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RINGS “WITH FEW ZERO-DIVISORS®

By

DORIAN SPULBER

£0. The problem Lo define and to characterize the rings which are not
domains, but which keep seme of the properties of the Prifer domains, even-
tually modified, was considered by many authors. Dav is [3] defines P-
rings, Butts and Smith [2] the so called “Priifer rings”. Larsen
[3] proves the equivalence beiween the characterizations given by Davis
and those given by Butts and Smith,alittle improved, and, also,
the equivalence to the characterization given by Re ¢ h man (9] by means
of flatness, but all these taking place for rings “with few zero-divisors” defined
by Davis [3]. We shall complete the Larsen s theorem recalied above.
In [3), .arsen extends the Richman’s considerations on the flat
overrings to the rings “with few zero-divizors”. In the next section, we shall
prove some similar results for C PZ-rings, a class of rings defined in our paper
[10], which contains also as particular cases both the rings “with few zero-
divisurs and the CP-rings [8,0]. In connection with the characterization of
Priffer rings, the notion of quasivaluation ring defined by D a vis for tings
~with fow zero-divisors” is used. We shall show that the definition is kept
generally, without the restriction of being “with few zero-divisors”, and we
shall give a theorem of characterization of these rings following Bourbakt
(11], ch. 6).

In that follews the rings will be commutative wnitary rings: the ring
morphisms will be unitary. All notions related to the localization of rings are
taken from Gabriel [HJorPopescu [7].

If o : R— S is a ring morphism, I, will denote the localizing system for-
med by the ideals -4 of R with the proprrty o(4) §=35. Let R be aring 5 we
shall ¢all an overring of R, a ring S with the property R<Sc Ry, where
Ry, is the tolal quoticnt ring of R. We d-nate Rp,=0Q. Auideal of R generated
only by regular elemenlts is called an r-ideu! ol R.

~ $1. Theorem L. 1. Let R be a ring and S be an overring of R. The follo-
wing statements «ie equivalent with resnect o §:
: 1) Every element x beiny reqular in Q is in 5 or ils inverse 27 is in S.
V) The reqular principal ideals of S are linearly oerdered by the inclusions.

3) The r-ideals of S are linearly ordered by inclusion.

Proof. 1)=2) : Let a, b be two regular clements of S. Assume that («)# (0)
(by (a) we denote the principal ideal gererated by o). hence ad (8). That means
ab t¢& S, therefore @ b =S, hence b=(a) and (§)<(a).
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2) =3): Let .4 and B be twa reideals o if AE B then there exists al
least a regular generator x .1 so that x4 B, hencee r&(, and, by 2), ()= (1),
{herefore II= AL

3) =1): Lot & be a regular clonent in Q¢ then v —ab ' with b regular
clements in S, I (@)= (b), then xS if (B)=(a). then o =5,

A ring verifving one of Lhe cquivident conditions ol the previous theorem
is called @ quasivaluation ring.

A ring which has a finile number ol maximal ideals formed only by
zero-divisors is called by D avis [3) a ring ~with few zere divisers”. Tn the
same paper, Davis defines also the quasivaluation ring as a ring ~with few
zero-divisors” verifving Lhe condition 1) of the theorem 11 We can casily
sce thal the Davis' definition for the quasivaluation ring is obtained by
particularizing our definition.

Corollary 1.2, Lel R be « guasivalualion ring. Every overring S of R is
also « quasivaluation ring.

Proof. Indecd, let RES=@; iF @ s regular in Q and v S, then 2 ¢ R,
but then x '« R, therefore x 'S,

§2. C. M. Reis and T.M.Visvanaihan [3]define the property :
(CP): Let Rbearing. If s an ideal of R an {P}ier is a sel of prime ideals
of R so that A=\JP, then A= P, for some i, < 1.

TEl

We consider the following property :

(CPZ) : Lel Rbearing. If A is an ideal of R and (M} s is ¢ sel of maxi-
mal ideals of R not belonging lo the localizing system ¥, (the localizing system
of the regular ideals), with possible exception of al most a finite sel of prime
ideals such that A=\JAM,. then A< M, for some i, [10].

el

A ring verilying the property (CPZ) is calied a CPZ-ring.

Corollary 2.1. If R is @ CP-ring, then R is a CPZ-ring.

Corollary 2.2. ([1]). A ring “with few zero-divisors” is u CPZ-ring.

Theorem 2.3. Lel R be « ring. The following stalemenis vnt R are equivalent:

1) Ris a« CPZ-ring.

2) Let F be « localizing system of R such that F=N\F,,, with M, a family

of maximal ideals of R which do not belong fo the lucalizing sysfen F., with the
possible exceplion of the finite set of prime ideals, Then F=F for some cloged
multiplicative system S of R.

Proof. 1y=2): If FF=Fy,; and we denole S=It\(J), then Sis a

closed multiplicative system in R and FycF. If A is an ideal of R such that
A& F,, then An S= & and A< | JM,, hence there exists an i, such that Ac M,

Thatl means Aty . therefore A€ F, hence Fe= 1,

N=1) : Let (3] be a family of maximal ideals which do nol belong
to F',, with the possible exception of a finite number of prime ideals of R.
Denote F—NI,,.. By ?), F=Fg for some closcd multiplicative system S
But M & F for every i, hence M,n 8 =@ ; therefore §'= S with = R (LU M),

hence F, =F, On the other hand. M;n S= @ for every i, therefore Fsely,

L
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!l\'llC(‘ Fool oo As A&l we have A M, that is A& F,, for some iy, which
Is cquivalent to AcM,,. . o ,

- Let Paprime idealin a ring It, S(P) be the closcd multiplicative system
of regular clements of RN, and I, be the associated localizing system
denote by R.py the localization ring I{I'MI":' Ho: R—7is aring tl,u(;rphisn;
fmd .‘l‘is an ideal of R, {hen AA” e(A) T is the extended ideal of A, and if B
is an tdealin 7, then B=4 () is the contraction of B (see [1]). ' .

Proposition 2.4. Let R be 0 CPZ-ring and P be « re ulur‘ ri i
of R. Then PRy, is the unigue reqular nm?rfmal ideal of R.?,m. S

Proof. Let Bc Ry, be o regular ideal; then Be= B, where o @ R
—9'11’,0”.) is the canonical morphism. As 8°MNS(M) =¥, we have Bc P other-
wise, fH’.qt 2 i_mplivs BE M, for every 3, a mnaximal ideal formed only by
zero-divisors in R such that B¢ ((UM,); this implies the existence of an ele-
ment v BEOYRN((UM)UP)), hence z=S(P) and B'NS(P)# @, which
contradiets our hypotheses. Hence B P and B'c Pr=PRgy,,.

i §3. Now, we slate a theovem which completes the theorem 5 (Larse n
[5]) for rings “with [ew zero-divisors®.

.The inclusion ReQ is called completely epimorphic [12. 13] if for cach
overring T of R, the canonical inclusion R= 7" is an epimorphism in the cate-
gory of rings.

Theerem 3.1, Let R be a ring “with few zero-divisors“. The following
stulements are equivalent :

1) The inclusion R<Q is complelely epimorphic.

2) Every overring of R is integrally closed in Q (R is « P-ring [3)).

3Y For each mazimal wdeal M in R, Reyy, is ¢ quusivaluation ring.

il) Every overring T is R-flat.

N 5) For each wverring T, the set I of the localizing systems FC F, such that
T'= R, is nonvoid und there exlsts an element F' in I such that for uny ideal B
in T. B= T, BNR&F' [11}

Proof. 1})=2): Is a consequence of the Lemma 3 {13].

2}=3) Is the Theorem 3, §2 [3].

3)=1) : Let M be a maximalidealin T and P=Mn R; let us prove that
jfsr‘,)j=7'_q(_u_. therefore T is R-flat. Let M’ be a maximal ideal in R which
includes the ideal P. Then there exist the inclusions: Ry, Rsipy© T s
Let xS T.s“.aj and x€ Ry p. Then 7€ Ryypy, since Re,p, is an oxcr'ring of the
quasivaluation ring Rsg,, and therefore is itself a quzllslivaluation ring. This
nnplics that 27'e Ty, hence x, x '€ M Tsyy, therefore z'¢ PRs,,. We
oht_:uu that e (Rspy~ PRsip), hence z is inversable and hence = Rsp
wh}ch contradicts the hypothesis. By Lemma C, §2 [3], it follows that RS(;,—:
=D ke

Remark. The implication 3)=4) is given by Larsen [5]; the above
proof, different from that given by Larsen, scems to be simpler,

N 4)=0) : Let T be a R-flat overring. The localizing system F={Ac R\

ll=_'1‘} has the propertics: TR, and for cvery ;&--ul B#T. Bn R¢F.

5)=>1) : Let F be the localizing system given by 5). The inclusion RE T
is a flat morphism. But this is valid for every ow:r;-iflg 15 it results that the
mclusions RE@ is completely epimorphic.
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THE CONSISEENCY AND CONSERVATIVL ENTENSION
PROBLEM FOR THE APREDICATIVE ENTTIENSTON OF VBG
VMODIFICATIONS OF ZF EQUICONSISTENT W EF =7 R

BY

5 M KRIM

fn 30 W, Marcek and A MostoWws ki set forih an inlcresting
extensinn of ZF (Zermelo-Fracnkel sel theory). denoted as ZF*YM . ZFAY s
ihe st of formulas @ of the longuage of Z17 ot theory such that the relativi-
cation @ of B 1¢ ihe universe of sets is provable o AT (Isellow-Maorse theory,
ie.. the impredica'ive extension ol van Neumann-Bernays-Godel set-theory
(VBGY. Then the system 205 s axiomatisable.-bul no  axiemalisation (in
(e tanguage of sel theory) is known, Thes conjecturcd that ZI7 consisis
of sonlences as trus as those of ZI7 sel theory. ‘This reminds us of Lhe fact
that 717 is cguivalent to VG and hepee 71 s cquiconsistent with VG
[6] [7] and [1] {5} respectively. Now it is natural Lo ask how ZFEY proo!
theorctically and or model-theoretically compares with 7 or some othcr
mndifications of Z#, First however, we cemment on notations, For the most
parl, our notation will be that commonly employed in sel theory. In general,
. 4. ... dencte ordinals. m () stands for ~z is a it ordinal”. To {f) means
thal [isa function. Penote dom (f) for domain of [. I« is oosd, p{a) denoles
its power sl con (1) stands Tor SZ1 s consistent”. We yefer the reader Lo
[2] for any notion wa da pot cover,

Lemma 1.

con (£ e coa (KM

Lei ns deuote Lhe second order ZF sel theary by Xl I we define

Z1 Lo be the 217, plus 1l Formuia (V.4 VB(V:-(.‘I.((I)-_ LlaY)—.4=1)) then
we ghtain

Theorem 2.
con (JM)escon (ZF7).
Proof. (B Proof theoe lical ecquivalene:

(s A TBGD, = ald. DA (b o b))
— Ap( e V(b .= ROV RN Piry))—+

—————— ——
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