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" 1. Iontroduction. Statement of the ‘Problem. In many  papers in last
vears. Lhe study of ecological systems of populations struetured on o ages
anel involving diffusion is performed (sce e.g. [0 b 7. 10, 12]).

‘The diffusion coefficients are considered in most of These papers con-
stanl : in some olhers they depend on the time and Ol the point o t‘hv
space, Tn a recent paper 9]0 we have studied the v\'.nlutmn of a pu!mhnlmn
stroctured on ages with diffusion cocflicient depending on Lhe density o of
the same population, ‘ . o

In the present pupero we will mestigate an cealogical system, consist l-ng
on Lwo speeies. structured onages -- one ol Lhem, a predator. th‘c ol hey '1
prey — but with diffusion coclticients which (1(‘|J('1-1ll on Lhe .(lf‘ﬂ.‘»l'l_\' of l\hl
age « populalion. and ou the densitics of both entire populations in the en-
vironment, _ _ _

Such a problem has nol a elassical sulition. sinee. when the (IE‘IISTI‘}
of the age e population is zero. the diffusion covificicnt must he ('unbl(]f‘ltll
sero, and so the fundamental cations of the syslem are (]";'q‘('ll.l'l'ili‘('(l. \111'!1
egations have been studiced. also in velation with porous media, in [T b
131 o

The space i which the ditfusion Ill!it‘.‘i j)];nt't- is 175 a more fh"“ n:'-.lu‘n.al
space leads ondy Lo computational complications but not to olher fheoprelica
difficulties, _ _

The mathematical madel contains The following equations

1. The evolitlion equalions:

‘ ( £ d i, .
(L1 e O E_—-r—(d;f’-—]- Ay =b), (=1, 2)
' i of i d.;

20 e offspring equalions:
1
1.2} hoie. 1) \;;..(.1'. fooyn (e b ayde. (1=-1.01,

S The mutsal tepantibion of Che populidons

(1.5 o Oy =gl 1) i ¥ 2Y 5
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1. The compabibility equations

(1.1 woale ) b ) \:L,r,.-.n. ol )l (P10 2) s
0
where
a) ¢ = tr. .)€ R 0s o point in The space.
by s the time. £ Fl0 T — a posilive constant.
¢y oa is the age as|0, 1] A a positive constant,
Ay w, e £oa)is The density of the age « population i in r.al the moment £,
¢) s foay is the fertility of the age « popukdion i.in o at the mo-
ment /
fy o; is the diffusion coelficient of the populalion i
@)t B2 |0 A= 18 ks Uhe initial repartition of the age « population
i,oinor.
hy b, B[00 T) s the density of the offspring of The population 1.
in .t. al the moment £
i) A\, are proportionaiity Faclors,
Our aim is 1o investigate the behaviour of The system. when the diffusion
coeflicients o, depend on the density o, of the age o poptlativn, and on (wo
funetionals, cach depending on Uhe densilies of The populations ; 1o be more
precise. and (o avoid complicated calenlalions. we will suppose :

(1.9) i dige, . UT5)
where
{
(1.6) I, S,',-”(fr. sl aydy, i f=1.2; i£)).

L,, bemg funclions 1o be precised in the followimg.
Moreover, suggested by the Volterra theory of w prey predator system,
(see |17} eh. 1) we will suppose that Uhe proportinnality factors A, are gi-
ven by
t

(1.7) % = Sh'“" gy ooy qi fe= 1020 0k ),

.
1

IRV R P VY OP L N PE LA &7 ceonstanls,

which means that Uhe First population (i =1 is the prey. Lhe second (1==2)
the predator. Indeed, e first population. being herbivorous, its proportiona-
lity factor A, consists on a posilive Term p, = the natural increasing rale —
diminished by another teem. due {o the exislence of the predator living in
the same enviconment. and huuting the First species 1 Lhe effec ol Lhe existence
of this sccond population. also depends on Lhe age of its individuals. with
a weighl funetion fy.

The second poputation — a carnivorous one — has o coefficienl A,
consisling on a negalive constant tevm pry. - since i it lives alone in lhe
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environiment, iodecreases For lack of  foad ||1u|m'i7.c¢|. l_)_\' a termiodue Lo
the herbivarous spreeivs. wunted by Lhe carnivorous indiv ldu;il%; lh'l‘ l.‘ffltl‘l
of the first speeies on the second is expressed m o the form (1.7) for i 2.
\s we will see. the study of pur systent (1.1 (1.4) is strongly conneeted
with the non-lincar system of parabolic equations
i,

U An, A =W,
Ji
where. ;. depending on i, vanish for o, (0 Such a sxstem s @ ‘;I‘ngulair one,
and as already said, it has not a classical. hut ondy a weak solution.
9 Preliminaries. We will need in ony paper. somc properties of Holder
classes of functions : for Lhese, we use the following notalions. '.lm:\lugu_us
to those of X I'riedmans monegraph {2 on parabulic partial differential

equalions @ N -
Let © be a domain in 15 e=(ry, raye R, T o0 two constants  and

Q =Qx |0, 10 Al

cylinders in Bt xRy By ad X Ity respechively.
If Plx, o), Pl L a)e, denote:

a0 1y (2 = e el
Fllla”\ if fQ—) I, lhen
1@ = sup 1]

(s M
”:’3?(.”: sup m.._.!___[;———-l
(LR 3] (d( {}. l; ))h

19 =119 18

The sel of functions for whirh I is Tinite is structured as a Banach space
with norm (12 and wilt be denoted by g .

In an analogous manner, if DEFC DS D are arbitrary of _ur(lcr i derivas
Lives with respeel Lo . of firsl order with respeck Lo {, and of first order with
respeel to «, respectively, |f S will be

7 TN A I [rs] R A
[l =|f) 41D G DR | D1+ 1 Duf 1o

and the sel of functions [ Tor \\'hiuh‘ll'iﬁ”' is e, also s a Bauaclj space.
siritetured even by The norm If]g+* and which will be denoted Ca(Q)
The nuialiun‘; Cracsy Q0 Fliainy (@) will be used for particonlar Bunach
spaces (@) when L respectively @ will b constant.
With tie metric

Sify f2) 2”‘.___{:”9::.:_)_
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Coon (O s o complete melrie space,

I'he Tollowing propertics will he useful in onr paper

LG Q1 00ty and [g v = |f gl

2000 feCai then fio ooy O G0 for cach =100 4] and
ftoo D=L 0Q ) Tor vach =0, 7.

SN e 0Oy and Foas oo lincar transformabion ow 00 F] - [0 4.
then [fole= O, (0.

LHEGC oG A floo o aysCunQr) forecach o=t 1] and
Kt o feddo gy ave integrable an [, 4]0 then

iy = SI;( o oa)flr b ayda e gy, 1)

ol g o Mo B Lipsehitz contmuons md [0, 1Q), me f< M,
then gof = Cg)iQ)-

The hypotheses. Tn Lhe following £2 will he 50 so thal Q== /20 [0 T
A AL Qe R JOU T Q= R ]o0 A

a) The two functions o, (10 1.2 the diffusion coeflicients salisfy
the following conditions :

dA0 ) 0 e U ) 0 For o, 0

Les i g eerkain point of The space. al a given mowent, the density of The
age o population is zeroo Lhen There does not exist diffusion. In all other cases.
the diffusion coeflicienls are positive,

We suppose also d, dilferentiable with respect to all vaviables. and
maoreover,

. s,
s ey
FEIT IR B

e they are inereasing in all variables, The above derivatives ave Lipsehils
conlinnons with respeet Loow,o

.]u il ; 3 08
Ll fuge. L) « (. Lo
i, ay

shio, g ¥ [ =000).
=1

by The funclions B o0l cxye i A for cach as 00 4] and
fter 3, Fte, ) are integrable on 00 A} for cach e {00 4.
AMareover
00 hyo00 o 0,

1 i
Rf.:.,(lr. .1):1141."(‘_,_7. \ I o) dm.\:-ﬁ,.

C) oy pe e constanls,
dy e o D EC L0y (Uy) for cach 2= [0 4] and p,(r. L) are integrable
on [0. 4] for each (oo HE@,. and
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4
=R T, g-r N 2 T1 E R T I PR consbanls
;

¢y i,y O— Ny belong 1o RN .
As our aitn is Lo prove Lhal The system (10 {15 has a weak solulion, we
stale now Lhe Tullowing

Befinition. 4 weals sofuation of the system (1.0~ (14 @ the sense f Hfr
theory of disiribulions) is a systent of four functions (. .. by b which salisfy
the following condifions : ‘ ' .

a) Q= Ry are Lipschifz continuons. hmmrh-r{ /ur'u-lrrm.\'_nn their dentain
of definilion. with bounded firs arder qrnw'r.vli:r::l derivalives, m.m'r rr-xpe?r! tu‘.r,;

D) b, Qy > Ry oare bounded conlinuous funetions on their domain of de
finifion :

¢y These four funelions salisfy the relations

\ SRl Ve i
R\“{{”‘(?‘ SR Zz "J’}d'T e Ny dr e diida
Pl o,

ae s

(2.1) '
S R;&(.r. 0, e apdeydedat \\\ air b (e Dd eyd e dd,
' Fi
(2.2) e 1)- R sz Loayu (oo doapda, {i=1,2)

where = are (5 funclions o Q. _ ' o

In 1he following, obviously without restraining the generalily, we will
suppose Tl

3 Transiormation of the system (2.1, (2.2). We decompose the dn‘man:

T : . — =

Q in two disjoinl subdomains Q, and Q.. 041 JQ.=0. so thul O, =0Mju=t]
ad O, =0 la—1h _ . o o

The integral in the left hand side of (2.1) wiil be lhv_sum of two ll!lE
grals. the first on Q. the second on Q. In the finsl, we perform the transtor
mation :

Ht*cf.-’r"." {=—=-

and dennte :

uy(x, b @y=u,(x, T, a4y =v (v, 7. )=z fou—1);
in the second integeal we lake
{=o+~. tt=xu,
and denote
wle b a@y=nlroat g)=mw (v, 7. 2y =l donk

(2.1} becomes :
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3.1

(3.2)

where

(3.3) Uu=—

(3.4)

(3.5)

%
7., g
0

2 - -n
(UIP: E ‘{‘F.f'_tlil'u+|0 \:“i) o I',d.l‘_rlfd:t, I
H

1

i

-4 R\Sg(ul,qﬂ Z Efr:,imfrj-i a Y;w‘-)r{ v dv.dzde =
! H

eatals

g a(x, 0, o (x w)dadre.dad R“ asle, = Wb (v, Ddrydaads,

.
€
it]

box, 9 S;-‘(.r. <, Py, (. = =B Bdp

A

+ S wilr, = Bimlx. 7. 8 B,

T

;= di(vie. 7 @) ZJ'—“(U,. w,), -le(l’z- 1.,)),

;E( di(anx, < o). -T-'Tn(_”h ), l:f:-_'(."z- w.)),
A

Fifot t Bz, v B, P)dB +RK‘”(0¢+ 7, Byoy(r, =, B <)dB,

- 1
Eolo Py 241—0. Byda -+ S Eofon PYode ot z, Bo P,

xET

Adp, 10} =pi— g (et Pz =B BB+

- gh;(w_ b BYesle, 7 B—dB,

20T

fz\,-(v_.. W)= gh,(ar.. By (x, o-b == B BB+

+
4

+ Sh,-(oz, Rymdx, 2z B—a—2)dp.
s(x. = 1)y =p(r. = 27

alx, 1. @) =9(r, ot )

i
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4. Ihe study of an auxiliary system. Snggested by the form of

relations (1) (3.2), we cansider
a) Lhe Two sequences falait i 12y of funelions on ¢ . sueh that

A, mECroL AN ul(r Y e,
and

Fign ad) — 144

[

b) the sct of evlinders QU --{(r. 7. a): rgn. =0 T 2€{0.

the

Al

¢) the two sequences il helonging to Lhe same classes as 'ty and

moreover, satisiving :
nl =l on |ajgn-=2. 1 i, 270, A
w®=2af on |xjzn «=l. v |0, 4]

N w1y (uniformiy),

fnl+a
el i1
uet V<l g ulil< M.

gy < 1
—0 < i

('.].l',g
here M s
M osup max (v zh

A
d) The svstem of equations:

oy Lo f=an -
L=t -—-(d‘ -—1] Ao, =l

EJT j l(:}.l'j (’).’P'j
: i 2 f= diy =
g - {-—‘ E-—— i, —‘) N =0 om0
do Ty dx;
n(x, 0, o) —ul(x, o). lal<n, o=l Al
1

(4.1) .
bi(x, ©) g!.lf(l‘, T Bywx, = —B. BB+ R w7 Bz, v, fo— Tl

i

a={0, A
-=[0, T]:

vi{z. 7, ) gmu =M.
w,(x, = 0y=br, 7}

Wik, T o}z - WAX b 7).
(=t 2 1d = n
We can now prove our first theorem.
Yheorem 1. If d., A K. hoo iy salisfy the hypnoiheses stated in
system (4. 1) has « solulion. belonging to € 1Q™ for each 1,
Proof. The proof will be performed in Lhree steps,

2 the
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First step, Gonsider on the evlinder O The Finear in V)™
[}

(4.2

sysieng

avist e g Sy
L.\ _;'}--_: Zl ;(T [ﬁ.(v,. . (r. w,)):?\._f;-]] —\‘.(p" ERRNCEY
VI i a) (e v) (i f 02 i)
Vie, = om | M
IR 1

where d
thal o,

(1

and

1.n

v, are the Tunetions defined in (3.5, (3.0
o, htllhl} the following condilions :

Do 10, = (QF) Tor each 2= 1.

J(l- my< <, O—r<mw g Ry
| 1o { T M !m,~|,f‘f“- g B, m Moor B - eonstueds,

7 a e 5 My
We remark now thal, if we denole

(4.3

difr. =, ) --:d,(l'.(.r. -3 U‘;.Rli‘;,(a -5 By (e, = B BWIS

+- R Fifot = BInda, = B — :):1@),

T

d(x, = a) =d, (w.(.r. =2l Sl-t.(a.. By (i, o7 — B, Prd? +

i

A
- SA‘-“(a- Bz otz B o ng).
E(r. <. o) - \ hio-t= Byo e, <=0 BMB+

4
1
A

4 g (o= By, = B 2)dp,

Lir, roa)=p, gh,(a, Bynfx, a+<—f. )2+

0
A

'*‘th(ff-- Py ot B—o—2dB. (i j=1.2. i#j)

a
X AT

inowhich we suppose
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then. as a consequence ol The properlics staded in 2. and Lhe hypotheses on
A, i Totlows

ddi dy e i)
We alse remark That
) f‘_[ [_fi«i i_l'.. PN (1
o, iy iyl

s i consequence ol the same hypolhieses. Since €Oy Ciay ;._)(Q)C(,',;_.(Q),
|l follows thal all the coeflicients of the equations (1.2) belong to Cpy(Q)

We remark finallve that by ev entually changing o, in pe™", by a suitable
choiee of @y we can suppose Az,

From the conditions imposed toon. w,. and the hypotheses, il follows
that the eocfficients of each equ dion £t —0 salisty the condifions:

v dig Ky l”’ EEVER

B.Jd, K, >0 Ko K. constants on Q47
\loreover, Lhe eondilions on the frontier of Q" are cunhnuou% and Q' satisfy
the condilions of Theorem 7 (p. 88) and Gonseguence 2 p. 950t Friedmann’s
wonograph [3] already quoted.

1L results that the system (1.2) has o unigue solulion VIR e g (Qr)
Lor cach ge {0 A and

(147 VS RV

It remains {o estimate [V Or, replacing in (1.2} VLR Y e

=, Uiz .
Vite T, we oblain the svslem

SV E a9V -
N | = | T e=iki) Vi =0,
el H,u_](e d”) H AN

(4.8 = ‘
(4.8) \'i"’( ro ) i 7).

Vit g, = o yque=Me "'
Ry applving the masimum prineiple, 1 follows that, if we choose
'z max \..
it resulls Lhat the maxinium ol Vi s on the frounber of 04, and then that

u]

(4.9 Vg e

152
i 3

In an analogons manner, by substituting Vi by

(1.5 Wit Ve, S 0,

5 — Mpematicl
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and choosing —-y;gmin A, we deduce

ViR M p—viT

where m'™ = — min|ufy|.
g
It follows now from (4.7) that
Sy (25, ‘s
(4.10) Vil < KMl
and also

T B P
Dgmme e v ML

Re.n_nark 1_.":;\5 a consequence of Lhe above considerations, it results that
Lhe solutions V™ of Lhe equations {1.2) are positive. ‘
10 :
Remark 2. Also as a consequence, it follows Lhal

d{ VP, U (VP w)) >0

and so our svstem is non-degenerale.
é?ema;l.‘ 3. Analeguus bounds can be found in |11].
econd step. Considering the pair (w,, w,) fixed, w i
. ‘ ! . 1 1) Tixed, we conceive now the
system (rf.z) as a mapping “C of the space @ of pairs of functions jo.} on the
:f_ﬁw ?hl'ofl pau‘s;_f.unctlons [V} — solutions of the system (4.2) — and
ill establish conditions under which this mapping satisfies Banach's fix
e pping satisfies Banach's fixed
To this end we assume the set @) as a s ;
¢ as: ! as a space Ciy(0F) and the norm
of the belonging functions satisfying (4.4). The i I
. § S A). n, as it results fr ‘
SR i P e {1.4) it results from (4.10)

T P
M=KMe",  m=m™e " g

‘C maps @ into itsell. Moreover, the last inequalily proves that T maps
e 0 Y i o '

a nondegenerate system (4.2) in a nondegenerate one. It remains to prove

that under certain conditions T is a contraetion with respect 1o the metric

8, induced by the norm |- |£}2(:]M.
i
To this end, we consider Lwo pairs (1), ( i=1,: isfyi
o . ) g v (), (i=1, 2) satistying (1.4
and the corresponding pairs (V{P), (V') of solutions of (4.2) ; then (I(‘)lll)‘gin(‘,’ b)\"
L=V -V,
It is seen that Z, satisfies the system
2 %9 (= o
(4.11) dr A dx,\ T O,
Zi{x, 0, 2) =0,  Ziz, 7, @) 15 -a=0,
where, with a notation which can be understood by itself :

1) b Toaiy y (12 ) 2V

) —'Kﬂzl n "b1h

(A AV

éx;  dr,) du;

11 ON A TWO SPECIES ECOLOGICAL SYSTEM. WITH DIFFUSION DEPENDING OF AGES 267

Or. from (he conclusion of (he guoled theorems in [3]. we have:
eV
L dx;
On Lhe olher hand. from the hypotheses (§ 2) and from the expressions (4.7},
it follows

- _ 1
- - ad = Ad YT
din—d. (;l_,) Ul E( ]\l;‘ (2l = Bl <0 B <)

1\ Ty

¢ ; 0}
g ring IRGELE 1ym Gl
(4.13) AV, Vi< KV

vl e B2 ]df.

so thal
0 {0)

diy—da|< b m—o. i 0 ”u-(,;‘rln

where I, is a caonstant depending on (6, /). (ad;/dU,). ki Analogously

. T [0
oz, iz o

i ad;., dyy Ay
g —_ <l,,.( i

dr;  0x;

. H
ox; dr; gt

—_ — 0)
\l'l '{\IZ = I‘.l 2y Do ,“)&?] J

I., depends on the Lipschitz constanl from the hypotheses and L, depends
on fi;;
Finally we have:

F, fl(z, [ty — ;g % +

=

- — , L. — aconstanl.

. . )
{"““ ' i ~
(‘".I'J_ -!"'.F,\ ".Fj"l

1ok =1
On e other hand. according 1o the hypotheses on d; and lheir derivatives

(the coefficients of £). we have I}, (. 1t lollows that
1)

o (2R |
| Zilo, " SK|F,.

Bul obviously

5 ) .
o ldw vy | (2+3}
h’Jl'—"Hl‘iﬁ&{l:s —32 - —(j-'J— o) S Uﬂ—l’;z!o&?)
Ty T; r
so Lhat :
- Al i @+
pepo 240} oM I (2+2 < 9K V' | P |BEH
il +|£uigg;l """ j;l.\n Vielog <2 ,-éxl 1 Pralgl

9K L <1, it follows that the mapping T is a contraction,

and if we suppose : .
that it has a unique fixed point. This means that

and, as a CONSEuUeEnce,
the system

¢ "“‘": : é i st T riny T 70 V{")
o Zl 5z, @V Un(Vi®, 1), Uil VEw,)) o
(4.14) ALV, w)H V=0,

‘-in)(;t.‘ 0, 1) -'=“£3)(x-‘ S{).
V(e 7. ) = =M
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has a unkque solution, belonging Lo CingfQr) Tor enell 2[00, 1]
pair wy,w, =L Q) which sidisfy (1)

Remarl 1. "The boundeduess of the derivalives (1. 13) also resulls from
a theorem of SN, Bernslein [2] '

Remark 2. ‘The solution of the syslem (L14) is obviously posilive.
as one can easily  see from o the fael that il is o limil of positive solulions
of (4.2).

Renark 3. The solution of (L15)is Holder continvons of class Cratspt QM.
To prove this asserlion, we wrile Iwo svslems (4.2). one Tor % —x,. {he olher
for g==.. denole LR e O R ) T T T R ;). VI the solutions of (he
corresponding svslems (4.2). and linally 72, V2 —VE They nsing a lechpi-
que analvgous Lo Lhat already used to prove the contraction of T, we oblain
by the maximum principle

Cand Tor each

FAESVH -J - 3 ; o) o
Zy| 12 = El [Via— Vi< L 2 |41~ D] '[J,T,,, -y g, r(-‘;’.” o+
£ v

+ 5

L' a new constanl. Using Lhe properties of Vig o the stalement follows
for the solution of (4.2). Since the solulion of (-0.15) s Hmit ol soletions
of systems (4.2). and L’ is a coustant. Ihe conclusion resulls,

For the following, we must estimate the difference helween two solu-
Lions V', V' ol (1.15), corresponding {o two pairs of functions w
We denole

dogy o duy,

dr; duy

") (')w“ (-)”,H M \l
b

o o dx; [ }]’

i1e Wise

ViV v
this dilference will satisfy the syslem ;
£ i,‘ ij-(di( VI UV, 0,)) i) — AV - vy Y, =g
(415 7T S it UV, oy i) (Vi w2} Y =0y,
(i, F=1,2, ik,
Yi(o, 0.0) =0, Yi(r, =, 2} =0 =0,
where, in this case, the function ¢; is majorized. by :
2 a‘:ﬁ} a‘:‘(g) L

9 ]

L e e @)

% il K*,zl[l‘ﬁ?’ Villgm 4 B ] —— — s
£

i~ E)J)I (');r,} )

(0
i —wg % + 3|t

e 31:1“ é)m” 10}
7=l 31.‘}- . (‘J;Ci O(u) :

Ky o constant dependent linearly on K, K. I, and polvnomialy on k.
As a consequence of the same Lheorem already used, il results
2 4

2
Y v iy 12 17} oy
[Yilgn” = B VP —vige" <K ¥ |6, HLIRS
- L ) il

1=l

2
3 ey 1267 f223}
< KK, Zl( VI I (0, — g -
i .
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Suppesing now KK, < 1. we oblain

2 ey T ERECRGT
(LI AP - 2L - ) .
{1.10) T .\':tyi_{_,..'gh,,g e e

£ 5V amely :
Third step. We come now Lo The second par of Lhe svstem (1.1), namely

G T -—(- (FT(N'.- Ul WP, w,-))( HI—) NV e, 0o Qo <=(0, T
_r_ﬂ.f:- ‘-l' ('.1'_’ o o Y "
an a0y b, <)
I

hi(x. =) \lu. (r. o Byt 7 -3, BBk \ LT BVY e n B—odB. (i -1, 2),

i D) carres ing s pair of functions wy
Vi is the solution of (L19) carresponding to the § 7

where ' o '
and consider the hnear in W systen o
' £ 31 (m . .
. ,:!] 2 '} = =43 . i — St SEme
gl M —(—- fedgam. Ui (Vo wp) "f_'_""'Jw-)\-( e Wi =0,
e jf] (i‘t‘f. [ - ' -
(=120 04D
(1.17) W =, O ==h0r, 70 Wi 2 e =smax BT <) .
A

"

hiM(r. <) g;L,(r. = By s - B BB+ S wila, 7, BV, 5 p—m)dB.

: . : N .- _n) rr N o ) e
2 given Tlslder continuous funetlon on Q7. Then by th

Suppose now B o
i Csvsiem o » Lwo firsl equalion
same argument as in the fiest step. The sysiem of the t q

(1.17) have a unigue solution which satisfies :

3 "
= Iy h?”!o(m‘

But from the last relation (L17) we have:
+ 2
i

- b - T @2y f2
WM - yahas ,.;;.;}43:_,(|rr:,§.‘._‘ R U }@_‘

and therefore - )
) - 2ol oa iy = A
(1L1I8) W e K omas ol 0L Y a7y
: 1 ’

We conceive now, as in Lhe second step., (1.17) us\;a l-lli:!]!')[(l)i}g()frf;:)l::{
the space F) of pairs (). which s;llisf}: (4.-%)."(:.1.4').1 ‘.,,n l.}n((“.:&d(,’.m-imo_ ii:sc][‘
tions of (£17). and will prove thal ”jlﬁ mu.;)p.}!l.g“ 1_.111.15.(?0“ -lh-.[ e
iv choosing suitably the constants .!x. -1(:“ i, lh_t.ls:l}‘ s .e“i”.“ ety
relation (1.1) is satisficd by the pair W and so the _.1‘55"1.,_ end. consider
0-70. 1L vemains Lo prove that @y s a conlraction. I:) (11'5_. 1\1'0')1) (.V!m)
two pairs of funclions (4] and (ru,._.).. 1h(.‘.'L(";H'l:(‘.h[pi)ll(l}!];..: p(,:,l;:\el '”su'luli(;ls
of solutions of (1.2) and finatly the pairs (Wi (W8 ol resp y
of (1.17). Denote by X, the differences
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X, =W _Wwi
This differences satisly :

ax,; 2 [
— = ¥ i Ty XY =
= A ( ViR UV ) 'u?j] ROV w) X =H,

Xi(x, 0, ) =b1' —=b%' No(r, < a}fiat mn =(037 —02) | s,

n) f
bil bi;)

it 7 ) (Wi 7B, B) — wiolx, <—B. BB +

oy A

A
* S wile. = B V(2. = B—7) — VA, = B—<))dp.

where

"=, —dJAWE+ § -
l 2T S\an T ) an, (A — AW

According to the theorem several times quoted from |3]. it follows that

(2 aia)au'ggl
(X 'I?:MS KX, gy
But ;U.(‘) \‘” in'”)+ ‘r{r -.T

= = 2
ldy; —dis|< © 7
12| | Lgl lwyy —amy . {] pim v
|‘-. 7 i1 ;s @Sﬂ -+ J_§ ‘l‘f}( 1“ . V;":'Z] :ﬁ” + Wiy~ l”l) -
= o

or; oz | llar ar, OL"’+,_L, "'*J‘( ?{,; T +
gur;  owy|Y
3.1:,- - _cj’—: 0'.:]: '

Considering also that the derivati ’

. s rivatives of W™ [ g

and the inequality (4.16) we getl: i are bounded. since Wy & o
()
'vh’”)'

2

] .,

g | din, ;.

E |Hy|= L, Z‘l(:u:“_wm|g)m + Z it M2
=15 a

ol j=l (:".l'j @.t‘_i

and obviously

o :

1 3

¥1{!|Qf‘?)\<~ L;iwu — i -:m :
A

On the other hand:

X"("):..—‘ 0} . o . . )
! %(-&m iy h.g|,:,£;u§‘.1.(|m,, — 1Dy, C?jf:'+|‘ m_y )10 ).

ERTILY
Using again (.16}, we have A

0
X L) — —h. {0} [ 5
g =16 —bielgiy < [bis —bial 5% Lslwia =il gl Lo =saa(1 4 K,
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so thal. [inally, (4.19) leads to
I (242
Slkilo&na §L|f“n—”'uzlgtjn ),
[, — a constant depending linearly on K. o Lo L Ly Ls.

Tmposing the condilion L < 1. it results that T, is a contraction, and
that the system

AWM 20 = - fmy =
I — 1, "r'_ yim o jym P A, \;[‘n).w—“,v(n),__(),
= N (d,( . TV WD) ax}] (VW)

A1) Wimir, 7. 0)=bP(x, 7} Wim(e, =, oc)}m,_,.-=111;1x|f1'1"’(.1:-.)|,z|,=,,‘

T 4

W, 7) - S . 7. WP, 7B B)B+ g oz 7 BV (2 =B — B

has a unique solution. belonging o C(Q4)
As in Lhe case of the system (1.14). it. alsn results that

Wi Cain @)

Combining with the results of the first step. ihe stated theorem is com-
pletely proved.

5 Existence theorem. The scf of solutions (Vh), (W§) is compacl on
comparcts. and as a coitsequenee @} one can choose  from cach sequcnce(V{"’),
(W™ o subsequence contnerging fo g conliious funetion, and b) these funclions
salisfy alse (3.1). )

Proof. @) The functions V™ are obviously uniformly bounded by M.
Concerning the funclions W™ from the above cousiderations, it follows that
Wy MO - pa) .

On the other hand. Lhe derivatives of A7 and of W™ also are uniformly

. . . L
bounded. since these funclions belong to (arn{Q) and \V?"}Qﬁn W, (Qm are
uniformiy bounded. As a consequence of Arzela’s Lheorem, {he statement
a) of the theorem Tollows.

Following the same ideas as in |14]. we obtain

2z
RS“(\";"]P: =~ Z d,_p”\ﬂ‘.g: L VMA )y d e didx SSS e(x, 0, iy dr,drda,

wales Jual Jal
0 0,

\ Sg("”""sz . Edif;”“"g’?,-{—\\"ﬂ"'c.\,) dedrodide = gSS o(x, =, 0)0™ (2, 7)dx,dxad,
il g1 .
g or

Brir. =)= Sg,-(.t. -« BWie, <5 R)dE + Su,-(.r, = BViP(x, = 8 —7)dB,
4] -
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where Lhe index 1 runs over the subsel of the n.al ural numhbers set, on which
TV and [W™ are uniformly convergent. As ¢ VIOV are bounded. oue

can choose a subsel on which {1V } "H, Loy \\(,.!]\[\' convergent. and so,
by letling n—oc and svimiming H:(‘, fl[‘:,l. I.\\u refulions we oblain. (3.1).

The Dependence of the Solutions on the lnitial Data, Consider {wo
systems of the same Torm (L1 ). with Lthe swne coeflicients d,. h,, fig
e bul. with two different initial Tunctions w8k =1. 2). Denole by u® e
corresponding generalized solutions of (he two systems; {hen by the same
transformations as those used in § 3. we arvive Lo Hhe systems

th rg 1£)
av; d dii! _
— g LY At
Fa _'§61‘J(1 Ao :
qw Td (o ()m”" =
-y - 1” : —AMpE L,
=107 G

IR S YOLU B S e 11 P

b (x, =) S:L,-(.L‘. 7o, T =) eyt

WAy

b uM(e. 00 2) =ufyz @) on Q. (=i, So oot

\s alteady proved. these syslems have housided solilions, with bounded
first and second order derivatives. Denoling now

i {z) .omT -

by —u7 = Ve, - constant: :

we have. by substracting Ihe fivst corresponding cquations
eV, 2 (- VY L
Lo D) z - d('” _. +l\j "‘f “‘f;‘ '—0.

where f; depends linearly on V,. ¢V [ér,. their maxima, and also linearly

y, —@

’e t1) iy, < . - ;
on the maximum of (w; —w ) . By choosing o, sulliciently large, i
results that the maximum of V, on 0™ is ¢n the frontier, and therelore

max | V| < max jufp—uPl
2, .

and hence

[ il {2 N P - -
pil' g max Fal—-uid | emorgmax | uld —u .

max |

In the same manner one obiains
max [ —w® < max b — b max wi(o—w® R el — e

from which we get

1 i
a |l

max Wi mP| g |—~ ‘

0 . ]—u.,

The obvious consequence of these inequations, is the
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Proposition.  Fhe fweo geiveralized solifions Wit aFafesot o rnh!uinrr!
by the studicd dinading process, eorvespornding fo lwo iniliad fuindions g oy
safisfy the tequealily

i ] Ly T !
t; o, sup |l e Tl
T —
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