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1. Introduction, A relation of the furm

shEGy, x(d()

15 called a multivalued differential equation or a contingent cquation. where
r==x(f) is an Luchdean vector funclion defined on an interval, and G/, x)
is a function which assoviales wilh every poinl (£ ) frum a certain region
of (n 4 -Euclidean space o set G x) of n-Euclidean space. Tt is known Lhat
there exists a conuection belween control problems and the theory of conlin-
gent eguations. AL Tirst, the theory was concerned with suitable smooth
convex orienlor fields G/, ). In case when G(L x) is non-convex. T. Wazewski
introduced a generalizalion of trajectories and jnvestigated important pro-
pertics of the control systems. Laler, AL Filippov showed ihe existenee
of solutions for a non-convex orientor ficld €. r) which salisfies Lipschilz
condilion in (/. )} and achieved some further investigations. The case when
(1. x) satisfies Caralhéodory [ype condition were investigated by many other
authors. The study of the contrel problem of [he conlingent funclional-
differential eqoation under the assumption thal a Garathéodory [ype conditinn
is salisfied has heen considered by N Kikaochi [9]. Such an equalion is
oblained by eliminating the control function from the control system deseri-
bed by a funclional-differential equalion. Existence resulls. qualitative pro-
perties, existence of coftinuous or measurable sclectors of the functional
differential contingent equations under more general form have been studied
extensively in [2]. [6]. [7]. [10]. [11]. In vecenl years. considerable atlention
has been paid to the developmenl of the quatitative theory for integral and
integro-differential inclusions, see, for example, {3]. [1]. [14]. The aim ol the
present paper is to extend part of the resulls of [1] and [15] concerning the
asvinptotic equivalence of two systems of inlegro-differential equations and
of [13] concerning Lhe asymplolic equivalence of a linear differential system
and its multivalued perturbed differential system. Our techniques are a
combiunalion of the well-known Holder's inequality and a fixed poinl theorem
for multifuncltions.

2. Notations and delinitions, fn Uhe sequel we shall use Lhe following
notations : o(f) and $(f) are posilive continuous functions on J = [f,. @0);
CAT. BM-the set of all continuous Tunclions z:.J— R* with the topulogy
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of uniform convergence on bounded intervals, e il s induced by the denu-
meriable Tamilv of seminorms given by [z, —supy of) @ L=f= fo-t-n ko where

is any convenienl veelor or matrix nerns. Under this topogy ] 1Y)
is o loeally conves. metrizables completes veelor space and Therefores we
shall use the desumerable sequences

I, = Do do R Lhe sel ol all conlinuous Tunchions o0 — I sueh That
suply sy el ces We shall say Lhat sach o funetion is b-Donnded
on 4 oand we shall denote U2 =supddTiiy 20 2 =0 Then B with norn

is a Banach space s By -l € 8,0 1 &gy

Lo, oGF Rycthe setol all 20— B sucho Phal D W0 b bl By

& N 'T'J I”}:(” B

11N is a lincar lopotogical space and e N0 then oftd) denoles the
Faniily of all conves and closed subsets of 17000 17 i a subset ol % we defline
 —supllel: el and it b called the norm ol 2

s regards Eo the sel [ we nole thal i is a Banach space willo respect.
to the norm . and thal its topology s slronger than the lopology of
(. R Morveaver, the eaavergenee in £3. implies the aniform convergence
on every hounded interval of 0 Indeed. iF a0, we have sup e s fa s
S lpbalg e, supiddh) Lyl -t

)

et ath he a conlinuous Tunebion an JJowith values in 7170 We deline

the mapping & () Mo dl2 R 1e 00 by ays) —xlsy Tor s ] The,

svimhol &, can be interpreted as the segment of the Tonetion a(s) defined by
Ielting s[4, ). We note that Tor a0 Ry s norny s delined as
I supl oy s Gy 10ty s B where (N ) ds o non-decreasing

fupction on . Lhen hetween et wnd (L],
Vion 1]l =supio )| o] s fET 8 G Nl & By 0 and anly it oy B, i15].
For all ardered pairs (o) with (& and = ()0 R consider nmulli-
funclion & (L et ) oG TR B LY where ) denoles The sel
of all nunempty compacl subsels of 20 For Tixed st (017 The mniii-
funclion (0 et ) s sabd Lo be contiituous (measurabie) i ! it m
is & continvous (neasurable) amitifunction of e For Tixed {=.0 Lhe
multifunction Fo o€ . ) is said fo be continuous (upper semiconlinnons)
i il For every g -0 thers exists a posilive 3 soch Vhat the relation
disUUF(L 000 B0 (o 0y —oe (R3S FU g holds For every g such
thal |y iy A0 g Gl f) R where Lhe distancee between two sels is in
the Tlausdorft's sense and Tor £ R7. we denole by f22 the e-neighbourhood
of 1. We shall assume throughoul this paper Lhat 7 satisfies the following
hypolheses

(H-1). Tor cach (Lo d S CGL ] 1Y PG xc. ) is copvex

(H=2). Tor coch f= . K00y ds upper semicontinuous i @

(H-3). Tor cach measurable funclion v JJ— R* there exists o measuva-
ble funclion g7 : J—+ R" such that g'(Ne (. a(.) a.co on J. For (e R,
or for a given measurable and essentiadly bounded on A tunction otf). we shall
denate by Mzt the sel ol all measurable seteetors from g =t 0. Under
the hypotheses off-1) and (11-5y. M(z(0) is nonempiy and convex,

Fhere exisls The Tollowing reti-
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We consider the inlegro-diflecential svslem
{

(1) Wiy g SH(I Dptods--fiy. =,

4

and ats pecturhed integro differeatiol moltis alued syt

{
E3ed) L ey - SI.’U. syc(spds - fody UL 0o A
Iy

where v g, [0 = Rare n-dimensionad fuselions, WU and 1 are nnomalris
functions from J 0 to R and s the mollifunclion above defined. We
can say Lhat the operator mubtifunetion 1 ds of [vpe Volterra, sueh iypieal
operilors heing )

r

Pofoel o 4wy B by U i‘((!. r'|!LRI.'(!. X, .r'tx))u’x.

H
particularly, 174 &) \(.‘(I. syh(s, w{shds, where fio o RU— 20 0k o multi-

!

fanetion and € &) a malvix Tunetion [T or soch thal oy belongs to
C—r 1] B and s defined by wdsy - v(f 1 os), 7] fe. inelasions wilh
deviating argument,

The purpose of this note is Lo give sulficien! conditions for d-asvmmplotie
cquivalence and Tor (b, p)-integral equivalence. betow defined, for (2.1} and
(2.2)y on J. To this end. we introdoce the fundamental solution matrix (or
resalvend kernel) r(f, s) associated with A() and B(L <) (see, [D]) as The soby
Lion of initial value problem

I

(2.3) dr(f, ) o= Al sy RHU, wir(u. =) du, risos) =1, <51,

§

where [ s the oonddentity matreix, I s ={=/, we define p(f, §) =0. ITn what
follows, we will assume that A(H and B(f s) are loeally integrable for =]
and < s<t respectively, and thal f{f) is a conlinuous function on J. From
here (see. [I2]), 0t s casy to see Lhat (2.3) is equivalent to

! f

ol &) R[ Ay -+ S f3{m. 1 rdo—]r(u. sy,

1.1!1(1 thevefore p{f. &) exists and il is continuous in (. &) Tor L€ Moreover,
it () is a solntion of (2.2). thea there exists & bunetin ¢ (DS FU a0 ae.
o J owhieh s measurable aod locally inteorable. such that
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¢

(2.4) w0y \ e S, 1=,

LS

where y(f) is a solntion of (2.1) given by

'
(2.5) gy =t Dyt gn_h sifisads,  uidy) = e
ta

Following JM. Cushing [D]. we will asswme ihat Lhere exisls an no=n
matrix (. locally integrable for f=J m lerms of which we define Lwo ma-
irices

(£6) V(L )y r(s) r(l. =) P{s) el Wit ) —r{l. =) P(s) meISS,

where == {,. by means of which the solution x(f) of (1.2) may be given as

]
(2.7} r{l) =y + % V(t, s)g (s S‘MF- Sy'(ds, 27,

and this can be directly verified il we take into account that r{f, =0 if
s=I=1, In the special case of differential systems (B(f. s) =0} il turns oul
that P’(s) = P’.Y '(s) so that V(I, ) = YO P Y i) WL §)= Y() P, Y71(s). where
Y () is the fundamental malrix for the linear homogeneons system and Py, Py
are supplemeniary projections into R This approach has been used by
JM. Cushing [5] to the study of admisibility and M.A.B Boudou-
rides [t] and the author [15] to the study of asymplotic equivalence of
integro-dilferential systems.

In (his paper we shall he concerned with those properties of sysiemns
(2.1 and (2.2) given by the following deflinitions :

Definition 2.1, Lel & J—= R be a pasitive conlinwous function. We say
that (2.1) and (2.2) ure Geasymplolically equivaient on J if, for each solulion
y(l) of (2.7 existing on . there exists a solution x(f) of (2.2) defined on J&=J,
such that

(2.8) lin (8 20— p(] =,
t-—rwo

aird conversely. for each solulion x{{) of (2.2) existing ot J, there erists « so-
fution y(t) defined on Je.1. such that (2.8) holds.
Definition 2.2, Lel b be us in Definition 2.1 and p=>0. We say that (2.1)

and (2.2) are (b, p)-integraily equivalent on J if. for each solution y(f) of (2.1)
existing on J, there exisls « solation x(1) of (2.2) defined on J<.J sueh that

(2.4) () (D) — (] < Lol 1).
and conpersely, for each solution 2(fy of (2.2} existing on J. {here exists u solution
glh of (2.1) defined on J<J, such that (2.9) is lrue.

> EQIMVALENCE OF MULTIVALUED INTEGEO-DIFFFRENTIAT SYSTRMS  9eg

. _hln(-v Lhe results which follow are Tformubded in terms of arbilrar
Iun_(‘lluns “‘3(!). and Bid). they offer greater versality in obtaining va ¥ ; d-[.)-ll““'\
tolic propertics for specific integro-ditferential and l:'ulli\":h?l‘d‘i]|"tllv]: 'd?‘) i
rential svstems, To esl ablish ounr resulls, we need llu: I'c:il«;\\'ixltr !\: (?:l-”-(h-”f‘
L.l']lllliil 2L (D Buxshaw, quoled and proved in [Ii%|h'l'h: -cfm";d-?;
A relation (@ on « melric space N to comp (V). where Y is meric \n: " "f'—.)'
{hu.! f-'.Q(.r);‘ & for each x= X s upper semicondingons o ry= X .f.'l ”ul’l e
{f i ois sequentially semicontinuons al v, ie.oif for coerg ‘q:ru_.vnr'i (f”“. ””“{
in (R such thal v, x,. there exisls o subseqience of {y,} that I i y I~(.!". o)
iy & R(Lo). (§/M coprperges to some
Lenuna 2.2, ([13]. Gorollary 2.8}, Let \ be a closed, bounded &
sibsel of a focally convex topological veetor spaee B If T 'I—H'f( -l; ‘nh:u“m-.l,.
semicontinaios and T(AY 18 compac, fhen there exisis xe A sneh !h.ul d= 'I{)p'fr
We note thal Lemnia 2.2 s a consequence of Lhe K. l." noa's i I ('J)I
(heorem Tor multilunclions. - kg e poin
sl\-g((-;.l?_;- ?S.l;l)l :::;1[(1;2\\t now consider {he d-asvmplolic equivalence of Lhe
Theorem 3.1 Let o(l) and () be posifive continnous fanefions on J
Assume that the following condilions are salisfied @ a) lhere exist econ ;-hu:; I\
]

qowith K 0 and 1 =g m, sueh that for all {0, 708 (O V(L sy ds

"

TGN WAL Syals) [Yds < K1 N
- ‘I [¢ YO WL SHols) |Vds = K95 b)) there exists o JJ x |00 0)y— [0, o0) sueh tha!
w(l, 1)y is mentolone nonderreasing b fi i
: g for each fived =0 and integrable on
compuact subintervals of A for eaeh fived nz= o ) for any constand ¢ ‘;I ’

JwP(s, oy de-Ter, where p ' 4-g ' =1
s,

d) for each x() = C(F, 1) [FU () = 5(0ell. 4 O Lol ae o T
¢) for every s d Vim SOV )R] ds 0 as o
0 ; i,

Thent, there ts a Y-asym : i

G ) symplotic equivalence betiveen (e y-bounded solulions

of (2.0 and b-bounded solutions a(ly of (2.2 ’ e settinns )

¥ I &S 3 - . . e

o 'jltnn[. {ho ,prn.of of this theorem is similar 1o those from [13] and [14]

:;n,; uses K: Fan s fixed point theorem Tor mullifunctions (see. | 133],. Theorem

.._.l zlmd) Corollary 2.8) given by Lemma 2.2, To this end let ==/, be tempora-

rilv fixed and lel us consider the operator T delined lor eif)= B, by Lhe relation
o a

. Tle() ={=C1, Y (D =D f V(L Sl s)ds

- lj"' Wl (s, g () =M(x)] -

\\'hcrory(!) is a solution of (2.1).

first, we nole thal for x(y= B, with |r||,-

. EER . rihe B, |l =ge by (11-1) and (11-3
it Tollows Lthat Af{x(f)) is nonempty and convex. Taking inln( zu‘cz)unl bg nn(%

d), for ¢*(h e} s b | .
c)) “,: e{i‘t() M{x(H)) we have [¢'(f) £5(He(f, 2,0 a.co on J.oand Lherefore by
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| § (s (s) P | ] @i s s |V e,
T,

0 ps

s fo

e el _{.f. 1.

From here. From (he continnily of (/) and a1 it follows et The operatot
T defined hy {3.1) is well delined. et now gl be o b-bounded solution ol
(2.1 on J wilh [yl u= 5. for some =0, From (310 using Tiglder's inequalily
and hypotheses a) and ) il Tollows that 1 maps {2 into 27 Mureover, for
ench (= Iy ., and 7(H= Ty we have

i ¢
o D) € o L TN b0 s T et Bedds

. " !
]_\'"1’,) '(!) Wil s) .’.;,(.\') "'ff.\'l""ij (.)"(.\'. :_{_:.)(f\'i' - 2]\'“. wP(s, :_’l:,)d.\'l“"',

and il we choose 7,3 £, 8o farge Thal fel(s. 2o | a[2KY. it folfows [b WEp(h! =

o

<o, for all f& .0, Q0. AN e By Therelore, T(1,4)E 1, 2, [rom which
it follows The uniform boundedness of the sel (B0, To verify the eequi
conlinuity of the family of functions T(13,. ). vonsidera ()= By o, i e
€ T(x(M. Since p(l) is & sobution of (2.1} and

£

A g ] Vs T W Sy

for some (N A xr(D). il follows that z() satisfies the equilion
(0 — A4 B ) (s [ (D ae. on J;
From here, for f, 6>, (H=6), we have

1 t J
|2(t) = 2(1Y = | [ =" {)ds| <} W) () ids =1 Y [ (s ) |#(ery [ du |ds
] &

I t

+ [ s 1 gt ds.
Now, =(fy& T(x(l) and A(NE By, implies that =(D] < 2e5(0) and |g(h! <
< (Dt 28} a.e. on J. Henee

) .

S0 ) € 2 AT § 1 B [l dulds +

- L: | a6 b

Vs (sl 200,
' . i

Since A and «(f. 2p) are integrable on compacl subsets of J. Bl ) locally
integrable for f=.0 and fo=s<l and 5 ¢ and fare continuous, it follows from
(3.2) that T(Jy.ap) is equicontinuous on =, ). Hence T(By. o) 154 compacl
subset of C(J. R, On the other hend, it is obviously that By, is 0 closed
set in CJ(J, ")
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. .\'{.\\ we are g:;i!}g to prove that T is an upper semiconlinuous multi-
funetion on By, To this end. we shall use Lemna 2.1 proving that T is se-
quentially upper semicontinuous on f, and, partialiy. a sinilar ¢ e
of Lhal one used in | 1] 3 - o et
Lel now lu].w ;z',,(.').. a(ye By, n=1, 2, ... and let us assume that z,{0)—
—xff) a5 p—eo in Ba. e TR (0— (D (D) uniformly on J. Therefore
there exisls 5,70 such thal x ), x(f)= B, n=1. 20 IF b= T2 (f))‘
i1, 2 . then there existe g5 EMoe () =212, . such that o

h(y==n{t)-I J,'I Vi, sygaisids J‘.)H (1, $)gi(s)ds,
and N :

|95 Liwg =1 § 127 Ohpil) Pl 1 ] T (s poddls] 2.
Ty L5

S By f Ui vl i I ' it i

Ihus, the sel fgxiny is bounded dn £ (F0 R and Lherefore il is weakly pre-

compact in L, (. Ry Henee, there exisls o subsequence {¢2 b of the sequence

i N = J

Lrlowhich weakdy converges to some ghel,..(J. RM. From the fact thal

L, CONVETEES to v and from Lhe assumption (H-2) il follows that for each

e =0 and for almost every fixed €7 there exists a natural number m=ne, {)

such Lhat [or i .- ST e (e s : )

u. § ' 1l' 0 .it.J,m. Ft, oy f .'))Cl (!‘_.z.( e nu“ {;ﬁj(!) e ]'+(f, x( . ). Further,

by Mazue's theorem ([16] p. 173} Uhere exists a subsequence of Tgz L

s : I . —— : :”

nzm, denoted by g5 b fe=m such that (e, —g|lp,— as Ko, where
F &

m (- Mf'.fli- a; 20, Xa; =1 Taking into account Lhalt Fo(, 2t .)) is a
H

s=1 7

convex sel. we have s el (). k=1, 2, ... From here, by I-. Riesy’
theorent. il follows The existence of suech a subsequence of to (Y which
converges Lo g(f) a.c. on J. Taking €0, we have gy F(L x( . )} |:m(l for
Ifhis reason. we denoie it by g(fy=g'(f). Because HDH=gi(heL,. (J, R, the
unclon o )

' A
hify =yt 4 § VUL DgEeds — | WE DyTisds. 1=,
Ta f

is well defined and A= T(x(D). In view of the fact that {gz } converges
weakly to g(hy=g'(h and that Vi, ) and (I, ) belong to Lq,f_(J, R*), we
gel that the scquence ' N

! "
h,,_l(l) =y(h+ | VL, .s-)gfj,_(.\')dx—- FWt sy (syds, j==1,2, ..
T, t !
converges (n h(H on J. Indeed. we have
! n
ha (1) WO = V(L S)gE ) () lds— WL D1g5(9) — g()]ds = 0 as j—co.
L !

If we chuose y= 12, and r,(l). ahys B, then T(R,,. )= B,.., is precompact

in C(J, BY and because f, (0he T(B,)@ T(Bga), j= 10 2000 with T(B,,s,)
) : . 2 - 2E. W
compacl in CJ. R, it Tollows the existence of a subsequence of {h, } which

6 — Matematich
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converges in (7, R} Lo a function h(he T(Byep) uniformly on every con

pact s(ahinlel‘\ a1 of J. Thus, we get Lthalt Ay =h{l)= 'I‘_(.r(!)) and Lhis proves
the upper semicontinuily of T To prove thal 'I‘r___lr(I))_ is &t conpvex <~Ilus,('(1 s(l
in (J. 7)o as we have mentioned above, Al(x(f)) is a nunemply conves
cel and therefore T(x(h) is also a nonempty set and. in addition, T(x{))

e B Then, if hhe Fleih). n=1 2 .. I a sequence (-nn\.vrgvnl to h(!,‘{
in (Q(PI 2. by an analogous argument to Lhad fram the proaf ol the upper
sr‘mi'cunlinuil\'- of 7. we get that h{fye T(e(/yy which means that I(.l'(!))
is a closed set. Henee. because if¢._.p is closed hounded llm.i‘t'nn\'v\ suthsel of
the locally convex topological vector space CLIRY, T B, »c[(lf.{.cp)
is upper semicontinuous and 'l'(h’_;.:.p) is compact. it follows ‘gl.l)zﬂ l..lul=rt‘li"\'||s!;
x(l) € By.o, such thal x(H S Ty, ie. atl)y is o sohution of (2.2) with )]s

<2p and lhere exists go(fy=M(x())) satisiving

(H=n(H)1- I{ VL sy (s)ds — ‘; WL $)P{ds.
Further, we have N ’ '
GO — YOV S D VUL 95kl 2e)ds

- t ) .
(3.3) 4§ THOW(L 5) o(x)w(s, 20)ds< | POV 8) (s} 0ol 2oyds -
i W

+ K[ {w(s. 2g)ds]2.
t
To verify (2.8), we shall use ¢) and ). Fix >0 and select £z 7,21, .

on the one hand. j B VL sYp(sH ds<(=f2)"] (s, 2o)0ds] " Tor (21, and.
I

t.-

on the other hand, [ePs, 2e¥ds<(ef K" Tor =4, Then, the first termm on
¢

the right hand of (3.4) can be estimated by

4

1 {, : , "
J IOV $)1p(s) | oo(s. 2o)dss ”r G O V(L s)yo(s) [ Tds [P [T el (s 20)ds] -+
1 1, fa
I 0V sypods] ] § ks, 200ds) <
£ 4

(e D)+ (e4).

i 3 o . ' : i | l) 3.([) .- U(!) -
Hence, & () x(f)— y(f) <e. and thus. wi conclude that hm 4% ()|
—0 as 1. which means that (2.8) holds. Conversely. ket (f) be a d-bounded
solution of (2.1). It means that there exists g*(f) = AM(a{N)) such that a{f)
satisfies

(= Aha) -+ j': B(L sya(Hds+f(O)+o (). ae on J.
Define for {=J, ; .
gty = () — § V(L pr(s)ds+ WL $)gH(shds,

-
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where ¢ () =2'(f) - ADx()— _|'r B wyu(syds- (D o). a.e. on J. An

easy caleulution shows that _i']'(-’) is a bounded sotution of (2.1) and thal (2.8)
haolds.

In whal follows two results coneerning the (b, p)-integral cquivalence
will he given,

Theorem 3.2, Lol ol assumplions of Theorcm 2.7, exvcepl ¢). he salisfied.
. instead of o). the condilion.

) J': SOV O ds T L OWHL () ds = L)

la

is salisfied. then there is o (b p-integral equivalence between the b-bounded
sedutions gidy of (2.0 and y-bounded solutions x(ty of (2.2).

Proof. Using the assumplion ¢) of Theorem and the assumption e'),
we have

A R G GRS Ol }( O VUL 9| o(s, 20)ds]+
+Ir.'|" GO $hals) ofs. 29)ds |7 |{_|{ N V(L s)ols)|ds]-
[:l{”"("- '-’.’J)ff-"]"f"-l-[_J:.!'\fJ HOW(L sYa(s) " ds} [}f"m"(s. 2g) ds]vPg
< I‘J'rt-)"(s'- 22) rF-s‘]"“’If |G () VAL s)a(sy @ ds-- ;F BOWIL 8) o(s) ds| & La{J).

Theorem 3.3, Lel the -assumplions a), b). dy of Theorem 3.1, excepl c)
and o). be salisfied o if. instead of ¢) and e), the condifions

'y for any constant ¢ 20, | spP(s, Ods <00 ;
!

) T I VU 20017 ds S Lal), pibg =1, g3 p,
fre .x'ulisf;:'rl. them the conclusion of Theorem 3.2 1s aguin valid.

Proof. Indeed, ¢') implies Chal '| wl(s. 2p)ds= LN, (V) rz2 I{[8], Lemma
2). Taking inlo account the other h!}'pnthesvs‘ we gel 27900y 2 (Hh—y(h' )7 g

< J OV syp(s) @ de | _|'. (s, 26) ds] 4

(]

il J STNW (L )(s) ds| j—'m"(.\,'_!;;) ds 1Pg
i .

[ Jeof(s. 2205 )70 1 L DV (s} T ds R J ea®(8.22) ds]77,
a ty t
from which it follows Lhat (2.1) and (2.2) are (4. g)-integrally equivalent.
Remarks 3.1, For g= o (henee p= 1) ‘Therems 3.1 remuins valid il
conditions a) and e) are replaced by
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a’) sup{d DOV Do®)] 5 s B +suplly () WL )(s) 5 Is—0 <K, for
cach (e.J;
e’y lim supt & NV )] 5 LSS spo 0 for every -<J.

| S

3.2. For ¢ =1 (hence pooog), Theovem 3.1 remains valid if conditions
b) and ¢) are replaced by

b} ol{. i) is nondecreasing in u for fixcd 5 J and it is measurable and
bounded on J for each fixed w=[0,00);

¢y lim supfols o) 1 s2 18 =0, for each =0,

trm

and Lhe other condilions remain unchanged. We only nole Lhat the
upper semicontinuily of 7' can be proved as in Lhe proof of Theorem 2 [14]
using a result on the weak precompacity in £,(J/).

3.3, In particular case ol differential inclusions (5(f. s} =0) it turns out
that P(s)=P.Y !(s) so that V(L ) =¥,V (), WL s)=Y({) ', Us), where
Y(#) is the fundamental matrix for the linear homogeacous system and PP,
are supplementary projections into R, i.e.. Py=>D, '§==P,, P+ P,=1. "This
case has been studied by Sek Wui Seah [13] for F(I, x)=F({, (D).

3.4. The case of integro-differentinl equations with F{f, r) a single
valued function using the two matrices V(£ 5) and W( s} has been studied
in [1] and [I5].

3.5. Analogous results to Lhose from Remarks 3.1 3.3 can be obtained
for Theorems 3.2 and 3.3.

If we take 9 =0 =1, then the previous theorems reduce to the following
corollaries :

Corollary 3.1, Assume that:

a,) there exist constunt K. q with K =0 and 1<g<"00, such thal for il

‘ o
ted, §V{ s)¢ds+ § W )T ds K
1] 4

hl) there exist w: J 2 ]0, 00)=— [0, 00) salisfying b) from Theorem 3.1;
¢)) for any constant ¢=0, w(l, ¢) salisfies ¢) from Theorem 3.1
d,) for each x(ty=C(J. RY, IR0 2 D <6l ||x]]) e on J;

L
e,) for every =< J, lim {1 V(t, 8|9 ds==0.

1o o,

Then, there exisls a I-asymplolic equivalence befween bounded solutions
y(t) of (2.1) and bounded solutions x(t) of (2.2).

This Corollary reduces to Corollary 3.2 from {13] when [3(f, 5) =0 and tu
a particular case of Theorem 2.1 from {15] when /7 is a single-valued funetion.
We note {hal analogous corollavies to 3.1 can be given to the Theorem 3.2
and 3.3

Corollary 3.2, Let all assumptions of Corallary 3.1, except ¢y), be sa
tisfied. If. instead of e,), the condilion

t "
) J IV sy ds+ § W, s)9 dse Ly (J)
8 t
is salisfied, then there exists and (1. ¢)-infegral equivalence belween bounded
solutions y(t) of (2.1) and bownded solutions x{(t) of (2.2).
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Corellary 3. Lel the assumplions ay), b)), d ! ¥
h R ; son)e MYy diyoof Corollary 3.1, except
of exy and e)). be satisfied. If. instead of ey} and o)), the conaitions ! o

L]
¢} for any constant =20, (5 @P(s. ) dy-=o0 ;

te
, .
€,) ’,f Vit s)"dsel,(Jy. pidqtal, iy =,

are selisficd. !hr.-n the conclusion of Corollary 3.2 is again valid.
\‘; a spcm‘ui case of Theorem 3.1 with p - 1 we give next the following :
Thearem 3.4 Lot $(0), 2() and B, 5) be posifive funclions for teJ, res-

pectively for =524, with lim L ()0 ¢ ! ]
Assume that ! v v (0 USRS LRSS

a) there exisls € =0 sueh that
VI S) s S CB (1 s) for fss<t and WL $)am(s) < € for o<l <s<00 ;

b} theve cxisis o 2 T )0, 0)— [0, o0) sich thal e (1. i) is monelone non-

decreasing in w for cach fived = J ) ; ]
. [ e xre Joand w(l e (DY 1y integrable o
subintervals of .1 for cach 20 ; ‘ A ! compact

c) for ecach r20, j'. afshor(s, € (%)) ds <00 ;

f
) for each r(t)y s C.1. R™Y.IFU, 0)(.)) a;(:;(l. el Y ae on J
e} for each 20, lim | B4, x):x(.\')a(s‘ cth()) ds =0,

FER I )

Theno there exists o boasymplofic e i ;
o Tist; privaleniee hetween  the  h-hounde
soludions gty of (2.0) and Y-boutded solutions (i) af (2.2). ’ e
, frm.of. l.,vl T fo temporarly fixed, and () be a 4 bounded solution
o (2.1} with [1g1/,< 6 Tor some o =00 1 we take o(f) - o W) and o, u)== «(1)
J -t is ’ ‘
oll. p{thr) for L=t then Tor each {27, ol #) is monatone nondecreasing
nen and for each v, wtt, 1) is integrabie on compact subintervals of [T, c0)

. . *
according 1o b). From ¢). we have [o(s. ) ds<eo Tor £210. Then. condilion a)
f
and the assumplions on p(f) and B <} imply that there exists K =0 such that
il N .
Sup aly OV $)2(s) 5 el +sup {970 W L $)a(8)] 5 1< s<oo I K.
Using The sume arguments as i T ;
J si arg s as mthe proof of Theoremm 3.1 we can conclud
that there exists a solution (/) of (2.2) wi | a1 ome_gr(h e
sts a s . 2.2y with |jx)l, <€ 26 and for s &
= {x{h). we have JELASE RS

i

I
H =yt & § VU 8)2(s) als)als. 2pdls)ds 4 [ WL )22 (s) x(s)on(s. 209(s)) ds <
!

< CL B $)a5)(s. 209(5) ds+ § 2(s)(s. 200(s)) ds].

]'II View (}i (¥4 ||l]. [’()"5 ¢ ‘]|][i [ |”| HEIRY = ) Ihﬁ’ L H 5 f = 5
) l ) » dl
[t Py b
; ) - 1 \IS[ 1 -3 -0 Uch
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i &)

.[lﬁ(l, Syl $)@(s. 2pp(s))ds << (£/2C) and _[“a(x)é')(.x Ze(s))ds < (e/2C).

Hence, for (2. L) —y()|<e and since >0 s arbitrary, it follows that
Yim | z(f) — y(f)| =0. The proof of the converse is exactly the same as for Theo
I
rem 3.1

Remark 3.5. In particular case of differential inclustons (see Remark 3.25)

Theorem 3.4 reduces lo Theorem 3.3 [13].

REFERENCES

1. Boudourides, M. A On asymplotic equivaience of bounded solutions of lwo infegra-
differential equeatipns, Proc. Japan Acad.. T. a7 (1981). N. 6. 307310,
2. Bulgakovy, A. 1. — Continuons scleclors of non-cottes sef-palired mapping and funciio-
nal inclusiens, (Russian) Diff. Uravi, 1. 22 (1986}, 1639-- 1670,
3. Bulgakowv, Ao L Ljapin, Lo N - Some propertics of the sel of solutions of Vollerra-
Hemmerstein integral inclusions, (Russian), DI Uravin, T4 (1978). 1165 - 1472,
. Bulgakov, A, L. Ljapin, I. N —On integral inclusions witl funetional operators,
(Russian) Diff. Uravie, T 15 (1974), 278 -85t
5 Gushing, ). M Vi aperador cquadion end  bupnded soltlinns of infegro-dif forential
systema, STAN L Mathe, T B (145). ARREERRHE
6 Finogenko, 1. A — O selutions of funeffend differential inclusions i Bunoch spaces,
(Russian) DIrf. Uravn., T. 18 (1982). 2001 - 2002
7. Fryszkowski, A - Huistence of solutions of functional dif ferential inclusions in noi-
conwer case, Annales Polonici Mathemolici, T, 45 (1983). 121 121
8 Haséak A. Svee, M — Inlegral equivalence of two systrms of differential equations,
Czechostovak Math. J.. T. 32 (107) {1982 A25— 16,
0. Kikuchi. N.— o control problems for funcijond -dif ferendial - eqradions, lrunheiala)
LEkvacioj, T. 11 (1971}, 1 23.
1, Kisielewicz, M. On the {rajeclorics af yencraiized functional differenfiul equations
of neatral tupe. 1. Optimization Theory Apph, T3 (1981), 205 266.
11. Kisielewicz, M. Janiak, T.— Fristence thenrrins for f'unctirmul-diffcrcnfmf catl-
fingent cyaations, Annales Polonici Mathe natici, 1. 33(1977), 159 i0b.
12. Nohel, J. A Asymyptotic equiivalonee of Valterra cquations, Aun, Mat. Tura Ap, T
(1) 96 (1973), 330 147. .
13. Seak, *ck Wui - Asymplolic eqruivalones of mltivetus d diffrrentiad spsfems, Boll. UALL
T. (5) 17-B (1980), 112411145, .
14 Svee M Equivalence of Vollerra integral rqualions. Casopls pro pistovint matemaliky,
T. 111 (1986) 185 200
15. Talpalaru, P. — On asymplolic equivalence of ineyro-differential  systems. An. sk
Univ. Tasi, s. I, T. 28 (1982). N. 2, 59 &5.
16, Yosida, K. - Punclionel! Analysis, Lditions Mil (Blussian Vidilion), Moskow, 19671

Prolytechnie fnstittle of Tast
Departmen! of Mathematics
56049 Tasi, It. §. Romdnia

Receined 19111987

ANALELE STUNTIFICE ALE UNIVERSITATIL ,AL. L. CUZA DIiN iAfl
Fomul NNXIV, 50 F o Maftematicd, 1988, . 3 '

ON PSEUDO-KAEHLERIAN FirSLER SPACES
BY
MAURO CAPURSI

Osculating Hi(‘;numn metries associated Lo Finsler metries were considered
]m\'musl_\' by 0. Varga [I.’[_ and AL Moor [11]. Also T. Maebashi [8)
has iy est igaled subspaces of Finsler spaces admitting a preferential direction ;
vel his resulls are true for Lhe ease #21, = SNi/3a% - 8Ni/8x g cover
AN Jicase | e = SNj3a SNL B.r‘ 0 only. Morcover,
ioAse .{] 1as shown thal given a d-dimensional manifold with full paralie-
lism structure § 8,4 2, (which stands for space-time), the osculating Hiem:
I ulating Riemann
-+

melrvie (af The preferential direction S=X §,) associaled to Berwald-Moore
fas

melric of the space represents an approxunation of the Finsler metrie (up Lo
terms of seeond order i the standard deviations of the sapporting clements
from !i_u: preferential direction ) and thus Lhe basic structure of the real
space-time is Finslerian. Clearly the cases considered in [8]. {11], }12] as well
as tn f2], [3] are subjeet 1o topological restrictions (such as the vanishing of
Euler Poincare characteristic) even if not. mentioned. "

Our purpose is Lo examine osculating objeets at a preferential direction
of a differentiable manifold associated to several finslerian geometrical objects
such as Tinslerian abmost complex stroclures, finslerian almost  hermitian
structures, ele. Atlention is devoled Lo Uhe inlegrable case, i.e. £}, =0, indica-
led by M. Matsumoto-1. Tamassy [10] to-be of pm'licula:' interest; the
i result iy Chat g pseado-Kaehlerian Finsler space (M. E. D) ind'uces
locally oscolating Kachlerian struclores on A, -

Avesall of T M aebashi [8) s reconsidered in §4.

- L Thenotations and conventions throaghoul the present paper are a com-
bined veesion of Lhose from BT M. Iassan [7 and M. Matsumoto Y

Let M be a n-dimensional real ¢ »-dilferentiable manifold and let i be th.t.}
naturat imbedding of A into the Lotal space 7(3M) of the tangent bundle over
Mo Let M =100 D and M — 3 be the natnral projection ; morcover
we denote by g 1M e bundle induced by (M) and ©. A finslerian almost
"”I'“hlvx structure on M oas o bundle morphism I mm PM g T such thal
g fowheve fodenoles Lhe identilty fransformalion on =t 773/,

Lel (002" be a local conrdinate system on M oand (£, %, y%) the natu-
rully indoeed courdinates on M. where =g (L), Let & be the natural lift
of the doeally defined tangend veetor lields dféx’. e a,(x) = (¥, 6/éx'| 7).
e MW put J& =1 ), then Fil%= — 5% 11 is easilv see
renliabie l'_liill]if’)l(d' L'iil'.i.\i'ill!i’)cii 'i'ltl]llsllt‘ll'fu‘l{ :ahnuft' cl‘inlf tfl§lf} Sﬂ‘tﬂ t‘tml Suld be
N . ; ving ste plex structure should be
even-dimensional. Nole that any [inslerian almost complex structure on a



