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and the conservalion laws hold.

Theorem WL Lef G be an (h, vi-locally Minkowski melfric, Morcaver et
us suppose that, with respect to ecach chart of an aflas ol of M the componenis g,
and Iy, of G depend both on y only. We olso supposc thal G is weakly regular

and N =N, IF (U, XY is a erarl of & then il resulls
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Theoremn 11. Under the seme assumplions av in Thcorem 10 we ren
write the Einsfein equalions of V as

: L . 1 i ;
L“)g” —2.]\'?{‘;. 15,5_0-. Sﬂlr-' ;)Sh“-__=]\ b Tb_q

and the conserpation laws are salisficd.
Remark 1. I we replace the acsumptions “G7 is werkly regular and
1

N =N“ by “G¥ is weak'y reguinr and N=XN" jnlo Theorems 10 and 11 {hey
hold too.

NEFERENCES

. Amici Q, Casciaro B. — Anexamnle of Lagrangian tlieory of relativily satisfiywng the
copservafion taw (Lo appear in The Proceedings of the National Saininar on Finsler
spaces, Iresov, 16460).
2 Matsumoled — The theery of Finsler conpeciions, Pull. Study Group Geom., 3 Oka-
vama Urniv, 1970,
3. Miron . — Yecter bundles Finsler gecmctry, Proe, 2ud Nat, Sem. Finsler Spaces {Brasov
1082) 1p. 14T — 1ES.
4. Mivon R, — Afcirical Pinsler stiuetites and melrical Finsler copnections, Jeur. Math, Kyoto
Univ, 2% (19623). nr. 21% - 220
5 Miron It — A Lagrangicn ecory of redativity, Preprivt NO 840 Univ, din Timigoara (19835).
6. Mivonli, Anaslasiei M — Verder bundles, Lagrange Spaces. Applications inthe Theory
of Relatioity, BEd. Acod, BLS L 1906 (in Romanian).
. MironR. . WatanabeS. Ikeda S — Tangeni bundle gromelrp. 3 pplicaticns in general
Lielativity, to appear.

~1

Department of Afathcmatics
Via G. Fortunato 2 Dari, linll a

Leceived 29, 11, 1988

An. st Uiy, JAL L Cuzar Tas
Mafematica., 33 (1989)

SUBMERSIONS OF SEMIINVARIANT SUBMANITFOLDS OF A
SASARIAN MANITFOLD
BY

M LEGULAT PAPAGIIIOC

1. Tmtroduetion. The coneep! of CR-submanifold imiradured by Al
Bejanen has been intensively studied by mony peeple (see [L] for more
refereneces). Recen'lyv. S0 Kabayeshi [7] +tudicd cubmersions of CR-
sithmanifolds of & Kaehler manifold onto an almost hermitian  manifold.
Some results onthe geomelry of submersions of CR-submiopifolds weve obtained
in [6]. We remark thai both {6] and [7] ere dealing only with sabmersions
ol generie CHR-rpbimanifolds (oo JOL= 7Y L where DL o ihe onti-holomorphie
distvibution of The CR-submuatfald M and 7ML is the normal buadle to A,
Hois casily Lo cee Lhat every CRB-product in 2 Iaehier manifold {(see [1] [5])
in perticular every CR-produei in a complex @ poec form s s submersion of
CR-produet anto en almoest hermitian manilold. Onthe other hand, it is known
[3] thal ihere exisd no proper generic CR-produe’s in o complex :paer Torm
Miey witle 4 Thus it i naluraliy fo ctudy sebmer ons of Ch-submenifolds
which are no! pecessariiy generie. We pote Thel the semu-invarient @ ulsnani-
folds of o Sosckian manilald have been studied in 2] (31 [t} [9) [10]
and they are oho colled conteel CR-snbmenifolds (sco [11]) being exfensions
of CR=tubmanifotds [1] o submanifolds of Sasckiop meaifold-.

In ihe prerent peper we sivdy the sabmertions of cemi-invarian’ sub-
manifolds of a Sasakizn moailodd onfo on elpiost contart metvic manifold
wWithopt ony essumplion on ihe dimension of anbi-invariont disivdbution DL
Weo obfuin hrede properties of submersions of renti-invarviant submonifolds
of o Sesekion manifold ond {ind neeessary and sulficient conditiops for such
a rubierrion e be o norme] semi-inverionl submanifold or o remi-invariant
product (Theorems 1.0 20 35).

20 Preliminaries on semi-invariant submanivalds, Lo 3 be o Sasakian
manifeld with the Sasakion siraclure {90 207 9) where o &0 fencor Tield
ol Pype (1.1 an M, % s ' vector Tield. 7 ot u i-form and g is e Riemnnpnian
welric on M, These tensar fields are relared by

PPN= - NFp(NV 2 pl==Diven=liq(@)=1: gloX. Y ) =g(X Y) —
B{(X) 1Y) (Veo) Ymg(N V) Tp(¥) XN VpZeswn X,
for any veelor fickds N. Y langen! te M. where Vis (e Tevi-Civiia conucef ton
on M.

th
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Let A he a Riemannion manifeld isomelrically immersed in A7 and
suppose {he structure vector field £ of A7 b tangent to ML We deaole by TV
and T the Laagent bundle to 3 ond respeetively the norned bundbe to AL
We also denole by {2} the distribution spanned by Zon M. The cubmanifold
M is called a semi-ipvariant submanifoid (or a eontact CR-cnbmanilold) if il
is endowed with the pair of distributions (D, DL) catisfying the coundi inns
(ee [2]) g
() TM=D@DL@ {2} and D, DL {3} are arthngonal 1o each olher;

(i) the disiribution 1) is invariani by «. e, we have (D} =D, for
cich x =31

(i) the distribution DL is anti-invariant by 5. oo we have p(D3)=
= T,AIL for cach x=ilL

A generie semi-invariant submnnifold is o semi-invariant submenifold
characterized by ihe condition o(DE) =T, 1, for cach relf (wce {I1]).
We denote by ihie some symbol ¢ buth Liemannion metrics on VW oand M.
For any vector hurdle Jf over 3f wa denote by (A the module of all diffe-
rontiable sections of 71, The projection moiphisms of TAI 1o D and DL are
denoted by P and respectively Q. Then we have

(2 X=PX4+0OX++(X)YE for any NeT'(Tin.

The formulas of Gauss and Weingarten fur the immerrion of M in M ozre
given by

(3) f?_;;Y:VxY +h(X, Y) and respectively

(4) VU=V U—AyX, X, YeI'(TA), Use(TML),

where V is the Levi-Civita cennection e M, V61 is{he linear connectioninduced

by Von TML histhe second fundnmental form of 37 and Ay is the fundamen-
ial ienror of Weingarien with respect to the normal section U. We have

(5) (X, V), ) =g(A,X. ¥), X, YeI(TM), UsT(TA),

Denote by v the orfhogonal comuplementary vecior burdle of (DY) in TAL
Thus, the normal bundle e M hes the decompaosiiion

6) TML==c(DL) @v and gloDL, v)={0}
For any UeT(TML) we put
(7) U=nU--+U, where nU (D) and vUeT'().

From {7) we hsve
(8 oU=pnU-reulU, UeT(TMY. onUs (DY), ¢vUsT(v)

Tor any cenii-invariont subnianifeld M ol fthe Sasekinn manifold 1. we define
the tensor field £ of type (L) by "X =oPX, Xe'(T\). We sl-o define the
non-null nermal bundle vatued i-fotm w on A by vY =oQV, YeI'(TI).
The tripiel (F, i, ) is cnlied 1he serzi-invariant strueture on M. By means of
this struclure, we define the tensor ficld § on AT by

i EUBMERSIING OF SEMI-INVADRIANT ":iU[I‘\-Ir‘.’\?!-FO[ ns SRS

(9 SINDY) NN Y - 2en(du(N, Y4 2d4(N. VY LN Y e BT |
\\h(‘l"l“ N is the Nijenlvuis tensor fiekd of (7 and du. dv are the exterior diffe-
rentials of o ond o, respeelively (see [E]).
The seri-invariant cebmanifoid Y of the Sasakian moanitald A7 is called a
narmal semvi-tnoeriant submanifold i S vanishes identically on M. ).
_ We cov Aot o ocemi-invariant submanifold M of a Sasekian wmanifotd
Wis a ’-m‘ni-irrr-m'i-m! product i The disivibalion D@45 s involative and
locally M is a Biemannisa product 3, 5 M. where M, {resp. Moyis a leaf of
DO {2 (resp. Do)

Concerning the cemi-invarianl submanifolds of o Sasakian nanifold
we recall for later use the following resubt s :

l:f'lnm‘u L3 L) The distribution DL is always tneolufive.
) (i), The ditribation D@2V is ineolutive if and only if the second funda-
mental form salisfic:
(1n) AN eY) MMeXN, Ve U(vy, X, YelI{(m.

Lemma 2. |1 et M he o semi-inpariant submanifold of « Sasakian
mru';?fﬂfd Mo Then M ois w normal semi-inpuriani submeaifold i and only if
the ey
iy N HY L MeNo Yy e V(v XD YT and
(1) N UysT(v, XalUdn UsT(Dh,

' I.(‘.n‘mm A normal seiue-tnnariant submanifold ts ¢ semi-inoariont
product if and cily if the distribution D@Ll is infeyrable.

Lenmna 4. (5} Adeaf MLof (he anti-invarient distribation DL s {ofally
geodesic immersed in fhe semi-inpariant subnvenifold M oif and only if we have
(1) LNCUys1(v).,  Xel'(D) U=

A Submersions oi semi-invariant submanifolds. Lel M be a semi-inva-
viant subimanifold of the Sasakian maniloid 37 and N be an almost eont act

=

metric manifold with the almost contact melrie struclure (5. . . 1)
Assume that there is o submersion = : M— N such thal .

(1) DE=-Kerm, where = 0 T3 = TN s e tangend mapping to
(b) Tt D@ I T, N s an isemebry Tor caeh re M owhiel s i fiss

s I R A = (&) =2 _ ., where TN denoles The langent
spitee of N b =(x).

Forihe theory of submersions we follow B, O°Neill [8].

MAvector field X on M iy seid to be busic il N e (D@20 and N s =-
‘n:]‘u(‘d fo avector field on N, Qe there exists a veetor field X, = T(7N) such
that = (N,) ==X _.,, for ecach v=3/

7 _ Btemerio By the condition (b of the definiiion of a submersion of a
scnu-m\':frmnl submapilold we have thal *hestructure veeior ficld 2 is a basic
veetor [ield.

We reeall the following Lemma [rom B O'Neill [8]

Lemma 3. Lei No Y be busie vector fields on M. Then
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(i) N Y- (XL Y e ! {

i) the component PN, V-br({N, Y 2 of [N} _r'\' # hasic  veclor
freld (u(m') mrrr’sprululs to [N Y b m (PONCY (N YD D) [N Y]

Giiy [U. Nje (DY) for any Us INCROE , o

(V) P(VeY) (VYY) 2 ix a basie nector field corresponding o Vi Yo
where ©° denafes the Lepi-(inifa connection on N .

in o similar wav as iu [7] for basic vector frelds on M. we define The

- ) . L
aperator V' corresponding 1o V7 by selling

(1 VLY PV (Vi) & N Y S D@ EY

By (ivy of Lennaa 5, VY i a haste veetor Field and we have

(15) AVEY) =V Y

Define the tenzor field € by

(16} VoV =Vl S0(N Y GO ) =W Y X YeTiD@{ih.
Then ree [7]) iy skewosymmetric and ot fies

1 e e A ..
{17 iN. 1) ')U([_\'. Yh N Yel'th@iz)h
Now we prove
Propesition 1 Ll = 3 . : .
fold M of the Sexakian munifeld M oonloan «lmost confact melrie manifold N.
Then we huve :

Mo N @ submersion of semi-invarian! submani-

(18) (Viph Y=atXo V) 5 —7(Y) X

{1 CiN oY) =gnh(N. Y).

(20) BC(N. V) =nh(NX. 5 V).

(21 SN, Yy oul(NL oY) for any N Y e (D@ {Z))

Proof. Tor Xo Ye (D@10 by using (3). t70 (L) and (16) we gel

(22} Vit VY CON YN Vi vhi N V)
Heaner
(2 T Y oV Y b CIND Yk (N Y- uh(NL Y

Apphing (22) teoo Y= F(D) we have

V2 Ve Ve Vis) LGN 2Y) - l(NL Y )b N 2V XY e D@t

By using (\5.\-'.7: ¥ \7_\-';\' flg‘(_{‘-‘:'m_r,f(.\'. Y T—n (Y Noand (28), (2d) we gel
(25) V}@Y-;-(.‘(X. Yy - nh(N, oY)+ X, Y )=V Y —o N, Yi—
—onh(N. Y) evh(N. YimgtNO V) I- (V) No No Ve (D@ il

s

SUDMRBHEIONS OF SEMI-INVARIANT SUDMANIFOLDS I8R5

Fhen we obtain (18) - (21) from (25) by teKing The compunents [vom hel=t,
DoaDL and v vespeetively. From (15) and (18), by taking inte account of
The definition of o submersion of a seat-tpvariant submanifold and Lemma 5
we have

Corollary 1. Lot =i M—.N be a submersion of semi-invariond submanifold
M of the Sasalian manifold N onte an almost confact melric manifold N. Then
(Vy,2)¥Y, =g (N V)2 -~ (YON. N Y e IMTN). ive. N s alsa «
Sasakiar  numifold.

From (I, (205, (21) and the show-svmmctry of . we alse have

Corollary 2. Lof w22 M- N Le a submersion of semi-invariant submanifold
M of the Sasalian marifold X onlo an almos! conlac! mefrir merzifold N Then

(26) NN, 2y LnhiaX. Yy=0.
127) Pl{aX. oY) =nh{X, Y).
i 28) whio N, oY) = (X, ¥y,

{29y ClaN 2Y)=CIN Y)Y N, YelD®IE)

Remark, The relalions (263 opd (28) are respectively capivalen! in

(m BN YEh(e NO Y)Y < ['(yy and
(51) MX V) fipN.Y)yel'(ehd), NoYelih@{i!l).
Remark also that for obtain Corollary 2 we have used the relalions Vil —= N,

MX, 2y=1fer any N 1MD@ ;%)) which e immediate consequenres of {H
and (3).

Trom (26) end Lemma 2 owe have

Theevem 1. Let 7 M— N broa submersion of semi-innariant  submani-
fold M of {he Sasalian manifold N onito an elmost contael metric manifold N,
Then M is a normal semi-invarian! submenifold of 7 if and oy if we hare
MN. Uye (v, for any X eT'(IN. U<(DHL)

Also. by using Lemmas 1.3 cnd Theorem 1 we oblaim

Thearem 2. fet = M N be a sgbmersion of semi-invarianl submani-
fold AT of the Sasal:ian manifold X ondo en alinost eontacl metric menifold N,
Fhen Mois a semi-invariant product if end only if the distribution D@ (2} is
infeirseble and ((X. Uye 1'{v) for sy Ne (D). UU=T(0DL,

By nsing Lemma 1 and Theorem 1 we aléo have

Thearesa 3. Lot w0 M= N be o submersion of semi-inparion! submani-
fold X of the Sasakian manifold Monto an aliost contact melric manifold N,
Then M is « normea semi-invericnl submanifold of 3 if and only if the leaves
of the unti-invariant distribution DL (e the fitres of =) are tolally  geodesic
swbmanifolds of the semi-invariond submarifold M.

For a Sasakinn manifold 31, we define the w-hiseetional cwvalure with
respect to Lwo orchonormal vectors No Y from the contacl distribution by

(32 IAN, Y)=R(N. oX: oV, V).
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where /7 denotes The cyrvalure tensor of the Levi-Civita conneclion ¥V on M
end R(NOY: Z0 Wy (RN, Y) 720 W
Corollary 3. el =: M+ N be a submersion of semi-invariant submani-

[old M of the Susal:ian manifold T onto an almaest contacl melric mrmifo!d N.
If the fibres of = are tolelly geodesic submanifolds of M. then the w-biseclional

carpature I, satisfies
(33)  HuN. Uy=2 N, Uy b2 Ao X5 2q(nh(X. X). nl(U, U2,

for all unit veciors X = (I end ez, _

Proof. ¥rom hypotheses and Theorer: 3 we gel that M is a pormal
cemi-invariant <ubmanifold of M. Then (33) foltows from Lemma 1.3 in [10]
using (325, . N _

Corellary 4. lef =: M— N be « submersion of semi-invartant submani-

fold M o] the Sasakicn monifold M oonte an almost contact melric manifold N
Suppose the distribution DG |2} is dnlegrable cnd the ftbres of = are totally geo-
desic submanifolds of M. Then we have

1) X, Zy=2 WX, Z)|p-2

fur ol amil ceclors X= Uy, 2= (D), .

Proaf. From hypotheses, Lemma 1 and Theorem 2 we oblain that M
i a semi-invariant producl of the Surekinn manifold 7. Then (34) follows hy
Femma 3.1 in [9] )

New. for N=T(D@ii) and Lel'thh) deline The operator A by

(33) Vol =V, )4, 0

Since [1. X]eT(DL) and laking into secounl thal 7(Vel')wen (Vo XN} =0,
we oh'ain

(36 Al =DV Uy =DV N)
The operators 4 ond (Care related by (cee [7]:
Gy g U gl GINC Yy N Yy el {s) Uel(Dh).

— - . . e fid L
3 ousing (35) and (37) ve obtein thal the curvature tensors R R of ihe

coaneetions V. ¥ on A end N ores pectively are related by [7]
JUINOY : Z.Wy RN Y s 40 W sgfND 2y Gy, W
{38 — (UYL A0 CEND W 290N YL G W,
NoYo A o wWelthe oo
Fhe eorvalure Lensors Iand Ioof the connectings v and ¥V on M and M
respeciively are related by the erquation of Gaues
RINCY . 70 Wr=R(N, Y3 Z0 Wy—g(h(N, W) kY, 2+
gl N0 Y W

i3

SUBRIERSIONS OF SEAMISINVARIAND SULAMANIOLDS

NeYoZ2owes1(ThM), Yor NoYeUhe Irom (38 by uirg (1,
and Corvollary 2 we get -

RN o Nt oY Y- RN s N oY, Yo nigN, 2
nhND Y Y s SN Y

(1)

On the other hand, froam (38) by gsieg (U (200, Corollary 2 and the skew-
svinmetry ol € we ol ain

. RINCAN D oY Yy =FUNL 2 N o VO Y ) i X, AN
(i

—'nXO YY) = 2(nfNC XD altY oY NO Y = i,
Thus (40 ond (11 give

HN 5N oV V) =f0(NL 5. N 1o ¥ Y ) 20 nh(X, oY)

{12y 200N Y)W NG YYD 2e(nft XD X)L iYL Y,
Nooy e

Selting Yo Nin (12) and {aking inlo secount of Corellzry 2 we abluin it the
meseclional curvatures of A7 and N ave related by

1 fl(.\'_)fll'g.\'_) 'l NDX)y 2020 yliND Xy S X=1 iy, X 1.

temark, 10 we suppore MW obe o genevie senti-invarient submanitold of the

Sasakian manifold 3L (hen we have nhtN, N) =N N whX Ny =<0 and
{13} becomes

(1) IRX) =N} LN Ny = Neld) | N =L

The relation (41) is similar To the reladion obtained by S, Kobavashi for the
submersions of geuerie Claanbmanifolds (see (1120 0n |7 ])
Thus, combining Corollary 1 and ¢13) we eblain

Theorem 4. fLef =: M= N be a submerzion  of semi-invaviunt submani-

fold M of the Sasakian manifold 3 onlo un almost conlact melric maifold N.
Fhen

(1) N s also @ Susakian manifold.

(i1} the g-seclional carvatures It and 11’ of M oand respeclively N are related
by 113#

Corollary 5. Lel =: M= N be a submersion of semi-ineariand submani-

jold M of the Sasakian manifold M onfo an almost eontact melric manifold N,
If the distribution D@ is tntegrable then we have

(43 HNYy--I(X )= 2 vhN. Xy ®. Nel(D)n | N L

In perticadar of M :s a semvi-inpariant produet then (13} holds.

Proof. Tt follows from (43). Lemma 1 and (26) of Corollary 2.

Corollary 6. Lef =: M- N\ be u submersion of seini-inveriant submanifold
Moofthe Sasakian manifold X onio an elmost contuel metric manifold N. Suppose
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the distribution D@LV is indegrable, Then the leares of D@{E) are lotally
grodexie tmmiersed in R if and anly if we have !7(.\') AN ) for any N = Ty,
fn particular, if _ﬁ(k} I o Sasalicn space form of consiant q-sectionnd cure fure
Loand =: M— N is « submerston of semi-invariant sabmanifold M n['.l_[(;';) anle
the almost contact metric manifold N suel thal the dictribution Y& EL be inle
qrable. then the leaves of DD 2L are dotally geodesic tmmerzed in RYARTA if and
only if N is also o Susaliian space foru of the same constant g-veclional curvature k.
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v UNTQUENESS THEORENM IN T NON-LINEAR DY NAMICS
G ELASTIC MATERIALS WITH VOIDS
BY
EDOADO SCARPEITTA

1. lutroduection, Tn Lhis noie we precent o pnigueness result i ihe
conlext of the finile-deformation theory Tor elestie bodies with ooids, We con-
sider the dynemic problem of this theory, eorly introduced by Nanzielo
& Cowin |1] inorder to deseribe the mechanical behavior oi porogs mate-
rials hoving (non-linear) elastic respense in the skelel ab strueture, The inter-
Aices. ar poids, fn Uhis struelure are assumed o be facking in matier and any-
ihing elre of energelic velevanee.

In the field of application of this theory, which of course generalizes he
classical elesticit v, should Tall varicos kinds of geological mvalericds. such o
rack and roils, or porous manufact pred materialy, sweh as ceramies and pressed
powders, We refer to [ ofalso [2] For more detuils aad physical insights
into the basic convepis ol ihie Theory, _

Some general theorems for the dypmic probicrm of elastic bodies with
volds have heen established. in the Yinear response case. by Cowin & Nunzialo
(uniqueness and weak slability [3]) and by lesan (reciprocily and variational
characterization 4% Chendrasekharesiah [0] also treals uniqueness
in the centext of o particular formulation.

The nop-linear case kas been vecentbv tackled by Tesan in |6} where
amaong other (hings. a theorem of uniqueness is proved: this resll. inspired by
[7] 15 however ouly of {neaf Lype.

Owr aim is chus Lo prove @ now-local uniqueness theorem for regulars
solulions to the non-linear initial-bousdary value problemy of the theory o
hand. Of cowrse. we  do not expeel nor plopose to Tind condiltons for global
uniqueness in the solution space 1 nevertheless, it should be passible Lo selecl
subspaces of This in which uniqueness may held good.

The equations governing fhe problem are stated insecl. 20 where the main
assumptions are also formulated : all these ave employed in sect. 3 Lo derive
an energy equality and then to prove the uniiqueness theorem,

2. Basie equations and assumptions. Necording  lo [Loosecl. 2, 3
appendix | the motion of an elastic body with voids B subject Lo linite defor
mations, is governed. in the Lagrongisn formulation. by the following local
balances of mamentum and equilibrated loree

“ Throuzhout the paper. we shall use small, small boldface and capitial
bolrlface letiers to denote scalars, vectors and tensors of order not less than two.
pectively



