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the dixtribufion l)@,‘:_:;{ is blegrable. Then the leaves of D&y are dotally
geodesic impiersed ar M if and only if we have THX) 5N ) for any X ST(Dy,
[t particalar. if (k) is a Sasalion spare form of constanl g-secfionel cure ffure
Loand = M N is a submersion of semi-innariant suhmanifold X n['.f{(;'-:) oty
the almaost contacl metric manifold N osueh thet the disiributivn D@EL be inte-
grable. then the lewves of DT 20 are tolally yeodesie inunersed in M (1) if and
only if N is alse @ Susakivn space forag of the same constand w-seclional eurvature k.
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A UNTQUENESS THHZOPEM IN THEE NON-LINFEAR DYNAMICS
OF ELASTIC MATERIALS WITH YOIDS
BY
EDOGARDO SCARPETTA

L lutreduetion. In this noie we prerenl o pnigueness resul? in ihe
conlext of the Hinite-deformation theory for elastie hodies with poids, We con-
sider bhe dynamic problem of This fheory, carly introdueed by N gaziaio
& Cowin [1] inovder to deseribe the mechanieal hehavior o poroas male-
rials hoving (non-linear) clastic response ia the skeletad structuve, The inter-
stices, or poids. in this struel pre are wsumed to be leeking in mabier and any-
ihing else of energeiie relevonce.

[n the field of applicadion of Uhis Theory, which ol course geoeralizes t he
classieal elesticity, shonld fedl various kinds of geological muatericls, suel es
reck and zoils or porous manufactored materials, such as ceramies and pressed
puowders, We refer Lo [T ol also [2] for more details and physical insighls
into the hasic concepis of the theory. _

Some general theorems for the dynantie probiem of clastic bodies wich
voids have been established, in the finear response case. by Cowin & Nunziato
(uniqueness and weal stability [3]) and by lesan (reciproeity and variational
chargacierization AP Chouadrasekbaraiah |5 abso reals aniguencss
in the contest ol o particnlar Tormulation,

The non-linear case has been recently tackled by Tesan in [Uf where.
wnong other things. a theorein of unbqueness is proved: this resall. inspired by
[7]). is bowever ouly of focal Ly pe,

Our aim is thus Lo prove o nop-local uniqueness Theorem for (regular;
solulions to the nonstinewrs initial-boundary value probleny of the theory wi
hand. OF course. we  do nol expecl nor plopose to lind conditions for global
uniqueness in the sobulion space @ nevertheless. it should be poassible Lo selecd
subspaees of Lhis in which unigqueness may hold good.

The cqutions governing the problem ave stated in sect. 20 where the main
assuwmplions are also Tormulated ; adl these are employved in sect, 3 Lo derive
an energy cguality and then to prove the unigueness theoren,

2, Rasie equations and asspmptions. Acecording  to [Losecl. 2,38,
appendix | the motion of an elastic body with voids B subject lofinite defor-
mations, is governed, in the Lograngian formulalion, by the following loeal
bulances of momentum awd equilibrated Tovee !

* Fhrowghout the paper. we shall use small, <mall boldlace and  capital
boldface tetters to denote scalars, veclors and tensors of order not less than two,
rerpectively, ’
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Div T zh =g,
(1) Div iy ol = sy, in Qu=Q . T,
where QO =the interior of 2= W and Tl

[n such cquations. » s a fixed seferenee conligaration which mups B
info a smoolh bounded domain {£2) of the ])h_\'.‘-i(.:‘l polnt space (illcnl ificd
with ¥ ; T denotes the first Piola-Kirchhooft s fress tensor, b the equilibrated
<lress veelor and g The in'rinsic equilibraied hody force — These are the dyna-
mical varighles of the theory peeding o constiluiive equuiion. Moreover,
g is the bulk mass deusily. L the equilibrated tnertin, bihe external body foree
and ! the extrinsic egnilibrated body Torce. Finally, v and & are the indepen-
dent kinematical variables: the displacement veelor Teld ond the change in
volume fraction with respeel to x (where, for convenience, the distribution
of voids is supposed uniform) [L3 ] This pair (v, L) characterizes the motion
of 78,

In view of the classical interprelation of system (1) we shall ascume
throughout that :

c=CQ); b, Loge o€l ;
T, he () ke () v, pe CriEly)

Denole now with Lin the class of all sccond-order lensors. Concerning
the constitutive equations for (1). we shall consider T, b and ¢ as arbilrary
funclions of Vv. g, Vo'

2) T—T(Wv. & V). h=h(Vv, b Vi) y=g(Pv. L. Vi),

and assume T, h, = G2 (Linx R~ R with ¥/T, Vb, Vg€ () and
V.V, T. V.V,h, V.V g Q) (i, j—1, 2 3 and V. stands for the partiat
gradient with respeet to i-1h argument i (2)).

A thermodynamic treatment of the guestion. in which whal above could
be regurded as the isothermal case,wonld show that a (smooth} internal energy
= =8(Vy. . V4. ... thermal variables...) can be infroduced such that

3) T=V.2, h==Vaiz. §=—V,t.
In Lhis connection. see [1]. Along with (2). we bear in mind that for the equili-

i)
brated inertia also is given a (kinematical) constitutive equalion: & K{d)

[1.3]. We assume ke CH{R) wilh é"f{/c‘-'\;a" e (v (Qy) for el 2, 3,
To equations (1) Lhe following svstem of inilial-houndary conditions of
the mixed lype is appended:

* We do not account for inelastic surface effects associated with changes in
1ie volume of the voids, that would require in (2); a dependence on ¢ also [8]
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Vv, V==V, =, &=y, in Qx {0},
(4) Ta=ty in 8,2 x(0, T} b -n=hy in L x(0, T)
\'=V2 in 350 X(O, T], q}=q}z in S.Q.X(O, T],

where the right-hand members denote smooth prescribed fields; together
with b and ! (see above), these are the data of the problem. Moreover, g}
and 2,,, Q (i=1,3) stand for complementary and disjoint subsets of a0, and
p is the outward unit normal to this.
The loads b, [ and tg, hy are said of dead type, i.e., not depending on the spatial
position of the material particles of B.

A montion (v, §) verifying equations (1), (4) through (2), for some assign-
ment of the data, is referred to as a regular solution of the problem.

In the class of the motions of B we now define a particular subset ; to
this end, let @ denote the set of all pairs of smooth displacement fields u
and change in volume fraction fields ¢ such that

u=0 on 3,0 x(0, T} o=0 on 3,Qx(0, T].

We shall call F( B) the class of those motions (v, ) of ‘B for which the following
coercive inequalily holds for some x>0 and ¥ (u, ¢) € &:

[ [AVu: Vu+BVo - Vo+ cp?+2A'Vp: Vu4-2B'e : Vu+2e'p . VoJdil>
0
AL Vu '] Ve i*+9) 402,

where AEV,"\I' |w¢) (a fourth-order tensor), B-:-V,:h f(v.4 (second-order),
= ~Vyd lmey AEVT |y (third-order), B =V.T |y (second-order),

C’EV3II v ¥)e
In comporent form, (AVu);; =4 (Vu);,, (BV)i=B (Vo)

(A'VQ)” =A},t(Vq>),, D: E=DuE” VD, EELin; moreover, AUI‘|=‘-
ATyl 3(VV)xp By =0hfa(VY); Alys=3Tf3(V)s
Bj;=8T,/ ), c;=3bh,fa}.

Ci. [6] for a similar assumption in the same context; we only remark that in

the linear theory, where T, h, ¢ are linear in their arguments, A, B, ¢, A,

B, ¢ are calculated in the reference configuration, and the left side of the

above inequality reduces to the pofential energy of 3 along the motion (v, ¢).
Note finally that, in view of (3), it is (V19 |¢, &) =— By

~
(Vab v ordess =Ajxe (Vad l(r.0)i=—¢;; and moreover
A‘“flehU! By;=B,; in Q.

3. Energy equation and uniqueness theorem. We now aim to lay down
an energy balance equation that will be basic for uniqueness. Let then (v, ¢)
and (v4u, ¢-¢) be two regular solutions of problem (1), (2}, (4) with the same

1 — Matematich
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data. Wrile simply T for 'i‘(V\', w V) ':ind T° for 'i'(V\- Vu, bto. Vi

Vo), and likewise for'h and g; also, & for Ix(u) and L' for K(t,u{—q;) By diffe-
rence, from (1) we get :

Div (T'—T) =¢ii, T
SR S R R D (GRS X A S VA (2 B

with (T’ T)u=0 on &,Q =0, T} (h’—h) n=0 on 9,0 x (0, T], and

u ==y =g =0 on Q2 {0}; further, (u, o) belongs to- &,

' Now, mulliplication of the forocromcr equdhons for 1 and ¢, respec-

tively; and’ lllt(‘“l‘;thn over ) (0, i) tE(O T). give (via divergence theo-
rem) :

lfzgzréué ok (== ;){_1/% p'§H(x) ds+p[(K' ~K) b+

) o (k=K1 () de- f § . [(T'=T): Vit
22 x(0.4)
SH D) - V9= (g )l ().
For simplicity, we explicitly indicate only the time-dependence of lhe

fields.”

This equation is the starting peint for the following :

Theorem of unigueness. Provided p, k> ¢, =0, the problem (1), (2), “)
Ires ! most one reqular solution belm:qmq fo F( fB)

Proof. Let (v, 4) and (v4u," y+o0) be as above and belong to F (B):
comsidot equnlion (3). By a second:order Tavlor expansion (ef. [10}

(I"-—T) SV =AYV ViR Vi+A'Vo: Vi fu: Vi,

1 (h'-.—_h}. Ve - ..\'V'cb: Yu I—B__V(? . __V_r{')-}-c'g;, . V’\é.—;-\'.: Ve

= o= B Vug—e' . Vo o —epdidsp. -

where ®Vjal jvi, |z LVU |2+ @ |24+ Vo [2+in Q5.
A similar argument cin I)L llsed tn vield | l. -—l. P | it ¢ i and i &

[
&g S L
\\L 1]111* mny Mm o

IJ)j (et ~A P 2 [AYu: Vud BV(p Vo -bepi+ 2B vu-i-_

2 \’VcIJ V;l - *1 ‘H VO]U)‘—

. fiu pAo (-) =4l ~1) o+

(L' —1) -!Jf;;} (z)d=+1/25§  [AVH: Vu+BVg. Vo L ép? 4201 : Vu

10, _!]

(*). In nhfal;olieus by ,,a@b we mean thata pcmtnc constant 3 cun bc compuled such
that a{sh.

f—
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L2VVe Vu-+2¢'c - Vol (=) dr— | | n: Vitv. Vo-+9) () dr €
.(.).x(() l]
) <(| ¢ [*+i9 [P+ Vu 24| Vo [5) () d=.

Qo 4

In the last step, Cauchy inequality and the maxima on Qg of varicus [iclds

Itave heen taken into account.
Recall now the definition of 7 (B). so that, since (n, 9} =&,

[0 H6)+( V0 24 g 1441 Vg 1910

<] Vo [¥) (=) d=,
f1xi0, )

(¢ [*-Hi V=t o 2

where ¢, is also included in the understood positive constanl.

The thesis is then achieved by noting ihat well-known Gronwall lemima
[11, p. 286]implies the vanishing of the left side above for arbitrary (= (0, T),
and thus we conelude that u=0® ¢=0 in 4. Q.ED.

Achnowledgment. This paper has Leen performed under the auspices of G.N.F.M. of the
1talian Research Council (C.N.R.).
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