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(X, FY, FZ)+QF X, Y. FZy =Q(Y. Z. X} +0tZ. X. Y)

(4.34) S e o S
O FX. FY) - QFY. 2. FX)

which, by taking into account (1.33) and (1.25) hecomes

(1.35) QN FY, FZ) 4 QUEX. Y. FZ) = 20(X. Y. 7).
Finally, (.33} and (1.32) imply
(1.36) (X, V. Z) =0 for r=1

which proves the first part of the Lhearem. The converse Tollaws from a riral-
ghiforward computation.
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ON EQUIVALENCE OF VARINTIONAL PROBLEMS AND ITS
GEOMETRICAL BACKGROUND IN LAGRANGE SPACES
BY

MAGDALEN 5S4, KIRKOVITS

L Introduction. Tn the {erminology of Carathéadory, two identical tyvpe

preblems [ - R L0 —exir U and f & Ldf =cexir! in The classical coleulus
-‘u’l . ’ .

el variatiops sre coid o be equivalent iF their extremels  are the zame. If

their respeetive Legropgicns 2% y) sod Ler. g differ by a total derivaiive

e Loy Lr gy dSee)/dl e the vertational problems are eviden! v

equivalent in the tense of Corgthéodory. Tn Uhis case the Fuler-Lagrange

cquations are iderticel Tor both nroblems '

(t.1) L= (. 1o 1

where o is the following aperaior
7 G
i ¢ ¢
(1.2 &, e — .
ddicy e’
Avihur Modr [2] hes intreduced « kind of fhe conversinn of the
equivalent prodleor in Fineler spaces. tHe considered the following relation

(1.3 Lt aN =) S0Lr om0 $ 0 =dydl .

and oblained a new prablem of equivalence.

In this paper we give a generalization of Mode's pr-blemt in Lagrange
spraces. Further we prove the Theorems L1 and 1.2 which characterize 1he
equivalence of two viriationa! preblems in Lagrange cpaces. Namely @ the
variational problem in Logrange space Lo (ML) leads us (o ihe equations
{2.06) of geodesices. Then two variational problams fu L700 (3M. £7) and L7

MY are equivalent af Hhe relation (3.1) holds identically. This condi-
tonis  equivalent to the preservation of geadesies of L% ond L and io Lhe
conlormal property (3.2) (o} of 17" and L" The mosi important resull is
given by the Theorem 1.2 ~Two varialional problemns in L™ and L* are eqni-
valenl in the cense of Modr il and only il the iransformation (1.8) holds.

Aeknowledgem nt. Ve aulor wishes 1o express her gratitude to Professor
Radu Miron for his vatuable suggestions and enconragement.

2o The variational problert in Lagrange spaee. Lol us consider a La-
gravge space L7 =(M, &) where M is an n-dim. manifold. £, ) is a real
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differentiable funcltion on {he Langeni bundle TM with the non-degencrale
d-lensor field g =172 elieyey [J'.‘]. ‘ o

Our \':iri:;!innul problent is as follows [1]: Let G Iﬂ.} -+ M represent
4 enrve on M hetween bwo fixed points Ay and By Consider the following
vartation of €

(2.1) f—a'(h=- ().

where = is an infimtesimal and p'(UY=r'(1). Tlence we have

1
(2.2) Tz \ Lt =z doat dl oz de'dby it

The firgt necessary conditing which € nrast satisfy in orcer that it affords an
extreme value of the funetional (2.2) is the Tollowing

(2.5 di(zy dz;-0=0 L
Sinee 118 arbit riry we can express ouy condition in the Fuler-Lagronge cqua-
tions ,-

del L dx
(2.0 (L) & - — - o [T—

dt ey o ot

After come caleulation we gel

i (R e
di? cyor o

Sinee det (g2 we abtain
(2.6) d2 iz e 267 (x, dridl) =0
where

2.6 @™

(See Pth. The sobutions of (2.8 are called 'r;r:r.-dv:w'.t- of L” _ : )
By the help of &7 we can delermine o nonlinear connection on A5
Ity coefficients are us Fodlaws

(2.6 (I _\'_j-_.r(j"[(t_."".

M " "
R o 5 - N R . ) ¢
Fhese coctficients et determined only by ‘h,r 1. ::tl:.ll_‘,;hllllnf l... In ‘)“['
have atso a cononical meld pieat conneelton G = (N f. Gy given by (2.8)
(M and by
(2.7 () Ph =172 4" By At o dgpf3et o Ay o

. . LEE iy R
R O S YR A T

(2.7) Gl 2
where the operators 84 are delerntined by

(27} (@) 3180 e ot N oy
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It is clear thal €F has the following properlies

(2.8) Dy k=00 gl =4

The torsions of ihe connection (71 are

(2.9} (a) T, ==, (h) S =0, ey

() R ==8, N7 8, N (0) = Nijiyt— L (8, =4 arh

In ihe space [.” we have the tensor Tields
(2.10) (&) Core =t Chie

which are tof ally symmelric i3]

(M P =Py

3. Geemetrieal baekgraund of the cquivaient problem. Definition.
Tuwo variational problems in L7 =(M. 27 and L7 =(M, £y (with the same
wose manifold) are equivalent in the sense of Moagr if the relafions

(3.1 (L )y = )y s L0 g w0

hold identfically. We wate that Lhe proportionaliiy factor 7 depends nol enly
on rtas discussed by Mode in 17,0 bul on g’ teo. Lising his definition we hine

Proposition 3.1 The eondition (3.1} is eqaivalent {o the follewing lipo
geomelrical wies

. The Layranye spaces L™ and 17 are in conformal correspondence
{3.2) (2} ) ==y g0 i

2. The spr.frc\‘ Lo and 1" are in projeclive correspondence.

The prool is just a calenlstion.

Propositien 3,2 The spaces 17" gynd 1" are in projectioe correspondence iff
(3.2) (1 (7 gy =G, .

Indeed. 17" and L have the same geodesies, afler (2.6) iff (3.2} (b) holds.
Propesition 34 f the spaces 17" ancd L0 have the follawing  properties

(. (D ghir py=nieo g gatee . (W) 6T e g =6, y).
then we haee

(31} (=0 N o Nile u)

(h) Lita, gy Lh (e ) =2 iy Bidag 80 v yiedl " hi0)-
(e} Colr ) Chlr = 2o gy B -1 305 g™ Pl

where fae .., and .. denole the h-covariant and  p-covariant derivalives with
respect o CT,

(d) P ) o P ) - G )Y Bk 2 3 e sy e
() R, ) = Rida. ).
Proof. 1. Using {2.6) (b) and (3.3) (b) we direct Iy ged
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(3.0) () Nei ey v iGHfayg! = NL

2. O accouni of (2.7) {a) and (3.3) {a) we oblain

[ I g (3!?.;&- . 87 3![‘;;-) . 1 _j gh(i(_z"’"f*'\-' =
1

(3.3) (h) & S A da L8
Alng, B0, ) s B - R, o7 i -
L WAL Ui ) SR (2R (Bap s 8 = g™ 2k
Ak &t

A0 Consider (2.7) (b and (3.5 {an We gel

(a L o (cjﬂ o (—I‘r) N )_j___ ) (gg_g_) -
I fmrdn s i :
(A3) (o) 2t \eyd ayt ar) et
(g i‘f-"f_ﬂ) G 2T B 8 =g ).
k St :
o ff i

f. Takinz into account (2.9 (o). 5 1 (a) and (5.0 () we van calculate

AN . | W E o e
L == (_" x L e B e ) =
3 d) ‘i iy RIX AN}

Pl =020 B - B0y —g1y09T 7).
B Finally el us consider (29) (d)y and (3.1) (ar Henee  we have
3.0 () R BN j B N w8y Np - BN = R €. 1. D,

1. Transformation of the Lagrangians 2% and £, Theorem 4.1 If the
relation (3.1} holds then the function 1{x. y) is necessarily con lant.
Proof. Trom (3.1} {¢) it Tollews

(L1 Co=rlr ) oy = 120ga0 w2t =gk e
Because (0 and €5 are iolally syimmetric the last equality implies
(1.2) Jint ot =l
Contracting (4.2) by ¢ we lind
(1 (n b=
ence
(Lh 1 pe=vn ogp =
Thus 7 s independent ol y
Fariher on aecounl of (341 (dy and (2.70) (hy we get
(i Phe=10r Py L TTTSY N B/ PP% R FTY B 8

Sinee P9, and Py are tobally symmelrvie in i j and Eothe second ferin ni the

right side must be aleo {otally symmetric. Thus we oblain

s

H3 EQUIVALENCE OF VARLYTION AL MIOLLEMS

(1.6) Bigdoio Hid 0,

Cortracting (106 by o' we Find

(1.Gy () {m =<l ji-eslk
Then
(1.7} R Y RE R b PP | }

[lrus 70— conei. Q1D

Theorem 520 Two purictiona problems in 10— (M, £y ared L0 (M, .0
wre equivalent in the sense of Maogr if and only if between the Lagrangians £
and L owe have the transformaotion

el

e

1.8 oy =nL{v. )y 4+

where 7.oe=const. 201 ¢ = consl, gy —=dr df .

Proof. A, IF the variational problems in L7 and L7 are equivielent by
Modr. then the previows Theorem implies that 7o=consl. in (3.1). Applyving the
Proposition 3.1 we get g7 (o ) g (v 0. To view of property of Lagrangians
we obiain

{1.% LT Dy eytey' - 0.

Hence the funclion £ - 7. is necessarily lnear in g
{110 Lieopy v Lo, py A () g Ul
i,e.

(L 10Y {a)

Alorenver lel us consider Lhe coadilion (3.2) (bh By ils meaning

L L O ;P 2 2 e
(4.11) .l_gwh(._‘..“?. e “’Q) .]_g'h (L - ‘")
1 cytext {xt

Lo gy =rLe - ey T

P ! cyteat ¢t
Substituting (110} (a} in (1.11) and using (3L2) (a) we obtain
(112 (A ey — FA (8" yhe PUY et =0,
Let us differentiate (1.12) with respeel to gh then
(1.13) CAléat — ¢ A =0
This means Lhat
(L14) () A gy
Thus A, is a gradienl. Substituling ¢o/éa' in (1.12) we gel

(L1 (h) FUE T =0,

Thus [ consl.
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B. If the transformation (L8 hokds then by divert caleulation it results
(3.1) wilh 7.=const. 3 1, Q.1 D

Remarks. 1. In the proofs of the Theorems 4.1 and 1.2 we needed only
geomel rical methods, using Uhe theory ol Lagrange spaees from the exeellent
baok of R, Miron and M. Anastasici [H]

20 If 7 =1 and L% is o Finsler space the transformation (11) wis disce-
vered by Carathéodory.

3. 10 L% is a Finsler space and 7 is dilferenl to one then we obtain the
Modr transformation.
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ON THE CONSERVATION LAWS O0F THE FINSTEIN FQUNTIONS
ON EAGRANGE SPACES
ny

OIS LA AMICT and BIAGIO CasCland

Introduction. Decently in {3 @ generalization of the theory ol depersd
releLivity is introduced by 3. Mivon, This generdization uses a~uits ble pseudo-
vicmannian metric 6 of the tengeal buedle T ol o manifold VL Generally.
conservatfon Liws are not verified by sueli theories, Hence it can be interesting
to fied equivalent forms ol these lws and fo sive cxomples of pseudi-vieman-
nian metries of TS which verify them.

In this paper. by using the Bianehi's identitivs, we dind such an edqui-
valent form (of. Theorem 1), Woreover, we test ils gsefolness by five examples
Two of them are complelely new (ef. Theorems 9 and 11), while in Theorem
7 and Theorems 3 and 5 we find. in a simple way. the examples given ia [7]
and [1] vespectively. We prevatently use delinitions and properties of {71
then, for the sake of simplicil v, we Hist them without giving the reference souree,

We would like to thank Professor Padu Miran of the University of
Last for the useful discussion on the subject during his stav at aur University
an visiting Professor supported by C.NJRC of Thaly,

I. Pretiminaries and conservation laws. Let M be an  n-dimensional
neanifold’, H o TM—= 3 its tangent bundle and 1, 0 TeTA )~ T Lhe tan-
et bundle of 7Y We denote by (Eoa) ao oo roso -~ Looom a loead
chart on Y oand by (I (o' w®) (o byeodoe fo =10 o) the toeal chard
caponically indueed by (0, ¥ on TM. Let N be a non-linear conaection of
1M, ie. N is an n-dimensional distvibation of T such that Ty(T 1)

Ny @ Vy (dircet sum). for each N& T, where Vs the vertical subspace
of Ty (TM). Locally, N is determined by ¢ funetions and we denole them
by Ni(eo ).

Moreover we pul 8/ 3¢ ¢/ex’ — Nidleyt.

Then (8/8x'. ¢/cy®)is alocal busis of the Lie algebru of the veetor lelds
on TM, usually called adapted frame. We also denote by (dv', §y*y its dual
Dasis, where 8y —=dy* | N'da'.

Now we fin a deconnection {disting. ished conpection) ¥V oon T M.

That means ¢ is a linear connection of T'M sueh thal

* Parijally suppotted by M.P. 1 609, Haly.
iy We work in the category of = differentiable manifolds.



