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POLYNOMIAL SOLUTIONS IN THE AXIAL COORDINATE FOR
ELASTIC BEAMS LOADED ON THE LATERAL SURFACE.
UNIQUENESS OF SOLUTION FOR THE GENERAL PROBLEM
OF THE BEAMS

BY

C. L BORS

We consider an orthotropic beam limited by two planes z,=0, z,=h
(h>0) and by a cylindrical surface 7 having the generators parallel to z,
axis. We will denote by @ the domain occupied by the beam and also the volu-
me of this domain; by S we denote the domain and also the area of a cross-
section of the beam. The boundary of S will be denoted by ¢S.

i. Formulation of the problem. The material of the beam is homo-
geneus with the following constitutive equations
(1.1) fie=C1i€1FCri€art+Cai€as  (N5.)7),

{20 ==Ca4 223, [a1=Cs5€a1r f12==Coeas

where {,, are the stress components, ¢;;=¢; are constants which characterize
the elastic properties of the material of the beam and ;; are the strain com-
ponenls given by

g =t; (N 8.) €=ty Ty, (i#4)-

The inverse relations of (1.1) are taken in the form
Eeyy =Viali1 + Vaalaa— Valss “)s
(12) Essa _ '"VIfll—Vztsa+tsa;
Cutos =l CpsBar=la1 Cos€r2=l1z

where E, v,a. v, may be expressed in terms of moduli of elasticity [2, 9]

We suppose that there are no body forces so that the equilibrium equa-
tions are given by

(].3) !fJ,J' =0 in @.

* YWe use the summation convention over repeated indices (excepting the indication n. 5.).
Theindex j after comma indicates partial differentiation with respect to z,. All Latin indices take
the values 1, 2, 3 and all Greek indices take the vajues 1, 2.

*¢ |{ is obvious that here and in Any analogous case we¢ have not summation over a.
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The tractions applied on the lateral surface are
" -
(1.4) if3n5=2-r,5""(:rl, )2k on F,
k=0

where the functions =, (.,.) are given and n(n,, n., 0) is the exterior normal to
the surface (7. On the ends the bc.Jm is Ioaclcd lll such away that it isin cqul-
libriun. -
The probicm of loaded heﬂmq on ihe lateral surface was considered,
for the first time, by Michell [11] who has solved the problem (1.1)~(1.4)
forihe orthotropic heams when n=0 and Almansi [t} whohas solved the
problem (1.1)—(1.4) for the isolropic beams with arbitrary n. The problem
(1.1)—(1.4) when n=0 is known as Almansi-Michell problem and when the
lateral surface tractions have polynomial forms with respect to the axial
coordinate the problem is known as”Almansi problem.

Till now a lot of papers were publithed concerning the beams loaded
on the lateral zurface, in the isotropic case and for various Lypes of anisotro-
pies. Among them, we should-liketo point out:the paper [3]-[11].

I 1he mentioned paper, -generally, by ‘a semi-inverse method, are finds
sotutions which satisfy the conditions on the lateral surface. The end condi-
tions are satisficd by superposing the solution'of a problem of Saint-Venant.

Our purpose, [or such a beam, is to look for ithe most general olution
of the cqu’1110na (1 1)—(1.4) which is poly nomlal in 75, then

(1.9 ' —~2 U“(”Cl, r)ak= L U“’—"r‘ . '

where U,%)(...} and the infeger N must be dde:mined

2. General equations. If we denole by <% the strains of the displa-
cements (UM, -UP, O) nhd by (& the coneqpondmn ciresscs, then we have

..Ifk Ky k—1 - %
833 'E g 1/3 Gm —E’\.Ui ).']:3 S U:[lu)
and

@1) =S 280, T RUPLE, £, =2 Wz, F,

[23 =Cm+3..- m+3[z kUéH I{;_I '1'" E U;;k(z Ia ] ((o;é og)_

The equilibrium equations (1.3} and ihe boundary condiifons (1.4)
will be satisfied il and only if, for arbitrary &, we hove

(2.2) B8+ feaa US40, [ US4 (k42) UED]3=0 in S,
(2.3) i""’rzs P, (k1D U 90, on 25 (w#a)

and

(2.4) AUPHEADjess U“‘“uﬂa,,UL D840 ey (o L2)USY)=0 in S,

(2.5) DUP == —(L+ Ve UEDn, ¢, U0} on 8,
where

. ¢* d 7
(2.6) A==igs - Oy e D =cgty —— g, —,
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=N 0 (p=1.2,..) -

The problem (2.2), (2.3) is-a plane problem with body forces of (lre fype
{2.7) faz 3t Ny=0in 5. lagll =p, on ¢S,

The NeCeSSaTy and SllfflCl(‘nl Londllmns for lhc ouslencc of a solution
for (2.7) are given by

[ pads f X, dcr =0,
(28) (L,pn—lnp)ds i r(al, o Xa 1) 4 0.
For the problem (2.2), (') 3) the condmons (2.8) becone

f"'a‘s—i—(k—l) o w[u 0 (h+2) U ) de =0,

s

@29 - f@rP—ntdst bl § (60t U —copme U1  da
0‘) n . .
+ (k1) (k32) [caat U9t U9 ] don =0
The problem (') 4). (2:5) is of the Neamann y pe. The necessary and

sufficient condition for the cxlslencc of a sululion riquires that

(2.10) { =fods +(k+1) § [0 dcaol+2) UF 2 }do =0.
a . . R

In our problem the function, 2 of torsion de{med by
(2.11) Ap =0 in 5, Dtp =€y L2l — Cypylle on a8

has a special role.
We can prove that [2, 9]

f f'ss(c? l_r") do =0, f f'n-(‘? st 11) da =0,
(2.12) _____

For any function ¢, which satisfies thc ecuation Ag) =0, we h'uo

§ U""D,Jdb* f,JDU‘; da— fu.}.l}"‘ do.
a3

Taking by Lurn © ==x,, %, ¢ we can deduce the following usefut formulae
“ B M

§ oo, wesl USSH(RA-1) U‘k"”]dG'“ { la'f‘a" dé F(k+1) \ (155 ”-i-
G 4+ (k+2) U*"’”']t dc, C
[ [Cas®: U — iz Ul ] do'= fcp'.';f':ds—i—
(2.149) (k—i—l) j' [QlB+) —cos0, 1U""’l-'—c,‘;r.p [iken ]da—;—

+c,3(k—{—1) *k+2) | ¢U'*+2= do'
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3. Aux.iliary plane problems. The solution of our problem is clossely
connected with three plane strain problems. Denoting by <% (i =1, 2, 3) the
stresses, the mentioned problems are defined by
(3.1) 8.0 ~8fas =0 in S, tliny =c,, zn, on S (n. s. a),

where 1V =z, 20 =z, ™ =1, §, is Kronecker’s delta.
The conditions (2.8) are satisfied for the problems 3.1).
We have

3.2) =z, =0, W(en—E) 2

1
1
ui : = (Vl‘t?— le§)1 Him ='—"J1I1I,, u‘m =V, T
1 147
2
3.3)

[ 1
Hz ) =V'lea, H‘,z) T 5 (lef— V'Ig), ths] ==V Ts-

4. The solution of the problem. In order to solve onr problem we will
e the same method as in [4). Consequently, we must solve the problems
(2.2), (2.3) and (2.4), (2.5) for k=N, N—1, N—2, ... {(s=1,2..). In the fol-
lowing, we will denote by A\, C,, r, arbitrary constants.
k=N: The equations (2.2)—(2.5), in this case, are

tHe=0, AUM =0 in §,

Mg =0, DUM =0 on 38S.
It results

(4.1) UM =AY —ryzs, UM =A@ +rpx, UM =—C,.
k=N—1:The corresponding problems are
=0, AUF-D=0 in s,
150 = NCxCyallar
DUF = —Nlcys(AY —rx2s) ny e (AQ +ryx,) n,] on &8.

The solutions of these problems are

IHD=NCytqs D=0, 1~ =NCx(csa—E),
(4.2) U= =N[Cyvata + AR H(—1)%rn s 2, ] (0#a),

U =Nryp—N(A¥z, +AF' 2+ Cyy)
k=N—2: We have
-2

(4'3) 8.8 )*N(N_l){ras(r.\'?.u""A&"!:)‘{‘rh'('wn. «.+3[<P.a+(—1)“:rw]} =0 in 8§,
tay ng=—N(N—Ncos[rso— (APm, + A2+ Cy_) N, on 35 (wha)
and
AUEiN-m"_N(N—l) (€ssvi+Cyve—E) Cx =0 in S,
“-9 DUF-= =—N(N—=1)[e(Cyvix; + AR s —ry_,2.) 0y +
“!"C“(CNVgIg+.4¥3_1+TN_1I1) na] on BS
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Taking into account (2.M. for the problem (L.3). we find that ry =0.
The existence condition of the function UF % requires (y =0,
It results

(4.3) P2 e N(N - Ve =8 F) (AR AP+ Oy ) 1377 =0
(1.6) UPF=2 = N(N—1)f AP = A F el Oy v ;,}‘_l-i—(' iy .2, )
' U2 = NN =D)[ry o= (A +438 1+ 0 ]
L=N--3: The equations (2.2), (2.3) and (2.1). (2.3) are
BES"+ NN =1) (N =D fralry o §a— AR+
by 1 Cas, waal @t (=107, 1] =9 in §.
(5730 =— N(N 1) (N —=2) afrv 15— (A3L 1,

4 A8+ e 2 ln, on €8

(4.7)

and ) ) ;
AUF I LN(N=D) (N D (5 egn—E) (A —

A, Cy ) =0 in S
(4.8)  DUF¥ = N(N - 1)(N =2l Ax™" 0 + AP0 +Cr gy -
FAW e oxs) e (A = APE S Ca s AR -
Fy . T N} on ¢S

The problem (4.7) has solution il and onlyif ry , =0. From the existence condi-
tion of the function UP-% we find

(4.9) [ (AY T, +AZr,+ Cyy) do =0,
5

The solution are given by
(4.10) 1 = N(N = 1)(N = 2)(crs— EZ)(ALL X, + AR 122+ Cyo), 8577 =05

UN-9=N(N=1) (N=) A uf +Cy_ud + A3+

(4.11) 4 (—1)ry a-rm] (m#ﬁ)v

(4.12) UN=3 = N(N—1) (N =2) { V¥ — (A s+ Caa) ]

where Vi3 depends on the constants AR, Cy_y. Ty o sutisfing (4.9)
k=N -—4: Tn this case the equations (2.2), (2.3) are

BaV (N =3 e Ush Vg, wral Uy ¥ (N =2) UF2R=0in S

(5 =<0V (N = 3)e U "'y on ¢S (w#2).

(4.13)"

Firstly, we must have N —4=n. Contrarily, in addition to ry =Cy==0
we should have also A% =0.

From ihe existence conditions of the problem (1.13). by using the for-
mulae (2.13), (2.14), we get, at the last
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(1.11) E S (Aot AR - O ) bydo = — 2 < s,
: n-4!
& (1A
D LIS WO ¢ .
aye= (T 1 |\ [vemy" = yy | ds— g ol a0 [AZ af +
(1.15) 0 :
=y suf |4 Coal(P .1 -1'2‘”‘1;:3 1”':3' —C a1 {i da_Eg?(Alﬂ-’l-rﬁ'?i‘CMa) dﬁ;’-

5
Tho formulac (L9, (L14). (4.153) allow us to determine Lhe copstants
AN Cy_y. ry.. and after its determination the component Uf~* from (1.12)
and the solution of problem (4.13) are given by

—_— n44yt ;
Uger =0 ED ! im0
(1.16) . (n+1)!
Ly (n ! . ;
U B A (Pt VI (0

where V=V v depend on the delermined constants.

The structure (4.16) of the solulions for 1he steps n—s (s=1, n), remains
the same. one changes the arbitrary constants only. We can prove this for,
s=1, 2. 3. In order to prove that the rule is true for any s tet us consider as
valid the formulae

(n-+4)!

jin-s+3) __ MR (33 .
e (n—s+3)1 (Va9 — (2 a+Croesa) |
. {n-+4) ! :
7ip— . iy - ] ) . = ;
Upmste) e 2l [—"’;:3—)31\-‘-”;")+(-n—a+a'”a3 + (- 1)y i, Vi-eta) !

(n~—s-4-2) 1

_(ntdh !

(4.17) Un-ste) o et '))_' [Vir-sra) (‘“lpia-'nsll's‘i‘(-;n-.“e)] ]
n-giey . __{” +)! . 4 .
b ¥ = (n— $-+2) r [(CSS—L)(A::{-E pals 0 aes) Tggere 1.

1 101
M-sv5} __ ("1'1"4) . I . . m . B
U“ = [‘1"3—‘1"”2} +(-‘l!- .':5“:":" T ‘“ﬂc‘—)s+-’=+(_l)xrn—e—uzrg-)'l_‘ ci”-H”]‘

(n—s4-13 1
where the funclion Yy and Ty s+ depend ouly un the constants defermined
in the previous steps.
In the next step, for the problem (2.1). (2.3) we have
AU V0 (n—s + [0, UPT et 9 e, Ui+ 9 Jtfg-s+0) 4
(1.18) TCag(r—5+3) UP**41=0 in &,

H-s+1) . .in- “gta JUSN .
DU;," 5 1)_.3n s+1)__(n_s+2)lcasuiu s+-)n1+c“Uén ‘+"-)ﬂz] on ¢S

-
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and the problem (4.2), (2.3) is given by
aa H = D e Ugm™ O sl U
(4.19) e s L2 U2 1= i S,
’a",';'°)”a T e s D e, on oS (oF ).

By using Uie formuwdae (2035 (2,10, fewn Che condilion (2.10) and (2.9
we find that the problems (L18) and (1.19) have solutions il and only if (he
constants )™ o (O, . 5 1y o0 are chosen such fhat

an

3 s (m—s1)1¢ o e i s3]
EN(AFlerat €L ) do= e \ Sy R s [ T o7 qogq Vit #¥F jds.

(nTl) !
3 N
!
ES("lnal-.. '3 A sea) Ty do = (i ;)) .'\[_‘Jn f':_(” S';'l,]‘rzt:rin .5+1)] d3+
| TER

s

(n—s!
Drrr!—h‘—ﬁ - E—UV [.Tleﬂ 5 '_-rle:”_F)"E—(” -5 1) {PT-!’" e ] dS T
i ‘e

a3
- S {rﬁﬁ(’?,l e .1‘:)[“13;_’15.;.1 ”?) TC::-HQHIIJ)‘%‘ Vst ]+
)
+"-'41(Q,2+-1'5)|A fPlHi“;:SJ ‘!‘Cu-s+a”f':3]+ LSO |-~
Fol T ¥ e Vi) —E(AP a4+ Chiia) |} do.
The solutions of the problems (1.18) and (4.19) are given by

(n-4)!

(4.20) Ufreot1) = [\f;-s-:.:-_(,-1;P15+2.r3+(.‘,,__H,)J.

(n-s+1)!
. n4+41 . > : : Dy
U = L a4 Cor st + A2, (1Pt 4 VE ).
1.21 Yo '
( ) g (H-}—zl) ! i ) (A3 L i 6
33 I= Wi(fss‘" 2) (A +3‘13_?_(--n—£+1) R 1 ]

Thus, the formulae (4.20), (4.21) are valid Tor any s =0, n.
Taking into account the above resulls we can write the solution of our

problem. All the functions and all constanls A, o Fips (K=0, ) are
determined. The constants .4, (, are conpecied by the relation

E S (A 4+ AP+ C) do = (—-—-——1 !S'-;[;U) ds+ S [ T35 +eaa Vi ] da
) n-p 4y :

s as s
and the constants A8, C,, r, are arbitrary ; A, A{*, C,, r, generate a rigid
displacement and, cosequently, thev can by omilted.
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Fhen. the solution of our problem depends on six arbitrary constants
only. The arbitrary constants can be uniquely determined if we add the end
conditions

Ry — [ lpdo. M, =(—17* | 1it,,ds.
(4.22) : .
‘Il = [ RPTPPE ot P ds on €y =

where I}, are given components of the resuttant tractions and M; are given
componenls of the resultant moment of the applied tractions on the end x, = 0.

It results thal the problem (1.1)—(1.5), (1.22) has a2 unique solution.

The problem defined by (1.1) - (1.3). (1.22) is the general problem of the
beams. Its solution will be called standard solution and the corresponding trac-
tions on the ends. standard repartition.

On account of the Saint-Venant principle we take this solution as solu-
tion for all tractions on the end r; <0 which satisfy (4.22).

Making use of (4.1), (4.2), (4.6), (1.20), (4.21) we can write the form
of the solution. If we introduce the terms corresponding to constants .4/*
(Which intervienc in UM) in U and the term from U, corresponding
to — (Apliry + 430, - €), in U ' and make also some modifications of
notations, the solution of the problem (1.1)—(1.5). (4.22) may be written in
the form

"2 _1'% "

— BT 132 A l2) ’ K Fh) Wk

ty ;.)-:'o [a,, ty r(—1)%rr,+a (—-*—k—:——l) (A'—I—Q)J x,,—}-kz__o Vi xg.
w2 g T

Uy=— ¥, — (6 x 1 aPz,+a?) 39+ Y, VO (121,33 wea),
imok+1 k=0
which coincides with the form used in |31
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W. A. COPPEL: A Chinese-English Mathematics Primer, Canberra, Austra-
lian National University, 1989, Proceedings of the Centre for Mathematieal Ana-
lysis, Australian National University, Volume 2371989, VI -+ 134 P

Asa cum afirmd si autorul, materialul din aceasta lucrare poate face obiectul
unui curs de inifiere in chineza matematicii. Nu avem de-a face cu un substitut
de dictionar — in ciuda listei de 1800 de cuvinte si a indexului de 950 de carac-
tere — ci, mai degrabd, cu un supliment de dictionar. De altfel, autorul recomanda
cercetarea in paralel a .abecedarului* sau cu “The Pinyin Chinese-English Dictio-
nary*. Cartea de fatd nu este nici o luerare cu ambitia de a fi exhaustiva, c¢i doar
una care si arate calea pe care se poate ajunge la decodarea unui text matematie
seris in limba chineza. Cartea cuprinde o Introducere in limba chineza® cu
cunostinte de scriere in chinezi, transliteratia pinyin si o schitd de gramatica,
chineza, toate avind ca teren de aplicatie chineza standard. In partea & doua, se
gasesc : cheia listelor de cuvinte, listele de cuvinte (de la 1 ia 82) si un index care
are ca principiu de structurare numérul de trasituri de penson necesare pentru
desenarea pictogramelor (de la 1 la 20 de trasaturi). Este de remarcat faptul ci
ordonarea cuvintelor in liste nu este {acuta in maniera aleatorie a dictionarelor, ci
urmind o caracteristicd comuni legala, de pilda, de centrul de interes cdruia ii
apartin cuvintele. Aceasta faciliteazi memorarea termenilor, ei repetindu-se destul
de frecvent intr-un text de specialitate.

In concluzie, putem spune ca .abecedarul” profesorului Coppel este un in-
strument foarte util pentru matematicienii care vor sa depaseascd limitele impuse
de scrierea in limba chineza in accesul la informatia stiintifica.

Dan Stoica

W. MENZEL, 1. NEUMANN, W. ZIMMERMANN {Hrsg.) . Nicht-Monotone
Logik, Seminar an der Universitit Karlsruhe 1988, GMD-Studien nr. 156, Gesell-
schaft fur Mathematik und Datenverarbeitung mbH, St. Augustin, 1989, 51 p.

Volumul cuprinde 4 lucrari prezentate in cadrul seminarului de logicd nemo-
notond organizat de citre Universitatea din Karlsruhe in 1988. Lucrarile se bazeazi
pe articole de logicA nemonotond aparute in revista ,Artificial Intelligence" 13
(1980). Ele prezintad contributii si extensii ale rezultatelor si abordarilor prezentate
in acele articole. Subiectele tratate in lucrdri sint logica nemonotona a lui Mc Der-
mott si Doyle, logica rationamentelor cu exceptii si informatii implicite (default
reasoning) a lui Reiter si teoria circumscrierilor — o teorie a rationamentului
nemonoton dezvoltatd de Mce Carthy.

G. Ciobanu

A. C. ALBU : Introducere in fjundaementele matematicii, Partea ! : Probleme
ale fundamentelor logicii. Teorii ariomatice ; Universitatea din Timisoara, Mono-
grafit matematice 34—35, Tipografia Universitatii din Timisoara, 1989, XV 4 321 p.

Cartea cuprinde: Logica matematicd naiva (Logica propozitiilor, Logica pre-
dicatelor, Aplicatii ale logicii — probleme metodologice), Sisteme aXxiomatice (Sis-
teme axiomatice semiformalizate, Sisteme formale), Logica formala (Calculul pro-



