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ON SOME TYPES OF SECOND ORDER CONVEXITY
BY

CONSTANTIN ZALINESCU

Introduction. Recently, some classes of generalized eonves [unctions
were introduced in order to state and prove duality results of highor order in
non lincar programming. Let DR be a nonempty open sel. The class of
continuous functions f: D—R whose p* order partial derivatives (pz1)
exist and are continuous is denoled by CF 1 d*f(x) denotes the differential of
order & of fat 2.

let feC* and x = D. Using the Lorminology of [1], wo say Lthat

(i) fis bonpex ot x if for all ne D and pER?

) ) =[)> A () (a—) +d@) (0=, p)="Lolf(2) (P p) 3
(it) [ is strictly bonvex at x if for all e DN{z}, peR”

{2) [l — () =d*f(x) (u—x) +d*f(x) (-, p)-- adf(x) (p, pYs
(iii) fis psendo-bonver at x if for all ueD, peR”

(3 df(z) (u—x) +d*f(@) (a—x, pyzO=f{u)2 ftxy =11 3f() (p, P) 5

(iv) [is striclly pseudo-bonvex at x if for all ueD\{za}, p=h®
{(H d'f(xy (u—z)+d2f(x) (u—x, )2 0=f(u) > (1) -2 (x) (p. p) s

v)  fis quasi-bonvex at x il fur all ne D, pER
(0) [ f(x)— 2 ad2f(x) (p, Y= fla) (u—x) + L f(@) (i—, pj=.

{is said Lo be bonvex (strictly bonvex, ...} it fis bonvex (slrictly bonvix, )
al cverv a€D.

"The notions defined above were introduced by Bector and Boctor
in |1]. The class of functions satisfying (1) for all z, u<D =", p=* was
introduced by Mond [6). Mund showed Lhal every convex guadratic func-
lion is bonvex (second order convi x in the lerminology used in [3], [6]). The
class of Tunctions satisfying (3) and (5} for all x, u, p wher> intreduced in
[3] and [6] and called sccond ordrs pscudo-convex and second order (uasi-
convex, respectively.

In this note we characterize (hese clossis of functions and show that
every Ct-bonvex function is convex quadratic. It follows that there ax not
Cisirictly  bonvex functions.
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Results. Let feC? and vel) By D0 we mean tn—-r:ueh).
Theorem 1. [ is bonvex ol v if and only if d2f(x) is positine semi-definile
and

{ f(x-Fmyz fa) -di () (hy~4-YjefCey (o hy vheD—ur

Proef. Let fbe bonvex at a. Taking =2 in (1) we obtain ‘. d*[(&} (p.p)
20 for every peRY Therelore d2f(x) is positive semi-delinite, Taking now
hel v, n—x--nhand p=Ahin (1) we oblain (6).

Conversely, suppose thal ¢3f(x) is posilive semi-defintte and {6) holds.
Fix he D - x and consider g W= 1b, g(p)="1ud*f(x) (p. p)— f(2) (h. pYoy
is u convex Tunction and dig(py=2f(x) (p. ) Ef(@) (h ) Thus d'y(k)={
which shows that i minimizes ¢ on B From (6) we have

(e 4-h)y—f(x)yz P f(e) (h)- g(hy=d'f(x) (h)- 4(p)
~d () () () (b p) =) (pop) YRS 1L

Therefore (1) is satislied.

Corollary 2. [is strictly bonvex of v if and only if d*f(x) is positiee semi-
definile and .
(7) [y = f(x) +d () (h) -1 B () (b I vheD-—x, k0.

I’r‘onf. Let [ be striclly bonvex at . Letting u—a in (2) we obtain Uhat
[ is bonvex at x, too. By Theorein 1 we obtain that d2f(2) is posilive semi-
definite. Taking he D —a, h#0 and p=~in (2) we gel (7). The converse impli-
cation follows exactly as in Theorem 1.

In the sequel we shall need the following resull,

Lemma 3. Let [ RO R R be a symmelric posifioe senti-definite
bilinear form, a =W such that H{a, ay#£0 and 220, Denote C=1p: e, Pza}
and E«{p: H{a, P>} Then there exists p, (xfIT{a. @)y a=C such thal

x

——and peE=H(p. p)y> .
H{a, &) H{u. )

Proaf. Use Schwarz’ inequality (H{x, y)):< Hix, ) Hy. ).

Theorem 4. [ is pseudo-bonvexr af x if and only if d*f(x) is posilive semi-
definife and for every heD - we have

()] df(x) (N2 0=f(xr--h)= (1) and

peC=p. Pz H(pe po=

1 () (h)
2ddzf{x) (h )

roof. Suppose that { is pseudo-bonvex al . Taking u=ux in (3) we
obtain Yd3f(x) (p. py=0 forall peR: e, def{x) is positive semi-definite,
Fix heD —x. I &'f(x) (=0 then df(r) (R)+id2f(x) (h, 0)2 0 and so. by (3),
[(x+h)2f(x). Suppose now that d'f(x) (h)=0 and df(x) (h. B)#0. Taking
H=a:f(x). a=h and o= —d'f(x) (1)=0 o Lemmma 3. there exisls p, such

that  d'f(x) (B)4-d*f(z) (h, po)=0  and ad# (Y (Pa. Po) 1% .
Now (9) lollows faking p=p, in (3). - ' .

¢ dif(ey (=0, df(x) (b W#O0=f(x -+ )= fr)-
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Comversely, suppose That dof(ry is posiiive semi-dedinite and (8) and (9)
leald. Lot e 0 aid h=-n—1 be fixed and peR” such that

(1N o f{x) (I A2 f(x) (b =0,

IF ey Goz=0 then, by (8 fla)z fle)= (o) " dif(x) (p. p) (sinee d=fir) is
posiiive semi-d Gnitey, 308 () (B <0 Then d4f() (h 0. Otharwise d=f(a)
(h. ) 0 and (10 can nol fake place. Onee again we apply Lemma 3 with
fiooaud = os shove, As pe O by {10}, we have

[Gn) = [ —-hy= flo) o Py flay- o d*f(e) (00 p)

Henee () holds i this case, Lao,

Theorem 5. [ is sivietly pseado-oopeer of 1 oaf ead ondy if d=f(x) is post-
fiee senti-definile and for ceerip ha D—v. hE O we have
it A (= 0= f( + ) =f(r). and
1 :c‘.“f_(’_.r_) {h)y
D fleyh, .
. Droof. Suppose that [ s sivictly  peeudo-bonvex at x.o Let us show
first that d=f(x) is posilive semi-definite. Wo may suppose thal d&f(x)#0. As
[} s o neighborhood of the origin in R7, there exists = ) —x sueh ihat

d=ftry th. )y 0 Then, by (D,

i1 d'fiey th 0, dfte)h )#0={(c 4Dy = f(a)

pECop d o) () Ry the pz =" Ld ) (p. p) = () - flo=f)= < 5.

O1 course, C#0, Let p!—--(—.‘ e fixed and pe= B such that d-f(x) (h. ;=00 Then

ﬁ-'—.’pE(‘T [or cvery 120 and so

) (P Ap. p o Ip) =) (B -+ 2[00 (p. )+ EA=f(x) (p. p)2 23 VI 0.

Taking the limil as f—oo we gel d-f{a) (p. Pz 0. d*f(x) (h. p)<<O  then
def(ey (he —py=0 and so d*f(a) (o, py=d*f(x) (—p, —p)y=0. Therefore d*f(x} is
positive stmi-definite. The resi of the proof ‘s the same as that of Theorem 1.

Theovem G. [ is quasi-bonnes of v if and only if d*f(x) is positive semi-
definite and for every heli—x we hare

(1 d'f(uy by =0=fle -+ Jy = [f(x) and

I . y2
(1 Ay (- 00 () the MEO=s e == () L w— .
Debafre) (b, h)

Proof. Nole that () is cquivalent i for every heD —w, peli?
(1) dif(e) (hy -=dEf(e) (e my == fla=-0) - (0 =" d=fle) (po p).
.\up_pus-'“l]:.l! [ is quasi-honvex ai a, Let us first show that d°f(x) s positive
semi-definite, We may assume that d2f(0)£0. As in the proof of Theorem 9,
there exists e ) — o such thal d2f{e) (h )#£0. Leg

E=pe R dy(a) () -+ () (h py=0! .
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Il is obvious that E#@® and o] E=( (where € is defined in the prool of Theorem
5). The fact that d*f(x) (p, p)= 0 for p=R” follows now as in the proaf of Theo-
rem 3, laking p < Einstead of pel.

Lot now heD - x be fixed. 10 dif(x) () >0 then 0 €E and so. by (15),
f(x 1) =f(2), i.c. (13) holds. Assume now that d'f(x) (M= 0 and &*f{x) (h. 1)#0.
From (18) we have d*f(z) (p. pY=>2(f(x)—f(x+h)) for peE. and so

pe =t dEf(x) (p. p)2 (@)~ f(x ).
Applying Lemuna 3 for H=d*f(x), a=h, u=—dif(x) (h). we gt

1(df(x)y (h))*
T IV 5 2 — fi -+,
2df(x) (h, Ity
whenee (14} follows.
Conversely, suppose that @*f(x) is positive s mi-definite and (13), (14)
hold. Let heD—x be fixed and take pel. 1T @'f(2) (N0 then, by (13),

f(x +h) > [()= [(2) =1, df(x) (n. p).

i.c. (15) holds in this case. It d'f(xr) (<0 then dif(x) (h. B)#0 (otherwise
E=0). Applying once again Lomma 3 we have that for every g= I

1 : 1 (d'f(x) (h))?
L@y (o, ) =o(P) = == :
2 f(z) (a, q) =v(P) 5 d(z) (b 1)
whence, by (14),

T(d@'f(z) (h)® .
1) f(x) — = ————== >f(x) /. d*f(x) (p, p)-
f(z )= f(x) 5 d57() () f(x) == &*f(x} (p, P)
Thus (13) is verified in this case, Loo.

The characterizations given above show that if f is bonvex (pscudo-
bonv x. quasi-bonvex) at x then f is locally convex (pseudo-convey, quasi-
convex) at x (see [3] for these definitions).

Corollary 7. (i) If [ is sirictly pseudo-bonicx cf x Then f is quasi-bonvex
al x,

(it) If [ is quosi-bonver af x and d'f(x)#£0 or d*f(x)#0 then [ is rseude-
bonvex al x.

(iiiy If fis sirictly pscude-bonvex f x then [ is pseudo-honvex al .

Proof. i) Let f be stricily pscude-bonvex at & and heD—ux, h0. If
d'f(x) (R) >0 then, by (11). flx+h)>f(x). and (13) holds. Assume now that
df(0) (<0 and d3f(x) (h B)#0. 1f d'f(x) (i) =0, we have, again by (11},

_ @) oy

f(x +0y = f(z) ={(2) 2d*f(x) (R, b) .

If df(2) (R)<0, by (12), we have
| (f() ()

(z=-h) = {1 .
f ) 2df(x) (h, B)
Thercfora (14) holds (even with sirict inequalily).
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(i} Let [ be goasi-honvex at xo OF course () holds. Asstnne first that
d'firy£ Then

theD—xdif(xy (INz0jccl Jhesh—e o d'f(x) (h) =0},

[~ he{r x be such that d'f(xy (12 0. By the ahove relation, there exists

ih) =D —x such that fi,—h and d'f(x) (R, =0 [or all n =N, By (13) we have

fx—=h,) - f(r). Taking the Hmit we get fr 402> () Assume now thot d'f{x)=
0 bul d*f{r)y#0. Then

N ipesR D df(x) (p. n)=01]

is a linear subspace of B7, N# R, Tt follows that el (ll"\.\):l!”.'TnkQ held—r;
ihere exists (h)S (D =2\ X sieh that h,—h. By (i) we have that f(x+h,)=
f(x). Passing o the limil we got f(2 iz f(a), ie. (8) holds.

(it} folows immediately from Theorsms 4 and 3.

Note thal if df(a)=0 and d2f(x)=0 then. [ is quasi-bonvex, while f (in
this case) is pseudo-bonvex if and only if x is a global minimum of f.

il was remarked in [1] that fis pscude-bonvex and quasi-honvex (strictly
pseudn-bonvex) al v when [ is bonvex (slrictly banvex) at .

Corollary 8. Let I be conrex and [=C°. Then the fofloming  asserfions
are equivalent

(0 [ is pseudo-honvex,

(ily [ is quasi-honee,

(i) [ is convex und (9) holas for oll x=D, heD-x. .

Pranf. (D)=s(iii). By Theorem 4 @2f(x) is positive semi-defigite for overy
re . By a will known characlerization of convex functions (s:e [8, Th.4.5])
fis convex. Of eourse (9) holds for all xeD, heD—1.

(ii=s(i). 10 fis convex then (by the same characterization of convex
functions) d#f(r) is positive semi-definite for xe. Another characlerization
of convex Minetions shows that fis convex il and only if

(16) d{x) (u—xys fluy—[(r) Yu o=

Therefore (8) holds. and so [ is pseudo-bonvex.

(i)==(iih). By Theorem 6 d*f(x) is posilive somi-d~finite for cvery r= n,
and so [ is conves. From (14) we have that (9) helds for all reD h=D—r.

(ith=(ii). [ being convex. d=f(x) is posilive semi-definiie and (10) holds
for all 7, n= D, (13) is a consequence of (16). Let d'f(x) (<6 and d={{x) (h, h)#
20, where reD) and heD—x. 11 & fle) (n=0. (11} follows from (16}, while
for (3f(2) (=0 (11 Tollows from (9). Hence [is quasi-bonvex.

When nn—1 the characierizalions given above becoms simpler and two
cases must be distinguished @ f7(x)=0 and ["(x)#0.

If he k"> 10! we can cousider 1he funclion 2, @ =R, o () =f(x + (h)
where ve D) ois fined and I,={{el: x+theD}. We say that { is bonvex
{strictly bonvex, ...) al x in direction & if 9, is honves (strictly bonvex, ...)
4t 0. From the characterizations given above and the relations i (0) =

d'f() (. 5 (0y=d*f(x) (h, k) we see that fis bonvex (strictly bonvex,..))
al r il and enly it fis bonvex (strictly bonvex, ..} at r in every dircction.
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Example 1. Let D= aeRN {0}, [: B"—R, flx}=<a 2>, Then,
by Corollary 8, [ is pseudo-honvex and quasi-bonvex, but il is obviaus that f
is not striclly pscudo-homex.

Example 2. Let f:R-R be deflined by

sin z for ag<='2.
| 6

} 1 1 ‘
r? — ot atdegbr 4o b — ~ ab?®fior 2>5/20
3 2 6 2 :

where a=7/2, b=a+] 0. {is pscudo-bonvex al 0, bul il is nol (uasi-honvex
at 0. Indecd, [/{0)y==1, f"(0)==0 and h>0=f(I)= [(0). but [(0y=0==f(0).
These exdmples show that the converse implications are, generally, false
in Corollary 7. '
Example 3. Lot f: RBR, f(z)=¢". Of course [ is eonvex, but condition
(9) does not hold. Therefore f is nol pseiido-honvex o1 quasi-honvex on IR
Indeed, ['(x)=f"(x}=¢* Conditicn (0} beeomes '

prthy et 1,0t ¥ hQeez Y, Vh<O=021,,
a contradiclion. ; !
Theorem 9. Lef D be convex and f€ G2 Then [ is bonuex if and only if f

is convex quadralic.
For the proof of Theorem 9 we need the following lemma,

Lemma 190. Lel I R be an open inlerval and f=C*I). Then
(17) f()2 (@) (@) (g—2) + f (@} (y—a)* v, yel

if and only if " is constani. Moreover, in such a case equalily holds in (17).
Proof. Let us note that for all 7, y<=1I we have

¥y ¥
i =)+ § {0 dt =f (@) + f@) (g — )= F =[O
So, from (17) we gat
¥

(18} G2 (¢ — DO —@)dt Yo, ys L
Let us shosw first that £ is not decreasing. Suppose that there exist a, bel.
a<=b such that (@) =>["(M). As f' is conlinuous, there exisls £ [¢, b} such
that {7(x)=f7({) for all {= [a, b]. Of conrse, {<b. Then, by (18),

b .

Oz J(=0) (/" (O—["(D)) dt.

E
As (Y= —=B) ({" () —f"(2))2 0 forali < [, b] and o is continuous, we oblain
that f(0=f"(x) for all I=]r, ], and so [(B)Y=f()> f(a), a contradiction.
Let now a, ye i, y<x. Then ['(N< 7' (x) for all 1=y, a. :

On the other hand, by (18), w+ have

0< [ (t—p) (" ()~ (D) d.
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Because [ is noadecreasing we have that {4 i (/7)) - (an=1 fort=]y, 1l
and so, as above, we obtain that [0 [7(ry Tor {=]p vl The conclusion
follows, I £ is consiant il is casy tn see thal equality holds in (17).

Proof of Thecrenr 9. As mentioned in The Intraduction, the sifficieney
is proved by Mo nd [0L Assume that f s bonvex. Then, by Theorem 1.
we have that

fOnz (0 di ) (g = adiftay (g x g -—a) Vo yel.
Let us fix rpe ) and (ake o0 f— It 2(fy=fla, - fd where T =B oz,
F]')} UThus, for xe=xy bxd, = e -bd witle £, == 10 we have thal
c(NZ (D42 (D U= (D (== v i =],

Using Lemma 10 we obtain thal b

S =2() k(D (=L (D (1 =) Y ==l
Taking ye=b.d
FOp (e« e (g xa) b difle) (1 e 0

which shews Lhal f is quadratic. As. by Theorem b, d=f(x,1 is posilive s mi
definite, 3t fotows that [is convex quadratic.

ek, The rsolt stated in Theoseem & ds
{3 is opea and conneclod.

Corollary §4. There ere nol honree funiclions f& (20wl 1) eonocr, trat
are siriclly bonvex al some poinl. :

Proof. Let fe €5 be bonvex, Then fis guadratic, by Theoren & There-

g, = ard i==1 we gel

Toy vl

valid 1f we suppose that

fore
[l Ry ==[(X) f-d () (4! A fe) (he ) Yee=D, hED —r.

This relativn shows. using Corollury 20 ihet fean not be strietly bhonvex at
sgme point 11,

Beclor amd Chandra [2] say that the funclion f: B"—R is
paendo-lincar if fis differentinble and for all v, ne L

{145 dr () (=)= (1) =f(x).

Note thal f: R— it is pseadu-linrar i and only [ is constanl or Lo
for all relt,

The next resull eharaclerizes the psoudo-tinear funetions. This charae-
terization is of the seme ivpz as those of quasiaffine funclions {1, Th. 2.31]
and evenly guasialfine functions [4. The 2.36].

Theerem 2. Lef [ BB Then [ is psewdo-linear if and only if there
crisl o s W B fincar and o : B K« pseudo-tinear function such thad

{2 =" 0.

Pioof. Suppose that there exist w linear functivn o W1 and a pseudo”
linear funclion 2 : B—R such that f=9co. Il 5 is conslant or o 0 then [
is constant, and so pseudo-linear. I w#0 and 5 is unl constant then = ()=
#0forallf=Rk, and
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d'f(x) (=2t oty V. heR".

As o (w0, ' f(r) (u—r) 0 then e =o(r). and so. by (20). f(1)=[(1).
Therefore [ is pseudo-linear.

Conversely, let us lake f a pscudo-lincar functinn. The conclusion is
abvinus if [ is constanl ov n=1. Assume that [ is nol consiant and nz2.
Lot us first nole that dif(n)#0 for all reR? (otherwise [ is constant). Let
Fe R such that f(H)# () and Ny=ker difh = {he R cd() (h) = 0. X-

ker d'f(T). We have that X=N,. If this is not the case. asdim X=dim X,

_n 1. there oxists @& Ngn (T N). and so. by (19). fl0)=f(F)=f(2), a con-
tradiclion. L.et now xR be arbitrarily chosen @ then [(x)#f(0) or flry#fla).
g above we obtainy kv d'f(e)—=Nq or k¥ d'f(r)=X. Henee ker d'f(x)= N
for all ve R, Take o=d'f(0) and x = R" such ihal w(x)=1. Then every x&R”
can be written as r=(r—o(r) 1) -o(r) I, and so. by (19} f{x)=flw(2) 1)
Taking » : R—R, (=[x, (20) holds. Morcover 2’ (O =dftiT) (#)#0. There-
fore o is pseudo-lincar, The proof is complcle.

Remarl. The results concernirg (+irictly) bonvex, {strietlv) pscudo-
honvex and quasi-bonvex functions stated in this nole are also valid ininfi-
nite dimensional normed spaces, while, Theorem 12 is valid in every topolo-
gical lincar space., taking the Galeanx differential of [
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SUFFICTENT CONDITIONS FOR THI EXISTENCE OF
NONOSCILLATORY SOLUTTONS OF FUNCTIONAL DIFFERENTIAL
EQUATIONS OF NEUTRAL I'yYplL
BY

AL ZAHARIEN and T 12 BAINOY

The present paper deals with finding sufficient conditions for 1he cxis-
tence of at least one non-oscillatory solution of the oquz.*_lion.

(M [(La) (D)™ -=p(iy [t x{x(D) =1,

where (L) () =x() +a(y 2(=(1)). =l =R

Analogous results coneerning ordinary differential equations and rqua-
lions with a retarding argument have been ohlained in a nvmber of coniri-
butions. A detailed bibliography in this respect is contained in {1}, [2.

Denote by C(I) the space of all continuous functions 2 : I—R where
f={l o0), oc =+, by A CF(I) denote the lincar spacce of all functions posses-
sing locally absolutely continuous derivatives 1o order k inclusively, and by
A€~ denote the space of locally summable funct’ons.

We shall sav (hat conditions (A) are fulfilled if the following conditions
hiold :

Al. The funection a=. A€ Y[). and is non-negative.

A2. The function pe.1C (1) and is non-negative.

A3. The Tunclion feC(R?) and f(u. )= 0 for u.v=0.

A4, The function =< ACWE,UT). E.—it =(h<t, 11}, (b
for fef and lim <({)=co.

As in [3]. define e function
() o =inl s (s} =1 sl
(ohviously ~() is defin~d for all e[ sinee lim =()=c0). We shall mention some
of its propertics |1]
1. The inequalily f=+(f) holds for all el
9. I £ = fa then v({y=v{f:)

3. The function (1) is semicontinvous from the right and is continuous
if and only if <(f) is monotonely increasing and lim <(H—co.
{-> =

4. For any =1 the cquality =(v{({))=! holds.
Introduce the neiations



