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B. 1f ihe tronsformation (L8 hokds the n by divest caleulation il resul's
(3.1) wilh 7.=consl. # 0. Q. 101D,

Remarks. 1. In the proofs of the Theorems 4.1 and 1.2 we needed only
geomel rical nethods, using Uhe theory ol Lagrange spaees fram the exceltent
book of R Miron and M. Anastasici L

20 If 7 —1 and L2 s o Fimler space the transformation (1.1) wis dlsce-
vered by Carathidodory.

3. 10 L% is a Finsler space and 7 is differenl to one then we obloin the
Modr transformation.
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ON THE CONSERVATION LAWS 01 THE BINSTEIN FQUATIONS
ON LAGRANGE SPACES
ny

ORI LA AMICT dad BIAGIO CASCIANO

Introduction. Recepty in {3 ] ¢ generalization of the theary of genersl
relelivity is introduced by 3. Miron. Fhis generalization uses asuitsble pseado-
ricmannian metric G oot the tengeal bundie T3 of o magilold 3. Generally,
conservalion luws are nol verilied by sueh theories, Thenee it can be interesting
to fird equivaient forms of these Laws and {0 givie exomples of psendiriemar-
aian metries of P which verity them.

Un this paper. by using the Bianchi's identitics, we find such an equi-
valent Torm (el Theorem by, Moreover, we test its gsefoloess by five examples
Two of them are completely new (e, Theorems 4 und 1), while in Theorem
7 and Theorems 3 and 5 we find. in a simple way. the examples given in {7
and 1] vespeetively, We prevabently use definitions and properties of {71
then, for the sake of simplicity. we list them witheuol giving the reference souree.

We would like to thank Professor Radu Miren of the University of
Lasi for the uselful diseussion un the subjeed during his stay at our University
as visiting Professor supported by CN R of faly,

I. Preliminaries and conservation laws. Lel 3 be un  np-dimensional
manilold™’, 11 TM— 1 its tangenl bundle and {1, F{TM)— FM the tan-
vent bundle of TM, We denote by (1 ik boreso o= om u loeal
chart on M oand by (I (U o w®y (o boecdoe fo =100 the loval chard
canonically induced by (U, ¥) on T Let N be w non-linear connection ol
T, ie. N is an n-dimensional distvibuiion of T3 such that (T3

Ny @V idireel sum). Tor each N= T, where Vyds the vertical subspace
of Ty(TM) Locallv, N is determined by funetions and we denole lhem
by N )

Mareover we pul /3 eiox NTdféye,

Then (8/80%. ¢/¢n®) is alocul basis of the Lie algebra of the vector fields
on TAL wsually called adapted frane. We also denote by (de's 3y its dual
basis, where 3yt =dy’ + Nidu'.

Now we fin a d-conneefion {disting.ished cotinection)y V oun T M.

That means ¢ s a Hoear connection of T3 such thal

* Partjally supperted by M.P.L 607, ltaly
(1 W work in the category ol (= differentialde manifolds
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Ve 880 Ll ) 3130°0 Vo3 807 — Gl ) 88,

. . . = T e PN . ST

Vaasde foy" = Lyl ¢/ dy’s Voaréd ay” Ol i i g™
Moreover we denole by and ' the so-called h- and v-comariant derivaling
associafed fo V. respectively. The torsion tensor Field T of ¥ generally cun
nol vanish and ils componenls with respeet to an adapled frivoe are

(2 Pl =L Liy 0 RUp==3N3fr" — AN/ 3x’
2)

3

] -
Pl AN T3, 17 on T 0 S (8,

=

Inthesvquel we suppose el 775, =89, b ie. ¥ hes sero Mh)-forsion
and r{eny-torsion fensor fiolds (of. |2%).

Moreover we recull that 2%, vanishes i and only i N is an inlegrable
disiribulion.

Let & be the curvalure tensor field of V. In the sequel we use thefollo-
wing components of R, only

Ry o BIof 30— 815 8a" 4 L Ll =LA LA CL R,
P = Ly —=8CL 82 LI Ci L L) G+ 8N ey Ty,
! . -

Plye=clplcy 5 -'gc"lv’-':‘}‘ l‘bLFd( Lr- e = \ fEy O
S,-,"u. { (b‘ ¢ 'l é'CE‘.;/?U"-% C{:-(ﬂ;a e (-‘m(-‘;.

wilh vespect to an adapted [rame,
We also denote by Rie the Ricei tensor field of V whose components are

1 2 2

(1) =R P;, P —Pae=—=Pl Su=5S
We shall use the I'ollm\'ing identities verified by the above components
of R
()] Ribyi=—NRg Sfa=—S
(6) Rilypet Rylsp, + R,-",,.;._:-—Ij,—'“]{'_., —IJ’)",ER"J;_ Jﬁi'tch’“,_,!
N S eal St g+ Sefapl =00

Now we suppose that T is endowed with an (h v}-melric G, bLe. G
is o pseudo-ricmannian melric such that N is orthogenal to the vertical dis-
tribution. This locally implies
(8) G =gi(r.  dr' @dy’ Hhafr i) Syt @8y°
Moreover

G =g, (v, i) dr' @dr’ and GV =h(x. y) Sy"@8y*

are called h-mefric and v-melric of G, respectively,
We also suppose that V is compatible with i. That means VG =0 or
equivalent v
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T
-1
(4]

) oy = gl = Ry =0, fggl =0

Then the components of ¥V, with respeel to an adapled frome vre

~ ™ -
. . 3y, Of O m ¢y
Spi e gt je IJ R LY j“l’ 9, gt n;

drk Al aak ont
(10 ] Y
Y B TSR A o g | Eh ilte, Oy,
ol N e S ENEL N gy peafPhe 2 T
oy Lort cif J ol 'y ¢y
Morecover we pu!
2 2
. P !
Ry =yplily Pie=3aP1a
(i) §

1
— f ¥ i
Popra h’i}'I)a vee Saber =MepSd e

Then it results
2 2
(l") R.'.-k; i RIH:; =0, p.‘u—d : Pu'.k-rt =(},
= 1 1

: . o
Pau;.u*:*‘f)aa;.-a =A), '(\'ubr.'l. dbacd 0

Heunce we have
2
{(rH Ry =— Ry Sasi=—S.u0e b Pio.=—Py

Moreover the realar curvature @ of V is the sum of the following two
functions

(]-1) .H:]”{”gij. S =‘Sub’i..'l
Furthermore, with these notations, the Einstein equativn of V
(15) Ric — 1/2 8G = kT

can be writien 2s
H
Ry =12 (R4-8)g;- _,UU. P,, -_},7,,;,

Sar—1/2 (STR)hab"krab P; '__kj‘br

(16)

1 2 3 4
where & is a real number and Ty, Ty T and T, are Lhe components, with

respect to an adapted coframe of the tensor field Ton TM.
Finally the conservation laws are given by
1 1 2
+ P2}, =0, (saa—EmJ.»S)ss]l — Py =0,

4

(17) (R;_ 1;(R+S)8})

It

1 ¥ 2 2
\\']wrc_ REJ _ngMv Sar;:huscb- Paj 2h“cp,:_f, Plb=g”1’;a
and 3L & are the Kronecker symbols.
Under the above assumptions we have

Theorem 1. The conservalion lews (17) are ejuivalenl 1o

§ — Matematlcs
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R ! S — N .
A I e Al e L [ s i Loy T k.
dur
s (R :
o= i i '2!).11 I
ar

Pronf. Coniracting i wilh in (6) end taking into aecounl ¢ it follows

Rygeb Byt ogpe Rsim Pyl RO= P =P R,

By using (O ithe thove identily hreonmes

(1t Ryt oo B e Ry P B o Pl Rt 15 RY
being K¢, = R¢,, loo. Morcover. vontracling both sides of (19) with ¢*

and wsing (V) and (11) we obtain

a

i 5 k 3 3 Pk ‘) 13 ik
R AR )y = Ry gt =P g Ea P R P P Ry

Furthenmore (11) and (13) imply

2 2 2

R=2KM, =P RO 5P Kot P Ry

Then, by {13} it follows

2 I .
(20) Sl R yms PR = PR gt

Heplacing (20) in the first identity of {17) it resulls

ab 3 1

PR ];I)“i}"ﬂrligﬂ": l) 8,4+ Pl =0

Cousequently the first identily of (18) is proved. The secand one follows
in an analogous way,
Corvollary L If N is an infegrable disiribution (18) become

i)

L
§,=2P"1s Rig= 9P,

2, Laamples. Theorem 1 can be uselul Lo verify whether the Einstein

equations (16) satisfy the conservation laws (17) or nol.

We will give some examples which show the way in which it can be

done. For (his purpose we need some further definitions.
Definitien 1. G is called h-Riemannian (o-Riemanniany if g; (2, y) (hay
(2, ) depend on re M, only. G is called (h, v)- Riemannian melrie if G iy an

h- and p-Riemannian meliric. . . '

It is evident thal if G is an h-Ricmannian (v-Riemannian) metvic then
G (GY) defines in an obhvious way a pseudo-ricmanpian metiic on M which
we denote by olh).

1)
~
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Yetinition 2, €7 is called h-iocgily  Minkowski {(m-locally  Minkowsli)
if each point {r,o ) e T has acanonical  conrdinele neighlourhood in which
colas gy (hpla, 1)) depend on gy oonly. Gois celled (hod-locally Minkawsici melric
WA i an h- and o-loeally Minkowsli relric.

Definitien 3. ¢ iy called  Ricmariviian-localiy Minkowski meirvie if G
is5 it - Rieavanian anel o-tocally Minkowski melric. G is called Tocally Minkowe-

sci-Riemannion nedvic 1f G is an A-locally Minkowski and - Rirmannian

meirie,
Definition 4. G/ iy calied weakdy regular if e matriz | g;; | defined by

g, =&l iy ey 2 g o y)

i+ non degenerale.
fn this caze by puliing

& ({i" L (s e
(21) Ny="C G -y"'( — i -(—]8'.-'.

oy’
we obtain a non-lincar connection N
[n an analogous way

Definition 5. GV is called weakly reqular if the malrix | s | defined by

My, = it [Aytay® . & =hulx, N Yoy’
ix non-degenerale.
Then
1 1 1 Sy F Nt
V - e vad e o } - [ ¢E
(22} Ni=oG8 ey, A =h | — y— —
("_Ub(,'.lfc St

1
defines a non-linear connection N of TV,
If Gis an h-Riemannian metric then ¢¥ is weokly regulay and it results

o . '
Nitr )y =T5(v) y*3!
el
where 1, are the local componenls of the Levi-Croila conneclion V delined on
] [
A1 by g. Moreover we denote by 2, Ry, and Ry; the scxiar eurvinure ond
o
the local components of the curvature and Ricei tenser fic'ds ol V, respeetively.
In an analogous way, if G is v v-Riemannian metric G¥ is weakly reguler and
we have
! 1
Nj(x. y) =Th(x)y*8
1 : )
where 17}, are the local coefficienis of the Levi-Civita connection V defined

1 1 1
on W by b Then Ry, Ry and @ will be the loeal components of the curvature
1

and Ricei tensor fields and the scealar curvalure of V. respectively,
By these notations, using (10% (2), (3), (1) end (14) weo got
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[ 1~
=-r
x

Theorem 2, [f G iv un (h, 0)-Rtemannian melric and N = N, {hen {he
local cocfficients of ¥V are

Li=1"%. Ci.=0. .=l
k) Eh [N uond el
2[_; == I‘:',_ﬁr-'ba -+ I!ﬂf !-‘—b:’ - l J!Al):lﬂ;.hhd].
¢

Furthermore if resulis

= 1 . ..'
. RO B8 Py =TEa8— Ly Pl
Finally we have

) 2

:’n’;",_‘,-—h’;",_.,. Pyl e =0, Pjir.:-"'"ﬂv So”ea =0

2z o

1
1{11=[{‘”_-. ])b.'.' '—_-U. Ijjc-:[). SI_.._- -":--0. .R 'rA?. -S. "'"”'.

Consequentty by Theorem 1 we have
Theorem 3. Let G be an (h, v)- Riemannian metric and N = N. The Einstein
equations of ¥ can be writlen as
1 .

o a o Kl
I 1) Ry =k Tiy Ty =0, Rhgy=—207T,,

i Lj

Ty =0,

and the conservalion laws hold.
In an analogous way we have
i
Theorem 4. If G is an (h. r)-Riemannian mefric and N =N then the
local componenis of V ure

a3

_ 1
Lip=Th, Ch=0. L§, =T8!8 =0

Furthermore il resulls
1

; .
.Ra.,.ll. =-—H,f“_.y'8f. .Pa;b =0 Ijla*‘ =0,
Finally we gel
2

; 1
Riyem=R . Plp=0, Pl =0,

H S‘ba(.d =¥, “,

]

c 1 2 o
}{Jk = [{J o ‘Pb i = 0, ])f" ==0, Sb(‘ 5"-10.. 1{ =¢)ﬂ S =”
]
Theorem 3. Lel G be an (h, v)- Riemannien melric and N =N. The Eins-
leine equations of V can be wrillen gs

4 i

a 1 = 1 u 1
}"I.“'— ‘)qu _'II.',]..”, :l'bj -'—'0, @hdb‘—:_:')'k -11..b‘ .II‘;G :0

and the conservation laws hold.
Theorems 3 and 5 determine quite different examples. ln fact under
the assumptions of Theorem 3 the orbits are the geodesics of g, while under the

ib
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secumptions of Theorem 5 the orbits  are geodesies both of ¢ and k. Morcover,
the Einstein equetions of ¥ obiained in Theorem 3 enincide wilh the classical
! 1
anes sinee The d-4ensor having as enmponen’s T, — @h,, docx nol  play
2
any lole.
Theorem K. Lel G be o Ricmannian-locally Minkowski mefric having
1

G5 weokly reqgular and N =N (U2 is a charl of M en which the components

fgy of GV depend on y only. then i resulls

Nowl, Lh=Ti. G=0, [5=0

204~ Chayl ey = ihg déyt = Ehyd ey}

Mareaper ¥ has cero lorsion (. Vois the Lepi-Civifa connection of () and
we have:
- b 1
H-'u =Rj']-'|- P-‘;-.- ==}, -Phdl,r 0
o e i G QAP e
pep i RAS PAU LRkl A L
iy Y

S

Theorem 7. Lel 6 be a Ricmannien-focally Minkowski mefric having
¥
GV weally requiar and N =N, Then the Einslein equations of ¥ are:

i o 1 2
[T .1) ((2‘5'5)!7.'; 5 '1.,'1'. Tﬁ_- =4}

1 . o -
Sas ‘)—(S-iw Ry b Toy  Tip=0
end the conservation laws ure salisfied.

Theerem 8. Lef ¢ be a locally Minkewski- Riemannian melric having

G wealdy reqular and N . IF(U 2y is a charf of X oon which {he camponents
7, of GU depend on i only then oe gel

Ny el Lioth 20 g D aga pee 0 0 o)
cy° et

AMoreonver it resulis

1 N 2
Plpss ROe=0. PPpm =i PlyesCh S%.=0.

Finally we have

2 ;
Ry'y, =0, Pipe=0. P05, =0 8%4=0

Theorem ©. Let G be a locally Xinkowski- Riemannian melric having G

b~
weakly requlor and N ==N. Then the Einstein equations of V are
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1

1 b 1
T,=0, Ty=0, Typ=b To=0

and the conservation laws hold.

Theerem 10, Lol G be an (h, v)-locally Minkawski melric.  Moreoner [of
us suppose that, with respect {o cacl chart of un allas of of M the components g,
and h,, of G depend both on y enly. We also suppose that G is weakly regular

and N =N. If (U, ¥ is a charl of & then if resulfs

.;\Y,;- _U) I—-}:J; —‘O! 2(_‘:.;1: :g”’ (—fﬁ‘ L’b‘ i n'

g
B0 afed clay , chae  Cha.
-Ct.c:f i 0
ol cif ali

i 2 )
T"”_.Z-.O, REM-IO' P? =0, I)ijh‘_‘{:::!;- S =0,

1

2
R.-'!:'-l E 0., P;fh =0, ])sﬂh. ”
Syt ea=0¢Cyyf E'UH E=C3ﬂ/?!f" | C{..*C}d Cﬁb }

Theorem 1. Under the same assumplions as in Theorem W) we can
wrile the Einstein equalions of V as

. ¥ s 1 o %
Af)g”_ 2.“;? if },n_.j 'O. Stlb_ :) Shm} "]‘-?llb‘ :I_,‘D' 2 0

and the conscreation laws are salisfied.
Remark 1. 1 we repluce the atsumptions “G# is wezkly regular and
!

N =N by “G7 is weakly regnlir and N =N into Theorems 10 «nd 11 they
hold too.
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SUBMERSIONS OF SEMLINVARIANT SUBMANIFOLDS OF A
SASARTAN MANITOLD
Y

P LOULAY PAPAGII

1. Introduetion. The concepl of CR-rubwmanifold infroduced by A
Beiancu has been infencively studied Iy mauy peeple (see [U] fer more
references), Reecen'lve S Nobayashi |7] studicd cubmersions of CR-
submanilolds of a INachler manifold onto an almast hevmitian manifold.
Some resulis on the geamet sy of submersions of CR-sobmionifolds were obtained
i [6]. We remark thai both [6] and [7] are dealing only with submersions
of senerie Cli-cabmanifolds (Goes JOL == DAL where DL icihe anti-holoorphie
distribulion of [he CR-submeaifold Af and T34 Qs the normal bandte io M,
i easily to see That every CR-product in a Wachler menifold (see {1 [3].
in particulur every CR-praduct in a comples cpoce [orm is a submeraion of
CR-product apto on abmost hermitian manilold. Opthe otherhand, it is known
[3] vhat ihere exist oo proper generie CR-produc's in o complex space Tarm
Mey with e Thus i & wal geatly Lo study snbmer jons of Cil-submanifolds
which are no! necessorily generie, We pofe thel the zem-invationt © ubmaoni-
folds of & Sesekian inanifold have heen studied i [2]0 [3L [} [9] [10]
and they are oleo ealled contact CR-cubimanifolds (see fHL]) being exfensions
of CR-“ubmanifolds [1] e cubbmanolds of Sexcking monilold-.

In ihe present poper we sivdy the rabmersions of semi-invariapi. sub-
mapifolds of o Sasakizn meoenilold onio en alinosl confact melric manifold
withoul ony assumpiion on ihe dimeasion of anii-ipvariznt disivhution DL
Weo ehiein beste properiies of cubmersions of remi-inveriant submanifolds
ol o Secrkinn manifold end find neeevsary and suflficient condiiens {or =ueh
a cubwerrion o be a pormed semi-invaeriaond suliacnsifold or & cemi-invariant
product (Fhearems 1020 33

2. Preliminaries on semi-invariant submanitalds, Lei 3 be o Sasekion
mapifold with the Sosukion slroetoare (20 20740 g0 where ¢ 5 a2 fensor Dield
ol txpe (11yon M, 2 s woveetor lield, 7 is o T-Torm and ¢ is ihe Riemannian
metew o M, These tensor Tields are related by
PPN === N7(N) 25 gi=01 505 =01 9(8)=1; 4(pN, 0¥} =g(X, ¥}

LNy rY ) (V) Y=g(X. ¥V 2 (YY) N VyZs==—nX.
for any veelor fields N. ¥ langen! to M, where Vis the Levi-Civita conneclion
o M.

)



