;) -(Cy) ore salisfied (with j=10), then problem
(3.2) has o leasl one penfrinial Filippov solufion.
§ 4. A problem of Signorini type. Let consider the boundary value
problem
An - ==f() on £,

(4.1) Z.‘_'Jrg(u)so on &L
e

where 7 Al

Theorem 3. If conditions (C)—(C5) are salisfied, then there exist u*
= LY. wr£0. wt(v)=Dij) we in 90 and - = LW such that w(x)=
ef(n*(.r)) e in S and R VsV n*)d.r.—[-f\ uF(n e utyde -+ S (jny—jNdzz

(1 0 on
pr %‘f“' aydr, for unvy me I

i

Proof. We consider the Tunctions I, Heh—- R

(u)—= lg [Vu fde4- 181: - Rj,(u)d.r - g I andx.
m 5 \

- .

L 0 du 0
It is possible to prove as in Theorem 1 thal /, satisfy condition (Ps) and
there exist « & =0 independent of < such thal oo, > % It is vasyv lo see that
foeCdney and 1 40)--00 By analogy we may prove the existence of a
eritical point of o u, (Mountain Pass Theorem) with {u,} bounded in H{(£2).
[hen we have w,—o® in L77E). W e (L)), i e D) ae.in &0, w*#0 and

[he exislence of & LU (L) such thal. vlryefarF(r)) ac. in ) and

gVar*V(J-‘—u*)d.x‘—I—).Su"(ﬂ u*)d.r-i—\(j(r?)—j(u*))d.tz \Y(umu“)dx, voe HYQ).

9] i 18] 1}

We may conclude that problem (4.1) has at least one nontrivial solution.
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0% A TWO SPEGIES ECOLOGLIGAL ™) STEM. WITH DIFFUSTON
DEPENDING ON AGLES
BY

ADOLE TIA TN 1

1. Tutroduction. Statement of the Problen. Inoimany  papers last
vears. the study of ceological systems of populations structured on ages
and iovolving ditfusion is performed (see e.y. [0 107010, 12])

‘The diffusion coelficients are considered in most ol these papers con-
stanl ; in some others Lhey depend on the lime and on the point of the
space. In a recerd paper 9] we have studied the evolution of a popnlation
structured on ages with diffusion coethielent depending on the density o of
the same population

In the present. paper, we will inves igate an ecological system, consisting
an Lwo species. shructured on ages - one of them. a predaler. the other a
prey but with diffusion cocflicients which depend on the density of Lhe
age « population. and on the densities of batlv enlire populations in the cu-
viremment,

Such a problem has not a classical selution. sinee. when the density
of the age o poputation is zeee the diffuston coelficient must be considered
zero, awl so the fundamental eqaatisns of Fhe system are degencrated. Soch
cquittions have been studied. also in relation with perous media, in (116,
IR R

The space in which the diffusion fakes place is BT a more dimensional
space leads only Lo compulational complicalions bul not to other theoretical
difficultics.

The malhematical model contains the Tollowing cquations :

1. The evolubion equalions:

i ong L o
(1.1) — - YV — | -—] N =th Lr=1, 25
ca at o fmdn\ vy

9 e olfspriug equabions
1
i1.2) boia i T G P LU C A 11 N R B B
)
S The sl separbibion of the pupalations

(1.3 THEN IO B IR (F=a 125



