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SOME REMARKS ON ENISTENCE THEOREMS FOR
PARETO PROBLEMS
BY

G, CALIGATYS and B, OLIVA

Introduction. Iixistence theorems for Parelo minima have been largely
investigated : we fimit ourselves to quote the ones proved in [1--3]

Here we wish o compare cxistence vesults obtained by the authors
in [1] with thn interosiing one proved by Cov lev in [2]. To this end let us
briefly recall the nolations and Lhe general setling of the problem which ave
uscd in both the works, because they may be different. we also make some
preliminar simplitications which allow us an sy compatison.

First of all we wish (o remark that we constantly refer to the' termina-
logy about cones used in [3]: particularly we use the coneept of aculeness and
of poinledness of a cone as il is stated there and we wish to emphasize Thal
this dot s not agree with the lerminelogy used in |2} where (he same name
stands for a different concepl.

Sreondly we recall that Corley usts @ convex cone which is nol neces-
sarily closed. although he assums the poinlednrss of ils closure. Faor sake of
simplicity we shall limit ourseives to consider only closed convex cones,

~ As Soon as we agree on previous asstmplions, we may summarize Corley’s
resulls as folows @ {el V' be o Banach space and lel K= V. b u pointed closed
conpex cone: then every K-lower semicontinuous funclion assumes al least a
Dareto minimum on o compuel sel.

The sctling in [1] is slight dilferent. We deline a Parelo infimumn, which
we prove to be not-omply. and we show (hat if KV is an acule closed con
pex cone, cvery funclion wiich satisfies a different kind of K-lower semiconti-
nuily, assumes Il ils Parelo infima on o ot mpuel sel, We see al onee thal,
although our result is shavper (il asswres Lhat all Parete infima are assumed).
il needs Jnore assumplions, [irst af all because we suppose our cone acule
and secondly because a comparison belween the two Kings of K-lower semi-
continuily shows thal Thay are cquivalent in finite dimensional spaces, bul
generally speaking, Corley’s semicontinuity is weaker thal our onc. '

Here we julend to show first of all that pointedness and acuteness of
cones ave equivalent in a very lurge class of Banach spaces and secandly we
define » weaker kind of K-lower semicontinuity which is still sufficient 1o
prove an existence result ol the type proved in [1]. Tn this way we. obtain a
sharper resull of the type proved in {11 under the weaker assumplions of [2].
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some properties of cones. lel U he a Banach space and et V' obe il
strong dual space. Let Ke V" be a closed convex canc and let K* be its polar

cone. .
It is well known- that K° and K are themsclves closed convex cones

defined as
Kr ={peV' :{p py<0 Yoe ).

Ko fpe V'’ (p. vHsl ¥peRe}.

Generally K= K* and, when v ois reflexive, K=HK".
Following [3] we say thal
Definition 1. The cone K is pointed tehen

Kn(=K)=j0h.
The cone K is acufe when
Ipek :{p. =0 vre K- {0}
We also say that @ cone K is hidually painted when
Joven (- 00y = {01,
It's a simplc matter to prove Lliat
Lemma 2. .3 closed convex cone K= V" is pointed if and only if
wo—cl all (KMe=w —cl(R? Kny= V"’

(where we use aff(k*) {0 indicate the affine hull of K° and w" - cl fo indicale the
weak* closure).

Moreover il is bidually pointed if and only if
el aff{ KM= cl(K*—KM)=1"

Obviously when Visd reflexipe space ever'y poinfed cone is also bidually pointed.
Proof. The cone K is pointed if and only if

o (= K== 40,
Now K (—I)#10) il and only if there is pe V. p#0 such that
R-wireRICR
bui ihe latter is true if and ouly if
Rr— p= Vo {p. Py ==0) = K°

Ihat is if and only if there is a closed hyperplane /7= R in v/ such that H o h'
i.e. (by covollary 5.3.1 in [71) if and only if wcl aff (Anig V.

The second asscrtion can be proven analegously.

Y u also proved in [3] that

Theorem 3. Let \ be a finile dimensional Banach space and let K< v

be a closed convex cone. Then K is acule if und only if it is poinfed.
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We are able to prove Lhe same result also [or & large class of infinite
dimensional Banach spaces which we are going 1o infroducc.

Definition 4. [6]-Lel V be a Banach space: Te V' is a iolal subsel for
V' when -

pe V., (, py=0 V(e T=p=ll.

It is well known that [6, 7] :
Theorem 5. .\ subsel T V' is a total subsel for 1 if and only if

el alff{Ty=Y"

i.e. when the linear hull of T is w™-dense in V.

Tn the following pages we shall need to deal with a space V whose dual
space V' has a countable totlal subsel.

To simplify our notations we sct the following

Definiticn 6. .4 Banach space V is said to be countably separated if ils
dual space has a countable folal subsc! T—={p,:ne N}

Theorem 5 assures that every Banach spaces v whose dual space V'
is w'-separable is countably separated @ hence every space V' with strongly
srparable dual space V' is countably separated too. Moreover we can casily
verify thal most of commonly used Banach spaces such as L0, 1) or [t which
have nol strongly scparable dual spaers, are countably separated.

Indeed let V=/* the space of all real sequences sich that

= N
-

O =
kol

ﬂ-’c‘ e + 3L

We have that V'=/" is the spact of all r2al hounded scquences dx
such that

ay  «=sup {la | :kEN}
Cleariv [= is nol a strongly separable space, but if we choose
T i(pe)y : NEN]
defined by
1, | L=

| 0. ks

it is “asily verified that T is a total subsct of V' indced if we take (o) €D
such that

{n:)a

0 =Cttg (Pr)ar- .Elr:‘(pl),, a, YREN

we have ¢ =0

Similarly if we take Vo L0, 1), the usual Lebesgue space of real sum-
mable functions on [0, 1], we have V=L~ (0. 1), the space of all Lebesgue
measurable real functions on [0, 1] which are essentially bounded and we
can consider the set T V7

r={p.:==0n[0,1}}
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defined by
1. if =0, =],
EOR .
1 0, if &j0. <]

T is a total subset in V" because is we lake 2= L!(U. 1), we have

! . i
D= p.. oy= | ptly(iydt— | p(d! yre=Qn 1],
0

1

S il we set
w{ly= _.{r.-(.\')dx

we have
wizy=0 ¥-=Qn 0. 1]

L
and since w0 is absolulely conlinuous it is the nubt function so thal
we—noo b

Lel us now prove that, when v is counlably separali d. aculeness wid
pointedness are cquivalent.

Theorem 7. Let V be a countably separaled Banach space cnd et K= ¥
he a conver closed cone. Then K is bidually pointed if and enly if it i acule.

Proof. First of all we oby rve thal. obviously. acuteness anplies poin-
trdness.

Conversely let us suppose that K is a pointed cone and et us verify
that il is acute. '

Sinee Vs countably separated. there is o cottntable lolal subset

T~ Ip, : neN]

in V' moreover. since of (K' - Rl aff(Ko)== V", for exery p, = T we van
find a sequence py =R K¢ slrongly convergent to p,.
I.el ns denote
I, —iphineXN keNt:
{hen T, is a countable set, we rnn.sot
Po=1%,:neN| where I, = Kaak®
and wre have

- I 'y
G =%, .in Ly 5(3.. ="

’ f2
* 2 o
po=¥, ( . 2 ]eh‘
! g, gr 0
w1 e Ay B o .

and let us proyve thal

Fet's define

{par 3D VoK G0
Indecd we have
<I"‘ ny ¥ M— by <'j"' 2 <0 whne u

] n).‘f Y]

4]
n Tn el = *a
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becavse <z,. 0>, {B,. 1m0 Yok,
So. i {pa. rd o (0w should hase

oy 0 {3, 13 =0 YRnEMN

and
(i, 050 ¥u=N,
Iherefore we can assert thad
Ept =0 Yn ke N
and

{p,. ny—0 Yn&N
s Lhat p==0.

The previous theorem proves that. when Vis a countably separated
pelle<ive space, our assumptions on eones are cquivalent“te the conditions
psed by Corley,

\orcover il allows us to preeise the diagram of implicatings on cones
which is proved in [3]

An existenee result, Lel us now examine the exists nee resulls for Parelo
minima in Banach spaces. o this seclion we shall suppose that ¥V is a coun-
tably separaled Banach space snd thal Ko Vs a closed convex bidually
peinted cone. i

Let's now introduce some nolalions which we usually adopt [t 1]

@ < ivdicate the order induced in V by the cone K

® C(» indicate the subsct of all elements in V. owhich are comparable
with pe V. e, : _

C(pY= (0 —I (v-I) 2

@ G IV is o subset of generalors of e,

m
K-Hlﬁl#.h?ﬂ go= 0, mexh'f
izl : [ T
@ Gv— e will be asubsel of generators of K+,
Ve can alwavs sappose thal both 6 and G are norm hounded. ¢4
h_"- 1.
We extend Vousing lwo elements -2 and 0 which salisty obvious
rebations, see T1 1] We nse the sy mbol VF 1o indicate Vi {ooh
Following [1] we also set
Detinition 8. Lef v, =V bew sequence. We define

reklk —limr,

wleen ane of the following conditions holds
1y eV and r,—r weakly tn Vo
N r— oo and lim,(sup ({2, pyipE—GHe cw
3y a= oo and lim, {inl ({r, pyipeE -G =0
. We remark that these eonditions do not execlude each other so fhal
woe e led to define r
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N —lim x when it is o singleton
LIM 2= ) ’ &
1 -0 olherwise.
We also remark that K — lim r, is not a singleton only when il contains
both +oo and —oo.
Now we are able Lo introduce a concept of Parclo infimum.

Definition 9. Lef A~ VE Az0; we say thal
r,e= INF A
twhen
1) xr,€a VarednC(x,)
2) A, eAnClay). tp€r,. LIM @, =2,

A simple exlension of lemma ALl in [1], which can be found in the
appendix, shows that

Lemma 10, Lel A< V¥ A0, then
INF A=~0

L]

and
vyxed e INF A such thal w<€a
N Definition 9 allows us to consider the following problem :
¢
7€ INF {f(x) : x s X},
is there eny x,= X such tha!
flxg)=n ?
Obvi. asly the answer depends upon lower semicontinuily and com-

pactress arguments.

In [1] we used the following kind of lowrr semicontinuily with respect
1o the cone K.

_Definition 11. Let us suppose {that X is a topological space and let f: X—
—VE We say that [ is sequentially K - lsc when
v, & X, =1 such that K — lim f(x)#0
k

we have
LIM fle) » f(@)-
Tn [1] we proved that, when V—=R" and int K#0 definition 11 may be
stated in the following form : for every MeR®
freX:f(neMl= 2eX fx)eM-K}=f"(M-K)

is scquentially closed.

The latler condition is the one adopted by Corley Lo obiain his existence
theorem. An easy example shows that Corley’s semicontinuity can be strictly
weaker than our onc. It ean be stated in the following form.
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Lol N={1/n:neNiu o) with the topology induced by the cuclidean
topology of Wi let Vo lF e the space of all real sequonces «p such that

T O e i
[ |

let e, €1 e the scquence which s identically O execpt [err the p-th term which
is set (o 1: let K<V be the non-negalive orthant.
Let's also define [: XN— 1V by

p, i I==1n
ft) .
e, it (=10
We see al once Lhat

LM ,r(

n

) (kge, —f(0)

so that [ is not K-lower semicontinuous in the sense of definition 11,
On the contrary [ has closed levels because

fef (a—K) zsl

. (. ed<ia e ViEN.
Sinee
= 53 oo, e }.'Ima,-w,- with )..z' -
we have : o I .
l. effa— Kl I<n. < i=k !
while

-
el (elca, U<z, i#l
We can easily deduce that, as o, —1, onlv a finite nu mber of elements is
contained in f'(@—K). which is closed.
We wish to remark that the precesding xample can by modified defi-

ning f(H= o ViU, 1} ! :nexl. without any change in dts semicon-

n I

linuity properties.

We can also asserl that the implication (4. V)=(1.1. V) of [4] is no longer
{rue when we deal with infinite dimensional spaces and with emply interior
cones,

To obtain a kind of lower semicounlinuity as weaker as possible we can
set the following

Definition 12. Let X be « lopological space and lef us consider f: X— VE,
we say that [ is K-lewer semicontinuous if

Vo, e N, vo—a. [l i),
K —lim f(x)#0 we have LIM fta)» [(2).
b
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Clearly the only ditference is thal in definition 12 we eonsider ounly
sequences 4y such that [(x,) is deercasing.
As Lo compacl pess condilions wie use e following one,
et
[AO={p. fleyy.  ¥Ype R
and lel’s define
Wloy=sup Hfala) 1 p 1o nE K

and let us consider (he Tollowing condibion :
() fa s (x)< M) ix relatively sequenlially eompact in N
Fxactly as in the Appendix of J1] we can prove Lhat
Theorem 13. Lel [: N—VF u K-luwer semiconttnuous funclion wdich
salisfies condition (7) {hen '
v.e=INIF 4. 3Fe XN, (i)
Theorem 13, in this formulalion, covers cases which are oul of range
of Gorley™s tesult also when finite valued Tu nelions are involved.
Indeed il we consider N=(0,1]. [ N R* defincd by
f(H=({ -1
we can easily see Uhal theorenm 13 s still applicable but il 15 nol possible Lo
apply Corley’s result.
We concinde with a remark : condition () is. e.g.. lrue when we can
find pe - Ko:|pj<! sueh that
L f (o= M
is a sequentially compact set: indeed
e br)< Mloju: f, (2)< AL
Appendix.
Lemma A, 1 Let A= VE A£0, then INF A£0 und for cvery ne
there is p= INF 1 such that b€ u, : '
Proof. Let
R Ao=An{u— K.
Two cases are possible : .1, is a bounded or a unbounded sct.

When .1, is unbounded, let us show thal oo e INF A Tndoed we
can choose u, €A, such that | u, |— 4o and we also have

(po dEp. uy Vpe(—K°).

It inf {{p, w,) : p=E(—6G9} were u bounded sequence, sinee we - hove
claff K° — V', by the unilorm boundedness lheorem we should  have
u, <M and this is nol possible. .

So we may choose a subsequence u,. such that

inf {{p,u,>:pe(—K)l— o

and —oo = INF AL
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1.1 us new considrr the case when g ds a bounded sel, Let pe Viasin
Jdefinition 1 and et py polet
wye b, suein thal {pg uy<iul pyud: us Aad+1;
[el
A=A (u,— KD
aid ketous choose
ey = oy
such that
e Uy <ind {po. 1) nea,} 4 a1

Clearly we have
t, <. <u
and. sinee (4, is a bounded set and (i pY is a monolone quencs ¥peEK®,
we have
iy pY—2, FpeElT KU
since K¢ —KYis a norm dense subset of V' by [7] theorem 9.3.4, we have
hat u,—t weakly in V.
Since w,— iy =K. for k=n. toking Je— -bom we gbtain
u,—veK and o<, YL

So condition 2) of definition 9 is satisficd and we only must prove that
Lhere §s no weA, wep, w#n.
L~ us suppose thal there is such an clement . We should have r—we
= [~ 10} and
{ po. b—1wp >0
whenee ’
{py. WY={Po, V> € with a=>0.

On the other hand w<p<€u, vn, wed, and so w=d, ¥ so that
{po. WY ={Po. »Y—ak{po, Ups1)—U=
<inf {{po u) usA}+1jn+l)—a<
=infl {{pe w): ued, < (pu W

fur n sulficiently ‘large. Apd this is false.
Acknowledgement. The authors are indebled to Prof. C. Zalinescu who
puinted out some inzecuracics of an earlicr version of this work.
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ON SOME TYPES OF SECOND ORDER CONVENTTY
BY

CONSTANTIN ZALINESCU

Introduction. Recently, some classes of generalized conves funclions
were introduced in order Lo stale and prove dualily results of higher order in
non tincar programming. Let DeR® be a nonemply open set. The class of
conlinuous funclions [: D—-R whose pt* order partial derivatives (pz1)
exisl and are continuous is denoled by CF: d*f(x) denotes the differentind of
order K of fat o

lLet fe* and z=D. Using the ferminology of [1]. we say that

(i} [ is bonwvex ot x if for all ueD and p=eR”

(h fl) — ()= AR (0 —x) +-Af(2) @2, p) =" [0) (P, p) s
(if) [ is strictly bonvex at z if for all ue D\ x}, peR®

@) ) — (@)= d () (i) ) e p) LA @) (b p)
(i) fis psendo-bonvex at zif for all veD, pslt’

(3 d'f(x) (u--x)-pd*f(x) (02, pyz 0=z f(x)— vL.dif(z) (p, p)s
(iv) fis striclly pseudo-bonver at x if for all u= D~ {a}, pet®

W () (=) FdHf(a) (u—z, p)>0=sf(u) >{(2) =¥ () (PP}
v) [ is quasi-bonvex at & iI for all us D, pER”

(3) ()< () = A2 () (p, P)=" () (1 —a) +d2f(x) (a—z, p3=0.

[ is said to be bonvex (strictly bonvex, ...} il fis bonvex (slrictly bonvax, ..)
at cvery 2 €D,

LY

The notions defined above were introduced by Bector and Becetor
in [1]. The class of functions satisfying (1) for alt z, us D=7, pell® was
introduced by Mo nd [6). Mund showed thal ¢very convex quadratic fune-
lion is bonvex (sccond order convix in the terminology used in [3], [6]). The
class of functions satisfying (3) and (8) for all @, u, p where introduced in
[3] and [G] and cslled second order pscudo-convex and sceond order guasi-
convex, respectively.

In this note we characlerize these classis of fu nclions and show that
every C:-bonvex function is convex quadratic, Tt fellows thai thers are uot
C:-strictly  bonvex functions.



