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THE CONSISTENCY AND CONSEBRVATIVE ENXTENSION
PROBLEM FOR 1L DIPREDICATIVE ENTENSION OF V0BG
MODIFICATIONS 017 ZF FOUHONSISTENT WHTH AT

BY

5. M. KiIM

tn |3]. W. Marck and M. Mostows i sel forth an intcresting
extensinn of ZF (Zeinwlo-Frasnkel sel theory), denetod as A L ZFRY s
the sct of Tormulas @ of the lenguage of /17 =et theory such that the relativi-
caton OF ol @ 1o Lhe woiverse of sets i provabl in KM (Kell~y-Morse theory,
oo the impredicaive extension of van Noumann-Bernavs-Gadel sel-theory
(VRGY. Then the svstem 21 G axiomalisables bul wo axtomatisalion (in
(he lansuage of s0i theory) is hnown, They ennjectured that ZF5Y consisis
of s nlenees as 1eus as those af Z sel theary. This reminds us of the fact
that Z17 is cquivelont to VG and hepee 71 is cquiconsisteal with V716G
(6] [7} and [} [l respectively. Now il is natural to ask how ZEF*Y proo:-
tcorctically and or model-theorclically compares with 77 or come other
modifications of Z&. Firsl however, we commenl on nolations, FFor the most
part, our nolation will be thal commonly employed in sel theory. In general,
2. B denate ordinals. Tin (%) stands for e is a Bmit ordinal™. In (/) means
that [ is a funciion. Denote dom (f) Tor domain of [. If ¢ is @ stl, p(a) denotes
its power set. con (ZF) stands for w717 s consistent”. We rofer ihe reader o
[2] for any ualion we do not cover,

Lemnia L

con (A1 con (K M)

[0 us denale the steond erder ZEF ot theery by A1y 10 we define

7,y tn be The Z8,, plus the formula (V.4 VAL G0 = L{a@))—.4 =) then
wi olblam

Theorem 2.
con (I M)escon {2417
Proof. (1) Proof theor-tical equivalenes

(e, N YEGD, ) sq(b. N> ¢y — gl o d )=

]
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—(ZF b gla, )= 3p Yb(glb. @y, s i Pro e p=PIMA

AZF - =>q(a, )= 3p Wh(q(h. tye ooy @ Prooen PP E Pby) —
—(ZF - Ya, Y, ... Yag ¥p, Vps o vp, 3plglh, s o @ty Preeee p =P,

where g{a. @y, -y @y Pas oo p,) is 2 formula in the language of ZF,, The next
step is to derive the following argument @ if a formula p(a, ...) from KM satis-
fics the substitution restriction for A then KAMEvYA q(A)—=q(pla, ..)). where
¢(A) is a formula frem KM and A free. This follows with the aid of the equi-
valence theorem of quantification. The abov: arguments suffice Lo put compre-
he nsion schema and other axioms of KM in relation o the substitution schema
and other axioms of ZI'j;, respectively.

(2) Equiconsistency. Jf ZF;, werc nol consistent. two contradictory
formulas, p and =p, could be derived from its axioms. Since contradictory
formulas imply all wellformed formulas, we have that all formulas of ZFy,;
are deducible Trem the axioms of ZF;;. By (1), aliformulas of K M would be
d~ducible from the axioms of KJM. The converse followsin a similar manner.

Now lct us consider the two modifications of ZF cet theory, denotcd

ZF and ZF, as follows.
Definition 3. (1) Lel ZI° be the theory based on the following senfences

L5 (Va) (V=) (¥Vy) [t=gA\x=a—ry<al.

2. (Va) (v8) A({a, bY).

3. (Va) AU (@)

1. (va) [(Ya) (¥o) (Vi) [o(a, DAG(w, w)—v=w]
—(3by (V) lyebe(dz) [ seAs(z Y

3" (Va) [a#0—(32) [xeafzna=0]}].

6. (o).
(3f) (20) Nim (@ Ax>AI(NA dom (f)=a+1

- AT =0A(B) [B <o (Vt) (ucs f(B+1)=usfBN]

A(Y2) [lim (x)/\1<a+1—->f(m=3L<J1f(BH

AV (zefIAI< f)AIn(g)—g(x) &f(x))).

Nofe that A(A) stands for “A is a sel”.
(2) Let ZF be the theory based on the following senlences:
The first six are identical to the previous sentences I through 6 of ZF.

7. 3 inaccessible cardinal.
8. Ya(« : set conslructed by «n ordinal less than the first inaccessible cardinal—

A(p(a))). . .
They it turas out that the two systems ZF V=L and ZF +V =L arc
proof-theoretically equivalen’. As a conscquence of this equivalence we have
Theorem 4.
con _(ZF+V=L)Hcon (ZF +V=L).
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Proof. “The proofl is similar lo the sccond part of that of Theorem 2.
Moreover, we obtain
Theorem 5,

con (Z!" LV o fyescan (KD
Pranf. In \'i(‘;«\‘ of the definition of ZI- oV L. we =oc that
(ZF |-V = L)cen (& M),
On the other hand. con (KM) implics con (VBG40
VBG+ACKHccon (21 4V =1).

Thus we have established
{_orollary G.

con (ZEFMyoscon (KM)escon (ZF ) ercon (ZF — V=L}econ (ZF 4V =L).

Pranf. Use Lemma 1. Theorems 2, 4 and a.
Th> results of this paper mighl’give now insight into dealing with scveral open
problems, c.g.. the conservalive extansinn problem |1, p. 216, Question
7.4 ). and finding the axiomdisation o” the ZFSM gt theory and some mea-
ningful statcments provable i1 ZF7Y but not in 2675 but thes: would rquive
furth v rosearch,
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